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Leaving diagrams behind: Anomalies 
through functional methods	
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Classically, continuous symmetries lead to conserved currents 
through Noether’s theorem. 

Emmy Noether	


(1882-1935)

Anomalies and Jacobians

Take a theory with action          invariant under     S[�i]

The conserved current can be obtained using “Noether’s trick”. Taking	


to depend on the position

⇠i(x)

4 Functional methods

4.1 Symmetries in quantum field theory

In classical mechanics and field theory, continuous symmetries of the action are linked to con-
servations laws through Noether’s theorem. In QFT, on the other hand, the counterpart of the
classical conservation equations are the Ward identities satisfied by the time-ordered correla-
tions functions of the fields. As we will see, anomalies appear as extra terms in these Ward
identities.

The derivation of the Ward identities for a general theory is straightforward in the function
integral formalism. If a classical theory characterized by the action S[�i] is invariant under
global infinitesimal transformations with parameters ⇠i

�⇠�i(x) =
X

j

⇠jFij(�k), (4.1)

the conserved currents jµi (x) can be obtained using Noether’s trick. Assuming that the param-
eter ⇠i depends on the coordinates, we find

S[�i + �⇠�i] = S[�i] +
X

i

Z

d4x @µ⇠i(x)j
µ
i (x). (4.2)

This identity will be useful in obtaining the Ward identities of the quantum theory. A
general correlation function for a string of operators is given by
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where the operators Oa(x) depend of the fields and Z is the vacuum-to-vacuum amplitude.
Next, we carry out a change of variables in the functional integral

�0
i(x) = �i(x) + �⇠�i(x), (4.4)

and assume ⇠ to depend on xµ. Since the operators depend on the fields, they also change to

O0
a(x) = Oa(x) + �⇠Oa(x), (4.5)

where �⇠Oa(x) is linear in ⇠. This change of variables, of course, does not a↵ect the value of
the integral in (4.3). Plugging Eqs. (4.2) and (4.5) in (4.3), and expanding to linear order in
the variations, we arrive at the Ward identity
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If the fields are on-shell, the action is invariant under any variation ⇠i(x)
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Let us move to the quantum theory. We look at a generic correlation 
function

We apply now a change of variables inside the integral

4 Functional methods

4.1 Symmetries in quantum field theory

In classical mechanics and field theory, continuous symmetries of the action are linked to con-
servations laws through Noether’s theorem. In QFT, on the other hand, the counterpart of the
classical conservation equations are the Ward identities satisfied by the time-ordered correla-
tions functions of the fields. As we will see, anomalies appear as extra terms in these Ward
identities.

The derivation of the Ward identities for a general theory is straightforward in the function
integral formalism. If a classical theory characterized by the action S[�i] is invariant under
global infinitesimal transformations with parameters ⇠i

�⇠�i(x) =
X
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⇠jFij(�k), (4.1)

the conserved currents jµi (x) can be obtained using Noether’s trick. Assuming that the param-
eter ⇠i depends on the coordinates, we find
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that does not change its value

where          is the transformation of the operator          . At first orderO 0
i(x) Oi(x)

O 0
i(x) = Oi(x) + �⇠Oi(x)
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O 0
i(x) = Oi(x) + �⇠Oi(x)

Combining these identities and expanding to linear order
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Now we make a further assumption
Y
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However, we can also have a nontrivial Jacobian in the functional integral
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However, we can also have a nontrivial Jacobian in the functional integral
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For the particular case in which Oi(x) ⌘ I
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The anomaly is given by the functional Jacobian!
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The fermion effective action	
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Foreword: Euclidean fermion fields

In Minkowski space, the Dirac matrices satisfy  [                                       ]

�µ† = �0�µ�0 �0† = �0

�i† = ��i

n
⌘µ⌫ = diag(1,�1,�1,�1)

Dirac fermions are defined as objects transforming under the Lorentz group 
as

The gauge action then transforms as

S
YM

= � 1

2gYM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

�! iS
E

=
i

2gYM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

(B.10)

The Euclidean action is positive definite and therefore the functional integration is well defined

eiSYM �! e�SE (B.11)

Upon Wick rotation, the covariant derivatives transforms as

D
0

= @
0

� iA
0

= i@
4

+ A
4

⌘ iD̂
4

, Di = @k � iAk ⌘ D̂i, (B.12)

where the hat indicates the Euclidean quantities. Their commutator still satisfies Eq. (B.4).

