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The connection with topology
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From our previous discussion, we know that the axial anomaly is given by
(taking f(x) = constant)

e—0

/d4x 0, (J5(2)) oy = —2i lim Tr {”yg)e_eup(%)ﬁ}

Instead of a basis of plane waves, to compute the right-hand side we can use a
basis of eigenfunctions of the Dirac operator

D( )n(2) = Anthn(2)
But the Dirac operator anticommutes with the chirality matrix ys
D( )5 = = 0()
N
D(A )ysin(x) = =15 P(A )¢n(2) = = Any5¢n(2)
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For each eigenstate with A, > 0 there is another eigenstate of opposite

eigenvalue —), <0

All nonzero eigenvectors of the Dirac operators are paired!

Moreover, since they have different (nonzero) eigenvalues, 1, () and V5¥n ()
are orthogonal (the Dirac operator is self-adjoint)

/ 27, ()75t () = 0 (An # 0)
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In the limit ¢ — 0 the sum over nonzero eigenvalues tends to zero (due to
orthogonality)
Thus, the anomaly is only determined by the zero modes of the Dirac

operator

[ 20,05 @h = 20 Y [ ' @5m(@
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/d%é)uuﬁ( = —2i z_: /d“:w )5 ¢n ()

The zero modes of the Dirac operator can be classified into positive and
negative chirality:

Ystby ) () = £, (2) (An = 0)

Then, the sum over zero modes can be written as

Z /d4x¢ —— Z /d4 T (20 (2) Z /d4 ) () ()

n=0,+ n=0,—

and since the states are normalized

> [ 4B, @@

= (# of +’ve chirality zero modes) — (# of —’ve chirality zero modes)
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[ w0, @) =20 Y [ a T, @nsta@

The zero modes of the Dirac operator can be classified into positive and
negative chirality:

Ystby ) () = £, (2) (An = 0)

Then, the sum over zero modes can be written as

> [T, = 3 ([ dt i @)D a)- z@ww;m
A, =0 Ap=0,4 A, =0,—

and since the states are normalized

> [ T

An=0

= (# of +’ve chirality zero modes) — (# of —’ve chirality zero modes)
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Thus, the integrated axial anomaly is given by the difference between the
number of zero modes of the Dirac operator with positive and negative
chirality:

/d4az 0 (JN(2)) oy = —2i (n+ — n_)

In fact, we can define the operators

Dy = LD(JZ/)Pi where P = % (H + ”75)

we canh write

ny = dimker D n_ =dimker D_

Using D(«/ )Py = P+I)(«/) and self-adjointness of the Dirac operator,
D_ = Di R n_ = dim ker Di
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With all this we have arrived at the result

4 )
/d4az 0, (JN(2)) oy = —2i (dim ker D — dim ker Di)

. J

The term inside the bracket on the right-hand side is known in Mathematics as
the index of the operator D-

/d4az 0 (J5 (%)) ey = —2i (ind D)

In fact, the analysis is valid not on in D =4 but for any dimension D =2n

4 )

L /d2”$ 0, (J5(x)) oy = —2i (ind D )

This index only depends on topological properties of the manifold on
which the operator is defined and the external gauge field <7,,(z).
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A short (non-sophisticated)
excursion into Mathematics
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Let us consider a nonabelian gauge theory defined on a Euclidean closed
even-dimensional manifold M.

The gauge connection defines a one=form field taking values in the Lie
algebra

of = o, dx" where o, = ;T

we should keep in mind that
. .
AN =TT Nt = ST T Nt = S f*ed* N /T
The field strength is a two-form given by

1

F =dd + o N with 7 = = F,,dat A\ da*
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Under gauge transformations, the connection transforms as
o — g dg+g g

while the field strength two-form transforms in the adjoint representation of
the gauge group

F — g Y Fqg
Finally, computing

dot = F —ad N o dF = FNA — A NI N A
dF =dd N — A NdF  om———
—ANF + I NI NS

we get the Bianchi identity

dF —F NI +d NF =0
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We want to investigate the properties of invariant polynomials of the
form (dim M = 2m)

