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Gauge anomalies
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Prelude: quantum symmetries vs. gauge invariance

By Wigner’s theorem, global symmetries are implemented on the Hilbert 
space by unitary or antiunitary operators:

3 Gauge anomalies

The existence of the axial anomaly is not a problem for the theory. Chiral transformations
define a global symmetry whose breaking does in no way jeopardize the consistency of the
theory. On the contrary, as we will see later, the axial anomaly is behind our understanding of
a number of physical phenomena. Now we turn to the case of gauge anomalies, i.e. anomalies
associated with currents coupling to a gauge field. This is very dangerous situation because
what is broken now is gauge symmetry itself.

Gauge symmetry is very di↵erent from global symmetries of the theory in a crucial aspect.
In the quantum theory, the action of the operator implementing a global symmetry on a state
results generically on a di↵erent state of the theory

U(↵i)| i = | 0i, where | i 6= | 0i. (3.1)

Here we say “generically” because it is also possible that, for certain states, the action of the
symmetry leaves the state invariant. As an example, let us think of the example of the hydrogen
atom. The systems is invariant under SO(3) rotations and he action of the rotation operator
on a state |n, j,mi is

U(✓,', )|n, j,mi =
j

X

m0
=�j

D (j)
mm0(✓,', )|n, j,m0i, (3.2)

where D (j)
mm0(✓,' ) are the SO(3) rotation matrices in the representation of spin j.

The di↵erence with gauge invariance lies in the fact that in a gauge theory there is a
redundancy in the labelling of physical states by rays of the Hilbert space of the theory. Hence,
a given physical state can be represented by infinitely many kets, and the space of physical
states is written as

H
phys

= H /G , (3.3)

where G is the group of gauge transformations. The full Hilbert space H contains states with
negative norm, such as those created by the time component of the gauge field bA

0

acting on the
vacuum. It is due to gauge invariance that these states are removed from the set of physical
states, i.e. by the quotient in Eq. (3.3). If gauge invariance is broken, these dangerous states
cannot be eliminated from the physical spectrum and the theory becomes nonunitary. This is
the reason why gauge anomalies have to be avoided at all cost if we want to construct consistent
theories.

Let us begin by inquiring what kind of theories we can expect to have gauge anomalies. We
begin studying the theory of a single Dirac fermion vectorially coupled to an external nonabelian
gauge field

S =

Z

d4x iD/ (A ) , (3.4)
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As an example, let us look at the hydrogen atom: a SO(3) rotation acts on a 
state as
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Gauge invariance is very different from this. In a gauge theory, a physical 
state is represented by infinitely many rays in the Hilbert space.

The space of physical states is smaller than the “naive” Hilbert space of the 
theory
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Thus, gauge invariance is not a symmetry but a redundancy. It is a 
technicality that allows to describe a spin-1 (or spin-2) theory in a way 
compatible with locality and Lorentz invariance.

It is thanks to gauge invariance that these redundant states are eliminated from 
the physical spectrum

Some of these redundant states, however, have negative norm, e.g.

| i = A0|⌦i h | i < 0

Since                           we have

�gauge| iphys = 0

�gaugeA0 = ✏̇(x)

�gauge| i 6= 0 | i is not a physical state
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The absence of ghost is preserved in time provided the theory is gauge invariant 
at the quantum level

[�gauge, H] = 0

i.e., the time evolution of a physical state is a physical state.

which guarantees that 

�gauge| (0)i = 0 �gauge| (t)i = 0

However, if gauge invariant is anomalous ghosts can be generated by 
time evolution

the theory becomes nonunitary

gauge anomalies should be cancelled in physical theories at all cost
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Gauge anomalies can arise only in parity-violating theories.

a parity-invariant theory contains as many right- and left-handed fermions in the 
same representation.

Since

P :  R,L �!  L,R

Thus, we can build gauge-invariant mass terms and the theory can be 
regularized using Pauli-Villars fields which preserve gauge invariance.

Where can we expect gauge anomalies?
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As a first example, we consider N Dirac fermions with charges Qi chirally 
coupled to an external electromagnetic field

This theory has a gauge symmetry

where the associated conserved current is of the V-A type

S =
NX

i=j

Z
d

4
x


i j�

µ
@µ j +Qi j�

µ

✓
1� �5

2

◆
 jAµ

�

with

Aµ(x) �! Aµ(x) + @µ↵(x)

 

j

(x) �! 1 + �5

2
 

j

(x) + e

iQj↵(x) 1� �5

2
 

j

(x)

Jµ
L =

NX

j=1

Qj j�
µ

✓
1� �5

2

◆
 j @µJ

µ
L = 0
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To study the quantum conservation of the gauge current, we have to compute

Even before computing it, we see that the result should be proportional to the 
quantity

where Bose symmetry has to be imposed on all three vertices

Diagrammatically, we have to evaluate a triangle diagram with three V-A 
currents at its vertices

NX

j=1

transformations

� = i↵a(x)T a
�

✓

1 � �
5

2

◆

 ,

� = �i↵a(x) T a
�

✓

1 + �
5

2

◆

, (3.8)

�A a
µ =

1

g
@µ↵

a + fabcA b
µ↵

c.