Fermions. The previous transformation of the Dirac operator under the Wick rotation leads
to the following one for the Dirac operator

iD/ = i�µDµ = ��0D̂
4

+ i�kD̂k. (B.13)

This suggests to define a set of Euclidean Dirac matrices �̂µ given by

�̂4 = ��0, �̂k = i�k, (B.14)

that satisfy the algebra

{�̂µ, �̂⌫} = 2�µ⌫ . (B.15)

and are Hermitian

�̂µ† = �̂µ. (B.16)

For the chirality matrix we have

�
5

= �i�0�1�2�3 = ��̂0�̂1�̂2�̂3 = �̂1�̂2�̂3�̂4 ⌘ �̂
5

. (B.17)

It satisfies �̂2

5

= 1, �̂†
5

= �̂
5

, and {�̂µ, �̂
5

} = 0.
In Minkowski spacetime, a Dirac fermion is defined as a four-component object  ↵ trans-

forming under the Lorentz group as

 0 = e�
i
2#µ⌫�µ⌫

 ⌘ U(#) , (B.18)

where

�µ⌫ = � i

4
[�µ, �⌫ ]. (B.19)
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where

The gauge action then transforms as

S
YM

= � 1

2gYM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

�! iS
E

=
i

2gYM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

(B.10)

The Euclidean action is positive definite and therefore the functional integration is well defined

eiSYM �! e�SE (B.11)

Upon Wick rotation, the covariant derivatives transforms as

D
0

= @
0

� iA
0

= i@
4

+ A
4

⌘ iD̂
4

, Di = @k � iAk ⌘ D̂i, (B.12)

where the hat indicates the Euclidean quantities. Their commutator still satisfies Eq. (B.4).

Fermions. The previous transformation of the Dirac operator under the Wick rotation leads
to the following one for the Dirac operator

iD/ = i�µDµ = ��0D̂
4

+ i�kD̂k. (B.13)

This suggests to define a set of Euclidean Dirac matrices �̂µ given by

�̂4 = ��0, �̂k = i�k, (B.14)

that satisfy the algebra

{�̂µ, �̂⌫} = 2�µ⌫ . (B.15)

and are Hermitian

�̂µ† = �̂µ. (B.16)

For the chirality matrix we have

�
5

= �i�0�1�2�3 = ��̂0�̂1�̂2�̂3 = �̂1�̂2�̂3�̂4 ⌘ �̂
5

. (B.17)

It satisfies �̂2

5

= 1, �̂†
5

= �̂
5

, and {�̂µ, �̂
5

} = 0.
In Minkowski spacetime, a Dirac fermion is defined as a four-component object  ↵ trans-

forming under the Lorentz group as

 0 = e�
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where
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4
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These generators are not Hermitian. Indeed, using that �0 is Hermitian and �k anti-Hermitian
we find that

�0i† = ��0i, �ij† = �ij. (B.20)

Thus, the Hermitian conjugate spinor transforms

 †0 =  †e
i
2#µ⌫�µ⌫† ⌘  †U(#)† 6=  †U(#)�1. (B.21)

We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�µ† = �0�µ�0 (B.22)

it follows

�µ⌫† = �0�µ⌫�0 =) �0U(#)†�0 = U(#)�1. (B.23)