P(F)= Y co; (Tr 3&*”)”7

n+i1<m

» The polynomial is gauge invariant: P(g.% g~ ') = P(%)

Tr #" — Tr (gﬁ”g_1> =Tr "

* Itis closed: dP(.%) =0
ATy F" = Tx (dF A ANF )+ + T (F A AAF) =0T (dF 7"
using the Bianchi identity d% - F Na + ' NF =0

dTr " = n'Ir (3"(52/35”_1) —n'Ir (@/ﬁ”) —
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M. o1 .« . . . .
-/ 1r. %" is invariant under deformations of the connection
M2n

Let us consider a continuous family of connections joining 2/, and %

oty = (1 —t)oh + taoh 0<t<1)

~G-

oy — g tdg + g ' dg

Defining -%; = d/; + </ N\ &/ we compute

O :
gTr Flt=nTr (ﬁtﬁtn_l)

Now we can use .%; = dot, + o, N\ <, + oy N\ A, to write

%Tr F'=nTr (d%cgﬂn_l) + n'lr (%%9}”_1) +n'lr (!Q/;tgtn_lfgﬁ)
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P . . :
ETr F'=nTr (d«Q/ta%gn_l) +nlr (%%«%571_1) + nlr (ﬁftgtn_lﬁ)

Applying the Bianchi identity recursively, one can easily prove

0 S
ETI‘ F" = ndTr (%ﬁt” 1)

Integrating over the parameter ¢ shows that
1 . 1
Tr #5' — Tr #|' = nd/ dt Tr (%9{"_1) = d/ dt Q5, (A, F)
0 0

Thus, given any closed 2n-dimensional surface submanifold M>, C M

/ Tr #{" = / Tr 75
Mgn M2n

and the result of the integral is independent of the connection.
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. / Tr .Z™ is invariant under deformations of the submanifold M5,
M2n

n Bant1 \ M),
Let M, be a deformation of Mo, and let

/
0Boni1 = M5, — Mo,

Then, using dTr #" =0

/ Trgzn—/ Trﬁ”:/ Trgz’”’:/ dTr " = (
M Mo, 0B2y 41 Bani1

and we conclude that the integral does not change under deformations of
the submanifold
/M
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We have seen how using invariant polynomials we can construct
topological invariants both with respect to deformation of the gauge
field and of the manifold.

At this point we introduce two examples:

* Chern classes: given a U(n) gauge bundle, the total Chern class is
defined as

o(F) = det (1 + iﬁ)

to write it in terms of invariant polynomials, we notice that since .% is
Hermitian [it lives in the algebra of U(n)], we can diagonalize it

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



c(F) = det <1+ 2Wf> or”
Ln
The total Chern class is written then as
c(F) :H(l—l—:r;i) = 1—|—in—|—2$@033'—|—...—|—1_[33@-
i=1 i=1 i< ] i=1
so we can identify the i=th Chern class
- i
c1(F) = ;xz = gTr Z
n 1 ] n 2 n 1 1 . 2

_ o | 2 _ 2 [ Y 2 _ 2

CQ@_;W -~ (Zx) zx ~ 3 (%) (T 7)? —Tr 7]
1< 1= 1=
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* Chern character: given again a U(n) gauge bundle, we define

ch(#) = Tr exp <L35>

2T

Formally expanding the exponential, we find the i=th Chern character

. ™m . k
o\ 1 T
1T exp <%J> = Z X (27TJ>

=0

.\ J
ch,;(F) = <L> Tr %7 2 <2j<dimM
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Atiyah-Singer index theorem

(first version)

Let be a vector bundle defined on an even- Sir Michael Atiyah  Isadore Singer
dimensional flat manifold without 6. 1929) 61924
boundary M.

