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Leaving diagrams behind: Anomalies
through functional methods
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Anomalies and Jacobians

Classically, continuous symmetries lead to conserved currents
through Noether’s theorem.

Take a theory with action S|¢;| invariant under

5§¢z Z€] ] ¢k

Emmy Noether
(1882-1935)

The conserved current can be obtalned using “Noether’s trick”. Taking &;(x)
to depend on the position

S(6:+ 001 = S101 = 3 [ 06wt @

— S[g] + Z / 04 £,() 05" ()

If the fields are on-shell, the action is invariant under any variation &; ()

Z/d4$ fz(aj‘)ﬁﬂjf(x) — () R 8M]7:u(x) — 0
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Let us move to the quantum theory. We look at a generic correlation
function

<Q’T[ﬁ1(ﬂi‘1).--ﬁ (x )]\Q) /(H_@@) O1(z1)...0, (xn)e%S[%]

We apply now a change of variables inside the integral
Pi(x) = ¢i(x) + 0ci(2)

that does not change its value

QT |G1(1) - Onlan) | |9 /(H%) O)(21). .. Ol (w,)et S

where ¢ (x)is the transformation of the operator &;(x).At first order
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<Q]T[ﬁ1(a:1) . ﬁn(xn)} Q) = %/ (H @¢;) O (z1) ... ﬁ;(xn)e%s[%]

0!(z) = Oi(z) + 6:0(x)
Sl + Y / 04 £5(2)9,% (@)

Combining these identities and expanding to linear order

<Q|T[ﬁ1($1).--ﬁ (x )}\Q) /(H @(/5) O (z1)...0, (xn)e%s[fbi]

+ __Z/d4$£k / (H @§b) ﬁl 5131 (mn)a,u]]g(x) Q%SMi]

" %Z:l/ (H @be?) O1(x1) ... 0:0,(2q) ... On(2y)enS19
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<Q|T[ﬁ1(x1)...ﬁ (2, } /(H @gb) O1(z1) . .. Oplxy)en 5%
T __Z/d4x€k /(H @§b;> ﬁ1($1)...ﬁn(gcn)aujg(x) o 7 SlPi]
T Z/ (H@§b> O1(x1)...060,(xq) ... 0y (g;n)els[ﬁbi]

Now we make a further assumption

H%g = H%

and arrive at the Ward identity:
P2 [ araw@r[oe) o]

— Z<Q‘T[ﬁ1(xl)...5gﬁa($a)-.-ﬁn(xn)}|g>
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<Q\T{ﬁ1(x1)...ﬁ (2 )}\Q> /(H 9gb> O1(31) ... Op(zy)e?5194]
-|- 7 Z/d4$§k / (H @gb) O1(x1) (xn)gujg(m) o7 S1i
7 Z/ (H@¢> O1(1)...0604(xq) ... Oy (2,,)e7 5]

However, we can also have a nontrivial Jacobian in the functional integral

[[70: = |1+ [doe@ s [[76
i I L I

This introduces an extra term in the VWard identity

zk:/d4x§k(x)/k(x)/ H@gbi O(z1)...0(x,)er S8
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However, we can also have a nontrivial Jacobian in the functional integral

[[2¢ = 1+Z/d4x£k(ar)/k<x) 1[2¢:
i i k 17

This introduces an extra term in the VWard identity

zk:/d4x§k(x)/k(x)/ H@gbi O(z1)...0(x,)er S8

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



This gives the anomalous Ward identity.
( .
3 [ dRG@@IT[01m) . Ou@n)0,t )]0
k

— Z<Q‘T{ﬁ1(x1) . 5§ﬁa($a) e ﬁn(xn)} ’Q>

a=1

+ I3 / a4z & (2)_Fi()
k

<Q\T[ﬁ1(x1) . ﬁn(xn)} Q)

For the particular case in which 0;(z) =1
> [ da@) Q0,3 @)1 = Y [ dog@) sl
k k
P V(@)
QO] (2)|2) = ik Fy ()

The anomaly is given by the functional Jacobian!
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This gives the anomalous Ward identity.
( .
3 [ dRG@@IT[01m) . Ou@n)0,t )]0
k

— Z<Q‘T{ﬁ1(x1) . 5§ﬁa($a) e ﬁn(xn)} ’Q>

a=1

+ I3 / a4z & (2)_Fi()
k

<Q\T[ﬁ1(;c1) . ﬁn(xn)} Q)