This identity shows that the conjugate spinor defined by

 =  †�0 (B.24)

actually transforms contravariantly,

 0 =  †0�0 =  †U(#)†�0 =  †�0U(#)�1 =  U(#)�1. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 0 = e�
i
2#µ⌫ �̂µ⌫

 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)
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 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)

55

These generators are not Hermitian. Indeed, using that �0 is Hermitian and �k anti-Hermitian
we find that

�0i† = ��0i, �ij† = �ij. (B.20)

Thus, the Hermitian conjugate spinor transforms

 †0 =  †e
i
2#µ⌫�µ⌫† ⌘  †U(#)† 6=  †U(#)�1. (B.21)

We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�µ† = �0�µ�0 (B.22)

it follows

�µ⌫† = �0�µ⌫�0 =) �0U(#)†�0 = U(#)�1. (B.23)

This identity shows that the conjugate spinor defined by

 =  †�0 (B.24)

actually transforms contravariantly,

 0 =  †0�0 =  †U(#)†�0 =  †�0U(#)�1 =  U(#)�1. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 0 = e�
i
2#µ⌫ �̂µ⌫

 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)
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These generators are not Hermitian. Indeed, using that �0 is Hermitian and �k anti-Hermitian
we find that

�0i† = ��0i, �ij† = �ij. (B.20)

Thus, the Hermitian conjugate spinor transforms

 †0 =  †e
i
2#µ⌫�µ⌫† ⌘  †U(#)† 6=  †U(#)�1. (B.21)

We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�µ† = �0�µ�0 (B.22)

it follows

�µ⌫† = �0�µ⌫�0 =) �0U(#)†�0 = U(#)�1. (B.23)

This identity shows that the conjugate spinor defined by

 =  †�0 (B.24)

actually transforms contravariantly,

 0 =  †0�0 =  †U(#)†�0 =  †�0U(#)�1 =  U(#)�1. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 0 = e�
i
2#µ⌫ �̂µ⌫

 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)
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Euclidean space can be obtained by Wick rotation from Minkowski signature

B Mathematical Appendix II: Euclidean field theory

Gauge fields. Since most of the analysis that we are going to carry out will be done in
Euclidean space, we begin by setting the main expressions that will be used in what follows.
In Lorentzian signature (+,�,�,�) we consider the gauge action

S
YM

= � 1

2g2

YM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

, (B.1)

where

Fµ⌫ ⌘ FA
µ⌫T

A = @µA⌫ � @⌫Aµ � i[Aµ, A⌫ ]. (B.2)

The covariant derivative is given by

Dµ = @µ � iAµ (B.3)

and satisfies

[Dµ, D⌫ ] = �iFµ⌫ . (B.4)

These are the conventions of [12] with the replacement

Aµ �! 1

gYM

Aµ (B.5)

that removes the coupling constant from the field strengths and the covariant derivatives and
places it in front of the gauge action.

To go to Euclidean space we perform the Wick rotation

x0 = �ix4, A
0

= iA
4

, (B.6)

while the other gauge field components are not changed. This implies the rotation

F
0i = iF

4i, Fij �! Fij (B.7)

With this we find

Fµ⌫F
µ⌫ = 2F

0iF
0i + FijF

ij = �2F
0iF0i + FijFij

= 2F
4iF4i + FijFij = Fµ⌫F

µ⌫ . (B.8)

where in the second line the indices are lowered and raised using the Euclidean metric

�µ⌫ = diag (1, 1, 1, 1). (B.9)

53

⌘µ⌫ �! ��µ⌫

while the new Dirac matrices are defined as

b�i = �i

nn {b�µ, b�⌫} = �2�µ⌫I

b�µ† = �b�µ

Euclidean Dirac fermions are objects transforming under SO(4) as

b�µ⌫ =
i

4
[b�µ, b�⌫ ]

n
b�µ⌫† = b�µ⌫

 0 = e�
i
2!µ⌫b�µ⌫

 ⌘ O(!) 