The index of the Weyl operator D = I)(.«/) Py is given by

4 )

ind Dy = / ich(F)|vol where ch(#) = Tr exp <L35>
. M ) 2T

In particular, if dim M = 2m

1/ i\"
indDy = [ chy (%)= : Tr 7™
1\ 2
M m. > M
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. L (" m
/d2"aj 0u(Jh(z))or = —2i (ind D) ind Dy = /M chy, (F) = "y (271') /M Tr #

Using the Atiyah-Singer index theorem, the axial anomaly in D = 2n is given by

2% i\
2n i . armn

: : : 1
To rewrite the right-hand side, we use .7 = 5 Fuvde! N dr

1
F" = z—nﬁmyn o F At Ndxtt AN LA datr A dat
1

N

2. . n
/dZ”Q:(‘?M(JK(x)}d __Z <4?;T> /dQ”:E ehivi--Hntn Ty (ﬁmyl ...ﬁﬂn,,n)

n!
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2% (i \"
8M<JK(:C)>Q% — _ﬁ (E) elul boehin nTr ("gz,ull/l tt 'nglunl/n>

The axial anomaly in D = 2n has the following properties:

|t is determined by the one-loop, (n+1)-gon diagram with one axial-
vector current and n vector currents

oL Oy

D=2

* The anomaly is exact at one loop.
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But remember that gravity also contributes to the axial anomaly...

On the 2n-dimensional Euclidean manifold, we M

have the freedom to choose an orthonormal =
basis of the tangent (and cotangent) space at v/
each point independently

(1)
TM;C . €q  €p — 50,19 y

1—1]\4;3l< : Qa(eb) — 58

These relations are left invariant by SO(2n) rotations of the frame. It is with
respect to these transformations that Dirac spinors are defined:

{v*, 4} = =261 YT = —y°

' (1) = e 38ar (@7 ()

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



General relativity can be seen as a SO(2n) gauge theory for the choice of
local frames [= SO(1,2n—1) in Lorentzian signature]

To define the notion of parallel transport along a curve y(t) we introduce
the one=form spin connection W}

M
For a general field ®(z) transforming in some
representation 3% of the local SO(2n) group,

v/x
1 a
Ve® =d®(v) + §wab(v)2 o> V(1)
Vy® =0
In the case of a spinor, the representation is £ = ¢% = E[ “ ~%] and

4

1

Vvt = dip(v) + Swan(v) o™
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In terms of the spin connection, the curvature two-form is defined by
%ab — dwab —|— (A)ac A\ wcb
Taking the exterior derivative
d#x", = dw®. N w — w”. A dw,
and using
dw® = X% — w”, \we,
we arrive at the Bianchi identity

d%ab — %CLC A\ wcb —+ wac N\ %Cb =0
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The curvature two-form can be expressed in the basis of differentials

1
K = 5%%’“”0&“ A dx”

Lorentz indices can be turned into Einstein ones by using the vielbein
e, = e, ()0, Ou = e, ()eq
which satisfy
Oab = e, (z)ey” (2) g () guv () = €, (x)e,” () nas
In terms of the vielbein, the Einstein components of the curvature tensor are

Y _ o M, bopa
K v = €d €, Ky op

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



Given the transformation properties of w®, and Z,

w— U U + U 1wl A —Ut@U

We can define invariant polynomials as we did with gauge theories

P(#)= Y an,j(Trgz”)j an.j € R

n+j<m (Z") =R, NRL N NK T

where the trace is over SO(2n) indices.

* The polynomials are invariant under SO(2n) transformations:

P(Z%) = P(U'%U)
* They are closed:

dP(Z) = 0

* The integrals / Tr #™ are topological invariants.
M2m
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* The first invariant polynomial we define is the Pontrjagin index

T

p(Z£) = det (1 + %9?)
The curvature two-form takes values in the Lie algebra of SO(2n), i.e. it is an

antisymmetric matrix. To diagonalize it requires a complex transformation.