For the particular case in which 0;(z) =1
> [ da@) Q0,3 @)1 = Y [ dog@) sl
k k
P V(@)

The anomaly is given by the functional Jacobian!
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The fermion effective action
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Foreword: Euclidean fermion fields

In Minkowski space, the Dirac matrices satisfy [n,, = diag(1,—1,—1,—1)]

A0t = 40

VML — ’YOVMVO s { it i
V=

Dirac fermions are defined as objects transforming under the Lorentz group
as .
[/

7 v O-MV — __[/ylu7 /yy]

w/ — 6_519,Lw0"“ w — U(ﬁ)w Where { | 4

O_O’LT _ _O_Oz7 O_zj]L _ O'Z].

’

Since 0"”is not Hermitian, Hermitian conjugate spinors are not “contravariant’
X vt _
Pl = ylextm ™ = U W) £ U W)~
o = Vg0 ' ”yOU(ﬁ)TVO = U(l?)_l

' =l =TU W) = "YU W) =9U@)™
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Euclidean space can be obtained by Wick rotation from Minkowski signature

ZCO — —i£C4 » my — _5pw

while the new Dirac matrices are defined as

(7.7} = —26"1

/\4 . O
7t =iy I
fy —fy _/,L -

Euclidean Dirac fermions are objects transforming under SO(4) as

SV L~ o~
o =177

GHUT — GHY

7 ~uv

P =eT 297 = O(w)Y)  ——

Now, Hermitian conjugate objects are contravariant

't = plezwm ! = P O(w)" =9¢T0(w)™!
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In Euclidean space, the chirality matrix is defined as

B = 7

satisfying

A particularly important identity in the computation of anomalies is

Tr (3591975797 ) = <467 where %=1
Comparing with its Minkowskian counterpart
60123 — 1

Ir (’75’yufyyfyafyﬁ) — _Qjehvel with

we see how Euclidean chiral anomalies will have an addition factor of i.
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Then, the Euclidean action for a Dirac fermion is

Sp = / Az ! (730, —m)y

which leads to the propagator

dip e~ (z—y)

(O1ha ()81 ()]0) = /

(27)° pu:Y\“ —m

This equation, however, is not homogeneous under Hermitian conjugation!

The way out to this problem is to take the Euclidean Dirac action

w

Sg = /d4$@(ﬁ“8u —m)¢

here (x) and 1(x) are independent fields.

T

nus, in Euclidean space @(ZE) transforms contravariantly and

¥(z) #Y(x)7”  (despite the misleading notation)
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Remember also that the representations of the Lorentz group SO(1,3) can
be written as the product of two copies of SU(2)

JI = J ~ rotations

1 |
JE = §(Jk + i K},) T
ch — Kk boosts

These generators satisfy
NNV inejjle T, T =0

Thus, any representation of the Lorentz group can be written as a
representation of SU(2) x SU(2) labelled by

(S+7S—)

Since Jj "= J.~ Hermitian conjugation interchanges the labels. In particular
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In the case of SO(4), its representations can also be written in terms of
those of SU(2) x SU(2) using the ’t Hooft symbols:

772;/ — Eauv =+ 50,”51/4 — 5ay5,u4
ﬁzy — Eapuv — 5a,uﬁu4 + 5@1/5”4

where &4y is the 3D antisymmetric symbol with &4, = 0 whenever y or v
take the value 4

The generators
L S A P
satisfy the SU(2) x SU(2) algebra

[N, Nb] = jeabe e NN = i N N, N =0

while N*and N are not related by Hermitian conjugation.
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Notation WARNING

From now on, Euclidean gamma matrices will be “hatless”
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The fermion effective action
From now on we work in Euclidean space.

In the computation of anomalies, it is convenient to work with the one-
loop fermion effective action. In the case of QED, this is

o—Tle] _ /@@_@¢ exp {—/d4y@(i@ + e@f)lb}

This effective action is a nonlocal functional.