Now, Hermitian conjugate objects are contravariant

 0† =  †e
i
2!µ⌫b�µ⌫†

⌘  †O(!)† =  †O(!)�1

b�4 = i�0
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In Euclidean space, the chirality matrix is defined as

b�5 = �b�1b�2b�3b�4

satisfying

b�†
5 = b�5

A particularly important identity in the computation of anomalies is

Tr
⇣
b�5b�µb�⌫b�↵b��

⌘
= �4✏µ⌫↵� where ✏1234 = 1

Comparing with its Minkowskian counterpart

Tr
⇣
�5�

µ�⌫�↵��
⌘
= �4i✏µ⌫↵� with ✏0123 = 1

we see how Euclidean chiral anomalies will have an addition factor of i.
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Then, the Euclidean action for a Dirac fermion is

SE =

Z
d

4
x 

†
⇣
ib�µ@µ �m

⌘
 

which leads to the propagator

This equation, however, is not homogeneous under Hermitian conjugation!

The way out to this problem is to take the Euclidean Dirac action

SE =

Z
d

4
x 

⇣
ib�µ@µ �m

⌘
 

where           and           are independent fields. (x)
 (x)

Thus, in Euclidean space          transforms contravariantly and  (x)

 (x) 6=  (x)b�0 (despite the misleading notation)

h0| 
↵

(x) †
�

(y)|0i =
Z

d

4
p

(2⇡)2
e

�ip·(x�y)

p

µ

b�µ �m
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Remember also that the representations of the Lorentz group SO(1,3) can 
be written as the product of two copies of SU(2)

J±
k =

1

2
(Jk ± iKk)

J†
k = Jk

K†
k = Kk

rotations

boosts

n

These generators satisfy

[J±
k ,J±

` ] = i✏k`jJ±
j [J±

k ,J⌥
` ] = 0

Thus, any representation of the Lorentz group can be written as a 
representation of SU(2) × SU(2) labelled by

(s+, s�)

Since                    Hermitian conjugation interchanges the labels. In particularJ±†
k = J⌥

k

(
1

2
,0) �! (0,

1

2
)
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In the case of SO(4), its representations can also be written in terms of 
those of SU(2) × SU(2) using the ’t Hooft symbols:

⌘aµ⌫ = "aµ⌫ + �aµ�⌫4 � �a⌫�µ4

⌘aµ⌫ = "aµ⌫ � �aµ�⌫4 + �a⌫�µ4

where εaµν is the 3D antisymmetric symbol with εaµν = 0 whenever µ or ν 
take the value 4

The generators

Na = ⌘aµ⌫J
µ⌫

N
a
= ⌘aµ⌫J

µ⌫

satisfy the SU(2) × SU(2) algebra 

[Na, N b] = i"abcN c [N
a
, N

b
] = i"abcN

c
[Na, N

b
] = 0

while       and        are not related by Hermitian conjugation.Na N
a
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Notation WARNING

From now on, Euclidean gamma matrices will be “hatless”
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In the computation of anomalies, it is convenient to work with the one-
loop fermion effective action. In the case of QED, this is

e��[A ]
=

Z
D D exp


�
Z

d4y  
⇣
i@/ + eA/

⌘
 

�

This effective action is a nonlocal functional.

we are integrating out a massless fermion

Expanding the integrand in powers of the electric charge e, the effective 
action can be written as the sum of one-loop diagrams:

�[A ] =

2.5 Functional Evaluation of the Axial Anomaly 35

and arrive at the final expression for each term in the expansion (2.76)

Tr
1
i

A
n

d4x1 . . .d4xn tr S xn,x1 g

µ1 . . .S xn 1,xn g

µn

A
µ1 x1 . . .A

µn xn .

The integration over xi symmetrizes the external gauge fields and the factor 1 n
in the sum (2.76) eliminates the contribution of cyclic permutations. This analysis
shows that the fermion effective action admits the following diagrammatic expan-
sion

G A
µ

. . . (2.81)

All diagrams from the second on are calculated using the Euclidean vertex g

µ ,
and there is a global minus sign associated with the fermion loop. Applying Furry’s
theorem we see that the only terms contributing to G A

µ

are those with an even
number of gauge fields.