However, there exist real similarity transformations bringing the curvature to
the form

(0w \

then

p(Z) :H(1+:c?):1+Zx?+2$?a:?+...—l—na:§
i=1

mn n
i=1 i< j i=1
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To write the Pontrjagin index in a more

( 0 I \
useful form, we notice ) —z1 0
iy - 0 x
1 2k n 2m —x9 0
Tr (—2%| =2(-1)" 2k
(5:%) =201 >a \ )

writing
PZ)=14p1(Z)+p2(Z)+ ...+ pn(Z)
with
pi(Z) = ;azf = _8—71TQTL%2
: | o . |
pz(%):;%zx?:§ (;ﬁ) —;aﬁ = oo [(Tr%Q)Q—QT]c%4

112 (1Y
p"(%)_nxi_<2w det %
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* The A-genus (A-roof) is defined as

n 33@/2 1 | v n
Hsmh (2:/2) _ﬂg“;? | 5760};[1$§+

=1

: : 1 " ENC 2k
or using again Ir <%%) = 2(—1) z::xz

R T D
A(M) = 14 (47)>? 12Tr3? | (4m)2 {

1
288

(Tr#?*)? + 3%0% %4}

e Euler class
T
-11~
=1

E.g., in a four-dimensional manifold, this is the “square root” of p2(Z%)
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Atiyah-Singer index theorem

(second version)

Let be a vector bundle defined on an even-
curved manifold without

dimensional
boundary M.

Sir Michael Atiyah Isadore Singer
(b. 1929) (b. 1924)

The index of the Weyl operator Dy = [)(7) Py is given now in terms of the
Chern class and the A-genus as

-

N

ind D, — /M@(M)ch(gf)]ml

~

v

In four dimensions, the index has two contributions

M.A.Vazquez-Mozo

1 r
indD., — —— (T z24 L 9?2)
T T /M ST
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Global anomalies

Convention warning!

We change convention and take the Euclidean Dirac matrices hermitian
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So far, we have considered anomalies with respect to infinitesimal
gauge transformations...

In compactified four-dimensional Euclidean space, gauge
transformations are maps

g(z): S* — 9

Then, the topology of gauge transformations is classified by the fourth
homotopy group of the gauge group, m4(%)

For some “popular groups”, we have

m4[SU(3)] =0
m4|U(1)] =0

Thus, in the standard model, we can have transformations of SU(2) which
are not contractible to the identity (they wrap once around the gauge

group).
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“Large” gauge transformations are important. They are hot taken care of
by the Fadeev-Popov trick in the functional integral. E.g., for SU(2)

Since the space of connections is contractible:

1

/@ﬁue—z [ d* 2T Fup F1Y i overcount by a factor of 2

In the absence of chiral fermions this is harmless, since the factor cancel
out in expectation values.

In the case of a Dirac fermion
7 = / 9, / DDy e~ I C @G T Ty FHY 4G PY)
= /@@%M det(z’LD)e_i J d*aTr Fpy FH

No problem: the determinant of the Dirac operator can be defined
unambiguously and the result is gauge invariant.
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What about a SU(2) gauge theory with fundamental chiral fermions?

(Witten, 1982)

Let us decompose the Dirac fermion into two Weyl spinors

Y=y + o
and write ¥— in terms of a charge-conjugated spinor
=14+ (X4)°

The Dirac action is now

[ dtaipe = [ da [0,ipvs + GariD O]

But since the fundamental representation of SU(2) is real we can drop
the charge conjugation symbol

[ dtaipe = [ d'a (3.ipvs + % iDx)
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[ dtaipe = [ d's (3D + % iDx )

Then, a Dirac fermion in the fundamental of SU(2) is equivalent to two
positive chirality Weyl fermions.

As a consequence,
- — [d*a (P iy +x i )
det(le) — /@¢+@¢+/@Y+@X+e f (¢+ $¢+ X4 lDXJr

— /@@+@¢+6_Id4xa+llpw—l— /‘@X—F@X—F e_fdéle—F?JDX—l—

and we arrive at

/@@+@¢+e—j’d4x@+i$¢+ = +[det ’LLD]%
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[ G0, Dupe I TP taen(iD))?
There is an ambiguity in the sign of the square root but, can we fix it

once and for all?