N

we are integrating out a massless fermion

Expanding the integrand in powers of the electric charge e, the effective
action can be written as the sum of one=loop diagrams:

] QMQMQW}}W
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Consider a massless Dirac fermion coupled to external axial and vector
Abelian gauge fields

S= [ da(ip + P + Avs )

This theory has two types of local invariances:

Vector AXxial-vector
W) — e (a) (x) — ()
D) — B(z)e— @ b(x) — P(a)e s
Vulz) — V,u(x) + d,a(x) Vu(z) — Vyu(z)
A, (z) — A, () Ap(z) — Ap(z) + 0,6(x)
JH = Py Ji = s
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For this theory, the fermion effective action is defined as
e~ = / DYPp exp [— / d'y(ip +y + A%)w]

To find why this definition is useful, let us take the functional derivative

0
0.A, ()

VA — - [ G50 T sie)exp |~ [atyE (i + Y+ A) o)

_ _/@@@w JH(x) exp {-/dﬁly@(z’@ +V + A%)iﬁ}

while the left-hand side can be written as

0 _pyA] oA 0
A : T
54 (@) © A A

h

)
T _ _ 'V, A —T[V,A]
v, Al e 5AM(:13)6

0
0.A, ()
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0 I‘[V,A]__/ o p _/4_°
5Au(x)€ = DY D) J) (x) exp d xw(zﬁ + VY + A%)w
0 0
T _ _ I'[V,A] —T'[V, A
T Ay W
Combining these two identities, we arrive at
0 _TH
5¢4M(ZC)P[V7A] — <JA(’T)>V,.A

Moreover, the variation of the effective axion under axial-vector
transformations are

0 0
F — 4 F — 4 F
ogl'|V, Al /d rogA, () 54, (7) v, Al /d z0,0(x) 54, (7) V, Al
and integrating by parts
J

5[V, Al = — / d*z B(x)0

s VA = = [ e B0, @)
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Thus, the (integrated) anomaly of the axial current is given by the
variation of the effective action under axial-vector transformations

55TV, A] = — / Az B(2)0, (T8 ()

Similarly, we can compute the variation of the effective action under vector
gauge transformations

0
0V, ()

o~ TVAl / g@gw J{j(g;) exp {—/dély@(i@ + VY + A%)iﬁ}

Proceeding as with the axial-vector current, we arrive at

5TV, A = — / 04 ()0, (T (1)) v 4

Thus, the anomaly of the vector current is given by the variation of
the fermion effective action under vector gauge transformations.
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This expression of the anomaly can be connected with the existence of a
nontrivial Jacobian. (Fujikawa’s method)

Let us consider, for example, an axial-vector gauge transformation
V;L () =V,(x) A (z) = Au(x) + 0u6(x)

The transformed effective action is
e VAT = / DY exp [ / e (i + Y + A’%)w]

However, this change in the action can be “undone” by a change of variables
in the functional integral

—/

w/(ﬂj) — e_iﬁ(w)%w(x) w (CIZ) _ @(x)e—w(x)%

such that
/d4x@(z-@ LY+ Ay v = /dw’ (19 +V + A )
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The problem arises because of the existence of a Jacobian

o~TIVAY] _ /@@@@b exp [/ d%@(z’@ +V + A’%)?ﬂ

_ /.@@/@Wj[ﬁ] exp {/ dizy (i@ +V + A%)W:

Now, the Jacobian is a field-independent c-number that can be taken outside
the integral

e TVAT = 718le "V Al i T[V, A'] — [V, A] = —log J[B]

Considering now infinitesimal axial-vector gauge transformations

5sT [V, Al = —/d4x6(w) (; MW)L_O

5] 68(x)
‘.’ J0] =1
' 07 |]
Kazuo Fujikawa (9 J K —
(b.|942) M< A(x»v’A 63 (x) 50
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We will use Fujikawa’s method in a different way...

Using the usual identity for Gaussian functional integrals with Grassmann
fields

/ L R A e

the fermion effective action can be written as a functional
determinant:

o~TV.A] _ /@@@¢ exp [_/d‘lx@(i@ +V + A%)@b]
— det (z@ + VY + A%)

and therefore
L'V, Al = —logdet {le(V) + A%}
where we have written

P(V) =ip +Y
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How to compute a functional
determinant (in three slides)
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Let us focus on a positive definite differential operator & satisfying the
eigenvalue equation (n =1,2,...)