2.5 Functional Evaluation of the Axial Anomaly

Let us reanalyze now the axial anomaly to the light of the functional methods intro-
duced above. We go back to the action of a massless Dirac fermion (2.59) coupled
to a U(1) external gauge field A

µ

. In addition to gauge invariance

y x eie x
y x ,

y x e ie x
y x (2.82)

A x A x
µ

e x ,

the classical theory is also invariant under global axial transformations

y x eiag5
y x ,

y x y x eiag5 (2.83)

A x A x ,

where a is constant. The classical theory has therefore two conserved currents,
(2.14) and (2.15) associated with global vector and axial-vector transformations.

The fermion effective action

From now on we work in Euclidean space.
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Consider a massless Dirac fermion coupled to external axial and vector 
Abelian gauge fields

S =

Z
d

4
x 

⇣
i@/ + V/ +A/ �5

⌘
 

This theory has two types of local invariances:

 (x) �! e

i↵(x)
 (x)

 (x) �!  (x)e�i↵(x)

Vµ(x) �! Vµ(x) + @µ↵(x)

Aµ(x) �! Aµ(x)

Vector

 (x) �! e

i�(x)�5
 (x)

 (x) �!  (x)ei�(x)�5

Vµ(x) �! Vµ(x)

Aµ(x) �! Aµ(x) + @µ�(x)

Axial-vector

Jµ
V =  �µ Jµ

A =  �µ�5 
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For this theory, the fermion effective action is defined as

To find why this definition is useful, let us take the functional derivative

while the left-hand side can be written as

�

�Aµ(x)
�[V,A] = �e

�[V,A] �

�Aµ(x)
e

��[V,A]

�

�Aµ(x)
e

��[V,A] = �e

��[V,A] �

�Aµ(x)
�[V,A]

�

�Aµ(x)
e

��[V,A]
= �

Z
D D  (x)�µ�5 (x) exp


�
Z

d

4
y  

⇣
i@/ + V/ +A/ �5

⌘
 

�

= �
Z

D D J

µ
A(x) exp


�
Z

d

4
y  

⇣
i@/ + V/ +A/ �5

⌘
 

�

e��[V,A]
=

Z
D D exp


�
Z

d4y  
⇣
i@/ + V/ +A/ �5

⌘
 

�
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Combining these two identities, we arrive at

�

�Aµ(x)
�[V,A] = hJµ

A(x)iV,A

�

�Aµ(x)
e

��[V,A]
= �

Z
D D J

µ
A(x) exp


�
Z

d

4
x 

⇣
i@/ + V/ +A/ �5

⌘
 

�

�

�Aµ(x)
�[V,A] = �e

�[V,A] �

�Aµ(x)
e

��[V,A]

Moreover, the variation of the effective axion under axial-vector 
transformations are

���[V,A] =

Z
d

4
x ��Aµ(x)

�

�Aµ(x)
�[V,A] =

Z
d

4
x @µ�(x)

�

�Aµ(x)
�[V,A]

and integrating by parts

���[V,A] = �
Z

d

4
x�(x)@µ

�

�Aµ(x)
�[V,A] = �

Z
d

4
x�(x)@µhJµ

A(x)iV,A
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Thus, the (integrated) anomaly of the axial current is given by the 
variation of the effective action under axial-vector transformations

���[V,A] = �
Z

d

4
x�(x)@µhJµ

A(x)iV,A

Similarly, we can compute the variation of the effective action under vector 
gauge transformations