Let us take a gauge field for which the Dirac operator has no zero modes
[in other words, det(il)) # 0].Then, the square root can be defined as

det(iD)] % = H An T M\

An >0 + A3

Remember: the eigenvalues of the Dirac operator are 1,
paired (1, —/1,) 4\

Now we consider a family of connections

t o U <t < + — )\

o, =(1—-1t), +td, 0<t<1 |
where U is a topologically nontrivial gauge transformation. + =3
1

How do the positive eigenvalues “move” with #?
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A= (1—-t)d), +td, 0<t<1

Varying ¢ induces a spectral flow of eigenvalues in which some may change
sign:

detip(/V)]2 = JT AY

An >0

If an odd number of positive eigenvalues change sign, then

det i) (V)]z = —[detil)()]?
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N

detip (V)2 = —[detilp(f)]2

This would be a disaster, since after integrating over all gauge fields, the
correlation functions of any gauge invariant operators vanish!

/ D, det[i]p()|2 O, ... Ope~ 7 T2 T T — g

and the theory become “empty”.

If the theory contains n SU(2) doublets, then the result of the fermionic
Integration is

det[i[p (/)] 2

and the conclusion is avoided if n is even.
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But, is there really a global SU(2) anomaly?

We study a five-dimensional problem on
the cylinder S* x R with an instanton-like gV - —

configuration... ST e H N -
... and define the Dirac operator t

0

PO =y + P !

or

The zero-mode equation is
oY - ), N— -
PPy =0 eo— 5~ 7 Dy G

The operators I) and 7" I) have the same spectrum:

where {77, 7"} =0and (y7)* =1
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%
a_?f = —y" Dy

Now, we assume that gauge field #.(7,7) varies adiabatically with respect
toT

(x,7) = F(1)Y- () where V' Dr(x) = AM7)Y-(2)
In the adiabatic approximation, the zero-mode equation ")y = 0 reads
Ve DY i () = —A()F (7
~-
F(r) = F(0) exp [— /0 ' dt’A(t’)]

and the zero-modes of the five-dimensional Dirac operator are

6(o7) = FOus)exp | [ atae)]
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(o7 = FO)w, ) exp |~ [ ataw)

This mode is normalizable only if:

AN7)>0  for T —> OO
A7) <0 for T — —O0

With this adiabatic argument, we have shown that:

* The zero-modes of LD(5) are in one=-to-one correspondence with
the eigenvectors of I)(</) changing sigh with the spectral flow.

The question now is:

How many zero-modes does LD(5) have?

.

mod 2 Atiyah-Singer index theorem
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5) . . . . .
The operator LD( ) is real and antisymmetric. lts eigenvalues are either zero
or purely imaginary and come in complex conjugate pairs.

A A
X
X
N varying JZZLL * Re )\
> Re \ e Xs g
X
X
X

The number or zero-modes changes with a pair of complex conjugate
eigenvalues moves towards or away the real axis.

N

The number of zero-modes of LD<5) mod 2 is a topological invariant.
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The number (mod 2 ) of zero-modes of LD(E’) can be computed using the
mod 2 Atiyah-Singer index theorem for the gauge instanton-like
configuration:

# of zero-modes of LD(5) =1 (mod 2)

~G-

Thus, there is an odd number of eigenvalues of I)(.7) changing sign as we
deform the connection from <7, to <7,

N

detilp (V)2

~-

A theory with an odd number of chiral fermions transforming as
doublets of SU(2) is anomalous!

—[det ilp ()2
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Fortunately, the standard model is safe!

(), ) (), S, doublcs
(i), (), (),

Both leptons and quarks are required to cancel the anomaly!

The MSSM is also safe due to the second Higgsino doublet

_ + 2 SU(2). doublets
L
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An index theorem computation
of the gauge anomaly

Convention warning!

We change convention and take the Euclidean Dirac matrices hermitian
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We have managed to reformulate the problem of computing the axial anomaly
into the calculation of the index of the Dirac-Weyl operator D, = (/) Py

Let us try to do the same for the gauge anomaly in the simplest case of a
chiral theory with a single right-handed Weyl spinor with gauge group G

We begin by computing the one-loop fermionic effective action in Euclidean
space

e Tl9] = /@@.@w exp {—/d4x@i¢(%)P+w
The gauge anomaly is given by the gauge variation of the effective action

5T ] = — / 042 () D, (T2 (2)) ot
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To find the origin of the anomaly, let us consider the fermion in a complex
representation IR of the gauge group.