Own () = Apwy, () Ap > 0

Its determinant is formally defined as
©. @)
det 0 = ][ M
n=1
In our case, we are in fact interested in computing

logdet @ =) " log An

n=1

Thus, we need to find a useful representation of the logarithm...
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Let us look at the definition of the exponential integral

= dt
El(z):/ —e "

t

which around z = 0 this function admits the expansion

— (=2)f
Fi(z) = —v—logz — Z T
(=1 '
Now, computing
> dt
/ ?e_wt = F1(ex)
6 o ()’
— —logx —~ — log e —
ogx —y —loge z:: i
we arrive at
. Tdt o, . .
lim —e 7" = —log x + z-independent divergent constant

e—0 ¢ t
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Eventually, we will be interested in gauge variations of the determinant (this

eliminates the divergent constant). Thus, we can use the following “definition”
of the logarithm

loga::—/ %6_$t e — 07
With this we can write
logdet 0 = log Ay,
n=1
*dt A
=] T2
€ n=1

that is,

logdet &

|
|
(;\
3
| &
-
QN
S
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Back to the fermion effective action
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Remember that we wanted to compute

D[V, A] = ~logdet |iP(V) + A%
To make the operator positive definite, we compute instead

Iy, Al = —% log det [JD(V) — i.A%} i

_ 1 / T POV —ifs)?
> ]

Since the anomaly of the axial current is given by

TV, A = = [ ' )0, (T ).

we are left with

1 [~ dt . >
/d4$5($)8u<JX($)>V,A = —5/ T%Tr e P V) —idys]
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/d4$5($)au<JK($)>V,A = ——/ —55Tre_tup(v)_i“ﬂ%]2

We compute then the variation of the trace

1 [ dt -
- / 5y Tr e P O) A

— /:O dt Tr {56 [Q(V) — M‘\%} [ip(V) — 7;44%} e—t[ﬂ(V)_iA,YdQ}

The interesting thing is that the integrand can be written now as a total
derivative

1 /OO A s Ty e~ tPOV) i)
. t

_ / T {55 PO iy et[mwmw}
<A pW) — i)
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\

-~

,

00 00 ) V) —1

_%/ %%Tre—t[w(w—m%]? _ _/ dt %Tr < 5PD( ) A%} ot (V) —idrys]?
e e DOV) —idys

\ /

We are left with the evaluation of the variation of the operator. Recalling
DY) —idys —> e 0O PV) —idys [

and infinitesimally,

35[P(V) — idrs| = (i85, P(V))

.

/d4aj5(x)aﬁ‘<‘jﬁ(x)>v,¢4 = T {_Zﬂ%’ E(V)} e_e[w(y)_%%]z
{LD(V) _ 7344%3}
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=075, PV} —ctpv)-idns)?
D) —idys

/d4$ B(x)0,(Jx(z))y,.a =Tr

The introduction of the axial-vector gauge field was a computational
trick.To recover our result for the axial anomaly we set

VM:&QZM AU:O

The integrated Euclidean axial anomaly is then given by

/d% B()0,(Jh(x))er = T {{_w%’w(%)}ee[wmﬁ}

()
= —2¢1r {6%6_6@(%”2}
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[ e B0, @) = 20T {Grpe P

To compute the trace, we introduce a basis | @) in the space of functions

—2¢Tr {6756 [P ()] } = —Qi/d4k (¢r|BTr {%e_e[m(d) } Ok)

=2 [ dto [ '’ [ d%(orla) (@lBTr {rse P Y o) (o)

Using locality, we write

<ZC‘6T1“ {’756 el P ()] } ‘QZ > 5(4) (13 _ $/>ﬁ($)TI‘ {756—€[¢(<Qf)]2}

.

—2iTr {5’)/56 (P ()’ }: —2i/d4x6(x)/d4k¢k(w)*Tr {756 Ap()] }¢k( )
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—2¢Tr {5756 [P ()] } = —2i/d4az B(x) /d4/~c o ()" Tr {75e_€[¢(d)]2} o ()

Since we can use any complete set of functions, we choose a set of plane
waves

d*k >
— 2Ty {5%6 el (o)) }: —Qi/d4x5(a:)/ oL otk {%e_ew)(d)] }ezkaz
(s

Now we have to compute the trace over the Dirac indices:

Ty {%e—e[m@m]?}
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(D(A)]* =4"7"Dy(/ ) Dy ()

= 19"V IDu() Do) + 572" (D), Dy ()

Using the Euclidean Dirac algebra {~",~v"} = —26""