Proceeding as with the axial-vector current, we arrive at

�

�Vµ(x)
e

��[V,A]
= �

Z
D D J

µ
V(x) exp


�
Z

d

4
y  

⇣
i@/ + V/ +A/ �5

⌘
 

�

�↵�[V,A] = �
Z

d

4
x↵(x)@µhJµ

V(x)iV,A

Thus, the anomaly of the vector current is given by the variation of 
the fermion effective action under vector gauge transformations.
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This expression of the anomaly can be connected with the existence of a 
nontrivial Jacobian. (Fujikawa’s method)

Let us consider, for example, an axial-vector gauge transformation

The transformed effective action is

e

��[V,A0]
=

Z
D D exp

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 

�

V 0
µ(x) = Vµ(x) A0

µ(x) = Aµ(x) + @µ�(x)

However, this change in the action can be “undone” by a change of variables 
in the functional integral

 

0(x) = e

�i�(x)�5
 (x)

such that

 

0
(x) =  (x)e�i�(x)�5

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 =

Z
d

4
x 

0⇣
i@/ + V/ +A/ �5

⌘
 

0
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The problem arises because of the existence of a Jacobian

e

��[V,A0]
=

Z
D D exp

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 

�

=

Z
D 

0
D 0 J [�] exp

Z
d

4
x 

0⇣
i@/ + V/ +A/ �5

⌘
 

0
�

Now, the Jacobian is a field-independent c-number that can be taken outside 
the integral

e��[V,A0] = J [�]e��[V,A]
�[V,A0

]� �[V,A] = � logJ [�]

Considering now infinitesimal axial-vector gauge transformations

���[V,A] = �
Z

d

4
x�(x)

✓
1

J [�]

�J [�]

��(x)

◆����
�=0

J [0] = 1

@µhJµ
A(x)iV,A =

�J [�]

��(x)

����
�=0

Kazuo Fujikawa	


(b. 1942)
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Using the usual identity for Gaussian functional integrals with Grassmann 
fields Z

D D e�
R
d4y O = detO

the fermion effective action can be written as a functional 
determinant:

e

��[V,A]
=

Z
D D exp


�
Z

d

4
x 

⇣
i@/ + V/ +A/ �5

⌘
 

�

= det
⇣
i@/ + V/ +A/ �5

⌘

and therefore

where we have written

�[V,A] = � log det

h
iD/ (V) +A/ �5

i

iD/ (V) = i@/ + V/

We will use Fujikawa’s method in a different way…
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How to compute a functional 
determinant (in three slides)	
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Let us focus on a positive definite differential operator    satisfying the 
eigenvalue equation (n = 1,2,…)

O

Own(x) = �nwn(x) �n > 0

Its determinant is formally defined as

detO =
1Y

n=1

�n

In our case, we are in fact interested in computing 

log detO =

1X

n=1

log �n

Thus, we need to find a useful representation of the logarithm…
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Let us look at the definition of the exponential integral

E1(z) =

Z 1

z

dt

t
e�t

which around z = 0 this function admits the expansion

E1(z) = �� � log z �
1X

`=1

(�z)`

``!

Now, computing 
Z 1

✏

dt

t

e

�xt = E1(✏x)

= � log x� � � log ✏�
1X

`=1

(�✏x)

`

``!

we arrive at

lim

✏!0

Z 1

✏

dt

t

e

�xt

= � log x+ x-independent divergent constant
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Eventually, we will be interested in gauge variations of the determinant (this 
eliminates the divergent constant). Thus, we can use the following “definition” 
of the logarithm

log x = �
Z 1

✏

dt

t

e

�xt

With this we can write

✏ �! 0+

= �
Z 1

✏

dt

t

1X

n=1

e�t�n

log detO =

1X

n=1

log �n

that is,

log detO = �
Z 1

✏

dt

t
Tr e�tO
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Back to the fermion effective action	





M.Á. Vázquez-Mozo                                                              Introduction to Anomalies in QFT                                                PhD Course, Universidad Autónoma de Madrid