This theory is anomalous
5aFR[‘Q%] # 0

The same happens if the fermion is in the complex conjugate representation R

Phlef] = TRl e 0Tl 7 0

The theory with two fermions in the representations R and R is, however,
anomaly free

FR@E[JM]:FR[{Q/]—I—PE[CQ/] e 5QFR@E[Q{] — ()
Thus, only the imaginary part of the effective action is anomalous
do (ReTpl]) = 0 5 (Im FRW]) £ 0
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e Tl] = /@@.@w exp {—/d4$@i$(ﬁ)P+¢

Being naive, we would just write
I'[.«Z] = logdet D (D. =DP,)

The problem is that this determinant does not exist...

The identity
Vs Dy = (A )Py = —I)()ys Pr = —( )P = —Dy.
shows that D maps positive chirality into negative chirality spinors
D,:5S®F—S5 ®F E = gauge bundle

Since it is not an endomorphism, there is no eigenvalue problem and the
determinant cannot be defined.
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Instead, we work with a different operator
D : (S+@S_) @ E — (S+@S_) ®E

where

This operator has a well-defined eigenvalue problem and the

determinant can be computed.

This modification of the Weyl operator does not affect the anomaly, since
does not couple to the gauge field r < \

0 D_

D= )
lts modulus is gauge invariant (’ \ Dy 0 j)

|det D|? = det D det DT = det (@+$_> det (D+D_) = det (@Jr@_) det D

N

[[«/] = — log det D(«) Rel[«/] = — log | det D(7),
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Towards a topological interpretation of the gauge anomaly

(Alvarez-Gaumé & Ginsparg 1984)
Let us compactify our 2n-dimensional Euclidean space

R*™ U {o0} — 5"

and consider a one=-parameter family of gauge transformations
g(x,0) € G g(x,0) =g(x,2m) =1
This defines a family of gauge transformations
oY = g(z,0) " d + o)g(z, )
where &7 is a reference connection such that ) (<) has no zero modes.
The transformation of det 15(52%) is

|det D(7?)| = | det D(&)|

det D(/?%) = | det D(e7)]e™ @) = \/det P (o) (@)
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det D(#?) = \/det (&) (0

The anomaly is then given by the variation of the phase

o] = — log det D(7) e ), 1] = —zé@%w(@ )

The phase of the determinant defines a map
eiw(e,d) : Sl . Sl

classified by its winding number

—i/%cle2 (0,9) € Z
m_27T 0 86’w

Thus, the anomaly is given by the winding number density!

The gauge anomaly admits a topological interpretation.
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Is the winding number related with some kind of index theorem!?

Let us consider the following connection defined
on the manifold S*" x ®

o (x) = te/ (x) = g(x,0) "' [d + o (2)]g(x, 0)

with t € [0, 1] .

By hypothesis, det lA)(;z%) does not vanishat ¢t = 1.
However, it may vanish at various points in the
interior of %

A
a7t (:I:‘) = tof? (:I:‘) is not a gauge transformation!
The vanishing of det D(</) occurs when a pair
of eigenvalues of the Dirac operator crosses zero. )
t=0 t=1
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We can define an extension of the Dirac operator to the interior of the disk.
Introducing the (D+2)-dimensional gauge field

ac(z,0,t) = («2*,0,0) C=1,...,D+2

the new Dirac operator takes the form

2n-+2

D(a)= Y T90c +ac)

C=1
where
' = 01 X ’)/'UJ

P2n—|—1 — 09 ® 7“

F2n—|—2 — 01 ® Vs

and

F5:O'3®I[
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It can be shown (long calculation) that the zero modes of 1D, . ,(a) are in
one-to-one correspondence with the zeroes of det D, (A”")

The total winding number of the phase of det LDQn(AQ’t) is the sum of the
winding numbers of the vanishing eigenvalues.