D) = (D) + 574" (D), Do)

while the second term gives the background field strength

D), Dy ()] = —ieF

P()? = —[D(D)] = 54" F
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4 2
9Ty {5%6 el (7)) }: —Zi/d4x5(x)/ (;Z l)f4 ik {%6—6[4»(@@] }ezkaz
s

' Tr {’}’56_6UD(‘Q{)]2} =Tr {756€[D(‘Q7)2+%’Y“’YV9W]}

2 d4k . 2 VAN VN o~ .
—2¢ 1y {5756_#0(%)] } = —Qi/d4x5(x)/ (om)3 e Ty {7566[17(@7) +EyHy Juy]}ezk-:v
T

To further simplify, we use

:D,u(z@{)y eik.gg] _ iku€ik'x » DM(@/)ezkx _ €Zk$[DM(CQ/) 4+ Zku]

and this leads to:

4 2 T MV
—2iTr {ﬁ%e Gl } = 2 / d*zf3(z) / (;l ]; Tr (%ee[{D(%Hi’f} +37" %v])
s
1

' ku = 2k

4 .
9Ty {5%6—@(@%)]2} _20 [ B / (g ’§4Tr (756{%0(%”%]%%evw”%V})
E 70
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4 2
9Ty {5%6 el ()2 }: —Zi/d4x5(x)/ (;i l)f4 ik {%6—6[4»(@%)] }ezkzzz
s

' Tr {’}’56_€Up(d)]2} =Tr {756€[D(‘Q%)2+%’Y“’Yyyw]}

2 d4k . 2 VAN VN o~ .
—2¢ 1y {5756_#0(%)] } = —Qi/d4x5(x)/ (om)3 e Ty {7566[17(@7) +EyHy Juy]}ezk-:v
T

\ /

To further simplify, we use

:D,u(z@{)y eik.gg] _ ikueik'x » DM(@/)ezkx _ €Zk$[DM(CQ/) 4+ Zku]

and this leads to:

4 2 T MV
—2iTr {5%@ Gl } = 2 / d*zf3(z) / (;Z ]; Tr (%ee[{D(%)“’f} +37" %v])
s
1

' k, — \%ku

4 .
—2¢Tr {5’756 lD(d)P} 2 d*zf(x )/ (;i l§4Tr (756{[\/ED(~<2¢)+75’€]2+%Gv“vyc%u})
€ 7
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4 .
—2iTr {5756 L)) } 20 B (x) / LN (756{[ﬁD(ﬂ)+ik]Q+%ev“v”9’uu})
2 (27)4

Now we take the limit ¢ — 0 remembering that

Trvys =0, Tr (757“7”) =0, Tr (%v 7y ) = —4eh"

Thus, the first term contributing is in the expansion in € is

(5 ooy f

9Ty { 5%6—@(%)]2} _ %

€2

. 2

. 1€ Doy
~20Tr {Byse P} — S [ e () 7, (1) Fap(@)
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4 .
—2iTr {5756 L)) } 20 B (x) / LN (756{[ﬁD(ﬂ)+ik]Q+%ev“v”9’uu})
2 (27)4

Now we take the limit ¢ — 0 remembering that

Trvys =0, Tr (757“7”) =0, Tr (%v 7y ) = —4eh"

Thus, the first term contributing is in the expansion in € is

(2 ooy f

. . 2 21
2§ Ty {5%6 [P(ef) } =2

. 2

. 1€ Doy
~20Tr {Byse P} — S [ e () 7, (1) Fap(@)
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. 2

: e vo
—2u1T {5756 Gl } 1672 /d4x5($)€u 5§MV($)ga5(x)

Since the anomaly is given by
[ 4800, (T4 (@) er = 2T {5 P

we arrive at the known Adler-Bell-Jackiw anomaly in Euclidean space

je2

[ 4 8@0, T @er = f 5 [ dh B@)e () Fap@)

BT () Fap () mind the ;!
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je?

3u<Jﬁ((:v)> 167‘(‘

s € T (1) Fap (@)

With just a few changes, this calculation is easily generalized to the case of the
singlet anomaly

* Take the vector gauge field V,(x) to be non-Abelian, while keeping
A, (z)Abelian

* Add group theory traces in all expressions
*Setattheend V,(z) = g7, (z) and A,(z) =0
. 2

tg Vo
Ou(JR (@) = T OO | P (2) Fas ()

mind the ;!
(again)
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