�[V,A] = � log det

h
iD/ (V) +A/ �5

i
Remember that we wanted to compute

To make the operator positive definite, we compute instead

Since the anomaly of the axial current is given by

���[V,A] = �
Z

d

4
x�(x)@µhJµ

A(x)iV,A

we are left with

�[V,A] = �1

2

log det

h
D/ (V)� iA/ �5

i2

=
1

2

Z 1

✏

dt

t
Tr e�t[D/ (V)�iA/ �5]

2

Z
d

4
x�(x)@µhJµ

A(x)iV,A = �1

2

Z 1

✏

dt

t

��Tr e
�t[D/ (V)�iA/ �5]

2
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We compute then the variation of the trace

The interesting thing is that the integrand can be written now as a total 
derivative

Z
d

4
x�(x)@µhJµ

A(x)iV,A = �1

2

Z 1

✏

dt

t

��Tr e
�t[D/ (V)�iA/ �5]

2

�1

2

Z 1

✏

dt

t
��Tr e

�t[D/ (V)�iA/ �5]
2

�1

2

Z 1

✏

dt

t
��Tr e

�t[D/ (V)�iA/ �5]
2

= �
Z 1

✏
dt

d

dt
Tr

8
<

:
��
h
D/ (V)� iA/ �5

i

h
D/ (V)� iA/ �5

i e�t[D/ (V)�iA/ �5]
2

9
=

;

=

Z 1

✏
dtTr

n

��
h

D/ (V)� iA/ �5
ih

D/ (V)� iA/ �5
i

e�t[D/ (V)�iA/ �5]
2
o
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We are left with the evaluation of the variation of the operator. Recalling 

and infinitesimally, 

�1

2

Z 1

✏

dt

t
��Tr e

�t[D/ (V)�iA/ �5]
2

= �
Z 1

✏
dt

d

dt
Tr

8
<

:
��
h
D/ (V)� iA/ �5

i

h
D/ (V)� iA/ �5

i e�t[D/ (V)�iA/ �5]
2

9
=

;

D/ (V)� iA/ �5 �! e�i�(x)�5

h
D/ (V)� iA/ �5

i
e�i�(x)�5

��
⇥
D/ (V)� iA/ �5

i
= {�i��5, D/ (V)}

Z
d

4
x�(x)@µhJµ

A(x)iV,A = Tr

8
<

:
{�i��5, D/ (V)}h
D/ (V)� iA/ �5

i
e

�✏[D/ (V)�iA/ �5]
2

9
=

;
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The introduction of the axial-vector gauge field was a computational 
trick. To recover our result for the axial anomaly we set

Aµ = 0Vµ = eAµ

The integrated Euclidean axial anomaly is then given by

Z
d

4
x�(x)@µhJµ

A(x)iV,A = Tr

8
<

:
{�i��5, D/ (V)}h
D/ (V)� iA/ �5

i
e

�✏[D/ (V)�iA/ �5]
2

9
=

;

Z
d

4
x�(x)@µhJµ

A(x)iA = Tr

⇢
{�i��5, D/ (A )}

D/ (A )
e

�✏[D/ (A )]2
�

= �2iTr
n

��5e
�✏[D/ (A )]2

o
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To compute the trace, we introduce a basis        in the space of functions|�ki

Using locality, we write

Z

d

4
x�(x)@µhJµ

A(x)iA = �2iTr
n

��5e
�✏[D/ (A )]2

o

�2iTr
n

��5e
�✏[D/ (A )]2

o

= �2i

Z

d4k h�k|�Tr
n

�5e
�✏[D/ (A )]2

o

|�ki

= �2i

Z

d

4
x

Z

d

4
x

0
Z

d

4
k h�k|xi hx|�Tr

n

�5e
�✏[D/ (A )]2

o

|x0i hx0|�ki

hx|�Tr
n

�5e
�✏[D/ (A )]2

o

|x0i = �

(4)(x� x

0)�(x)Tr
n

�5e
�✏[D/ (A )]2

o

�2iTr
n

��5e
�✏[D/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k �k(x)