1

where

T, — +1

and moreover, 111, equals the chirality of the corresponding zero mode of the
(2n+2)-dimensional Dirac operator ), . ,(a)

N

1 27 8 .
% ; dé’%w(e, d) — 1ndlp2n—|—2(a)
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1 27T 8 .
on | dﬁﬁw(e,%):mdlpzwrﬂa)

However, the Atiyah-Singer index theorem is hot applicable because our
manifold has a boundary!

We have two options:

* Use the Atiyah-Patodi-Singer index theorem (valid for manifold
with boundary).

* Set the boundary conditions by gluing two =0
disks together to define the Dirac operator on §2
the closed manifold at o

[S%" x DL JU[S" x D_] — §°™ x §? } v
l IGZES
nontrivial transition

functions on S%" x S* §=0
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Take the connection on the upper hemisphere =0
to be (dg = dfy) g2

Cl+(£l§‘,(9,t) Ztg(w,ﬁ)_ldgg(x,é’)+%t’9(x) @‘4_

while in the lower hemisphere we have a- v D

a (x,0,s) = (x)

At the hemisphere f=s=1, both connections are related by a gauge
transformation

o’ (2,0,1) = g(x,0) " dog(x,0) + g(x,0) " dg(x,0) + g(x,0) " a” (z)g(x,0)
The field strength is given by
it =(d+dop+dy)a” +at Aa™

f-=(d+dg+dy)a +a Aa"
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We can apply now the Atiyah-Singer index theorem to the Dirac operator in
SQn < 52

| 1 i \" n
1nd¢2n+2(a) = /g2nxs2 [Ch(f)]vol — (Tl—|— 1)' (%) /S%LXS2 Trf +1

The integral has to be computed as

[ooompre [ mnte [ ey
S2n x S? S2n X2 4 S2n X3 _

Locally, Tr "' is exact and on each hemisphere we have

TI‘ fn+1 — dQ2n+1

and using Gaul}’ theorem, the integral gives in terms of the Chern-Simons
form

1 e
/ Tr fm+ = / Q2n—|—1(a+,f+)| — / QQn—I—l(a 7f )
q92n y G2 92n y g1 t=1 G2n w §1 s=1
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| 1 ; n+1 -
ll’ldm2n_|_2 — (TL—I—l)' (27_‘_) [/S2n><51 Q2n+1(a+7f+)‘t:1 _/52n><s1 QQn—I—l(a 7f )

-
o =

| 1 i \"" Lo -
1nd¢2n+2 _— (TL—|—].)' (27T> [/52n><51 QQn—I—l(a 7f )‘tzl —/SQ"”Lx51 QQn—I—l(an;/)]

We should recall that

L[ do 0 (0,o7) =ind )
- N = in
2'7T 0 89w ’ 2n+2

so we are only interested in those terms proportional to df. Taking into
account that

ot ="+ g dog= A"+ 70 P’ +0) = (&%) = F°

“Russian” formula

N

. 1 i " .
1nd@2n+2 — (TL—|—1)' (27_‘_> /S Q2n+1(4279—|-’0,359)
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1 27 a .
% ; dH%w(H,ng) :lndEZTH—Z

1 i\
ind Ip = n1 (o’ + 0, F°
nd P (n+1)! (27T) /S%xsl Qanta (@7 +0, 57

From here we conclude

in—|—2

idow(0, o) = (2m)7(n + 1)! Jg2n

Q%n—l—l(‘gf& —+ 67 g@)

where Q3,,.1(«7? +7, #77) is the part of the Chern-Simons form linear in ¥
At the end of the calculation we can set § = 0 and ¢(0,z) = 1.

Thus, the gauge anomaly in D=2n can be recast as the axial anomaly
for a Dirac operator in D=2n+2
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We have reached the end of the course...

There are a number of things we did not have time to discuss. For
example:

« Covariant vs. consistent anomalies.

e Wess=-Zumino terms.

e Gravitational anomalies in D =2, 6,and 10.

N

Green-Schwarz cancellation mechanism

 Other advanced topics (parity anomaly, anomalies on the lattice,
anomaly inflow, etc.)
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Thank you
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