⇤Tr
n

�5e
�✏[D/ (A )]2

o

�k(x)
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Since we can use any complete set of functions, we choose a set of plane 
waves

�

k

(x) =
1

(2⇡)2
e

ik·x

Now we have to compute the trace over the Dirac indices:

�2iTr
n

��5e
�✏[D/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k �k(x)

⇤Tr
n

�5e
�✏[D/ (A )]2

o

�k(x)

�2iTr
n

��5e
�✏[D/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
e

�ik·xTr
n

�5e
�✏[D/ (A )]2

o

e

ik·x

Tr
n

�5e
�✏[D/ (A )]2
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Using the Euclidean Dirac algebra {�µ, �⌫} = �2�µ⌫

while the second term gives the background field strength 

[Dµ(A ), D⌫(A )] = �ieFµ⌫

[D/ (A )]2 = �µ�⌫Dµ(A )D⌫(A )

=
1

2
{�µ, �⌫}Dµ(A )D⌫(A ) +

1

2
�µ�⌫ [Dµ(A ), D⌫(A )]

[D/ (A )]2 = �[D(A )]2 +
1

2
�µ�⌫ [Dµ(A ), D⌫(A )]

[D/ (A )]2 = �[D(A )]2 � ie

2
�µ�⌫Fµ⌫
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To further simplify, we use

[D
µ

(A ), eik·x] = ik
µ

eik·x D
µ

(A )eik·x = eik·x[D
µ

(A ) + ik
µ

]

and this leads to:

kµ ! 1p
✏
kµ

�2iTr
n

��5e
�✏[D/ (A )]2

o

= �2i

Z

d
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⌘

�2iTr
n

��5e
�✏[D/ (A )]2

o

= �2i

✏

2

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
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⇣
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To further simplify, we use

[D
µ

(A ), eik·x] = ik
µ

eik·x D
µ

(A )eik·x = eik·x[D
µ

(A ) + ik
µ

]

and this leads to:
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µ�⌫Fµ⌫ ]

o

�2iTr
n

��5e
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�✏[D/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
✏[{D(A )+ik}2+ i

2�
µ�⌫Fµ⌫ ]
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Now we take the limit               remembering that 

Tr �5 = 0, Tr
⇣
�5�

µ�⌫
⌘
= 0, Tr

⇣
�5�

µ�⌫�↵��
⌘
= �4✏µ⌫↵� .

✏ �! 0

Thus, the first term contributing is in the expansion in    is

+ O(✏4)
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�✏[D/ (A )]2

o

=
ie

2

16⇡2

Z

d

4
x�(x)✏µ⌫↵�Fµ⌫(x)F↵�(x)
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⇣
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Now we take the limit               remembering that 

Tr �5 = 0, Tr
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Since the anomaly is given by

Z
d

4
x�(x)@µhJµ

A(x)iA =
ie

2

16⇡2

Z
d

4
x�(x)✏µ⌫↵�Fµ⌫(x)F↵�(x)

we arrive at the known Adler-Bell-Jackiw anomaly in Euclidean space

@µhJµ
A(x)iA =

ie

2

16⇡2
✏

µ⌫↵�Fµ⌫(x)F↵�(x) mind the i !

�2iTr
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��5e
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=
ie
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@µhJµ
A(x)iA =

ie

2

16⇡2
✏

µ⌫↵�Fµ⌫(x)F↵�(x)

With just a few changes, this calculation is easily generalized to the case of the 
singlet anomaly

• Take the vector gauge field           to be non-Abelian, while keeping	


          Abelian

Vµ(x)
Aµ(x)

• Add group theory traces in all expressions

@µhJµ
A(x)iA =

ig

2

16⇡2
✏

µ⌫↵�Tr
h
Fµ⌫(x)F↵�(x)

i

• Set at the end                            and Vµ(x) = gAµ(x) Aµ(x) = 0

mind the i !	


(again)