(3.9)

40

transformations

� = i↵a(x)T a
�

✓

1 � �
5

2

◆

 ,

� = �i↵a(x) T a
�

✓

1 + �
5

2

◆

, (3.8)

�A a
µ =

1

g
@µ↵

a + fabcA b
µ↵

c.

(3.9)

40

j

j

j

(summing over all	


fermion species in	


the loop)

@µhJµ
L(x)iA = �1

2

Z
d

4
y1d

4
y2h0|T [Jµ

L(x)J
↵
L (y1)J

�
L(y2)]|0iA↵(y1)A�(y2)

Jµ
L

J↵
L

J�
L

@µhJµ
LiA ⇠

NX

j=1

Q3
j
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To take advantage of our previous calculations, we write

The anomaly is associated with the parity-violating part of the amplitude that 
contains the terms

h0|T [Jµ
AJ

↵
V J

�
V ]|0i+ h0|T [Jµ

V J
↵
AJ

�
V ]|0i+ h0|T [Jµ

V J
↵
V J

�
A]|0i+ h0|T [Jµ

AJ
↵
AJ

�
A]|0i

Moving the    ‘s around, we find that the calculation reduces to the one of the 
axial anomaly. The final result is:

�5

Gauge invariance is then anomalous unless
NX

j=1

Q3
j = 0

Jµ
L =

1

2

⇣
Jµ
V � Jµ

A

⌘

@µhJµ
L(x)iA = � 1

96⇡2

0

@
NX

j=1

Q

3
j

1

A
✏

µ⌫↵�Fµ⌫F↵�
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1

2

⇣
Jµ
V � Jµ

A

⌘

@µhJµ
L(x)iA = � 1

96⇡2

0

@
NX

j=1

Q

3
j

1

A
✏

µ⌫↵�Fµ⌫F↵�
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A similar calculation for a left-handed theory

S =
NX

i=j

Z
d

4
x


i j�

µ
@µ j + e

Qi j�
µ

✓
1 + �5

2

◆
 jAµ

�

yields

Finally, for a theory with NR right-handed and NL left-handed fermions, the 
anomaly of the gauge current reads

@µhJµ
R(x)iA =

1

96⇡2

0

@
NX

j=1

e
Q

3
j

1

A
✏

µ⌫↵�Fµ⌫F↵�

@µhJµ(x)iA =
1

96⇡2

0

@
NRX

j=1

e
Q

3
j �

NLX

j=1

Q

3
j

1

A
✏

µ⌫↵�Fµ⌫F↵�



M.Á. Vázquez-Mozo                                                              Introduction to Anomalies in QFT                                                PhD Course, Universidad Autónoma de Madrid

We analyze now the non-Abelian case

where we have introduced external gauge fields coupled respectively to the 
right- and left-handed component of the fermion

Lµ(x) = La
µ(x)T

a Rµ(x) = Ra
µ(x)T

a

This theory has a                 gauge invarianceGL ⇥GR

L
µ

(x) �! ie

i✏

a
L(x)Ta

@

µ

e

�i✏

a
L(x)Ta

+ e

i✏

a
L(x)Ta

L
µ

(x)e�i✏

a
L(x)Ta

R
µ

(x) �! ie

i✏

a
R(x)Ta

@

µ

e

�i✏

a
R(x)Ta

+ e

i✏

a
R(x)Ta

R
µ

(x)e�i✏

a
R(x)Ta

S =

Z
d

4
x


i �

µ
⇣
@µ � iLµ

⌘✓
1� �5

2

◆
 + i �

µ
⇣
@µ � iRµ

⌘✓
1 + �5

2

◆
 

�

 (x) �! e

i✏

a
L(x)Ta

✓
1� �5

2

◆
 (x) + e

i✏

a
R(x)Ta

✓
1 + �5

2

◆
 (x)
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Alternatively, we can describe the theory in terms of vector and axial 
gauge fields

S =

Z
d

4
x

h
i �

µ
⇣
@µ � iVµ � iAµ�5

⌘
 

i

where                     and                      are given byVµ = Va
µT

a Aµ = Aa
µT

a

In terms of these fields, we have vector and axial gauge 
transformations

Vµ =
1

2

⇣
Lµ +Rµ

⌘

 (x) �! e

i↵

a(x)Ta

 (x)

V
µ

(x) �! ie

i↵

a(x)Ta

@

µ

e

�i↵

a(x)Ta

+ e

i↵

a(x)Ta

V
µ

(x)e�i↵

a(x)Ta

A
µ

(x) �! e

i↵

a(x)Ta

A
µ

(x)e�i↵

a(x)Ta

 (x) �! e

i�

a(x)Ta
�5
 (x)

V
µ

(x) �! e

i�

a(x)Ta

V
µ

(x)e�i�

a(x)Ta

A
µ

(x) �! ie

i�

a(x)Ta

@

µ

e

�i�

a(x)Ta

+ e

i�

a(x)Ta

A
µ

(x)e�i�

a(x)Ta

Aµ =
1

2

⇣
Rµ � Lµ

⌘
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A word of warning:

Formally, the theory in terms of axial and vector gauge fields seems to have 
a gauge symmetry

GV ⇥GA

However, non-Abelian axial transformations do not close so they 
do not define proper gauge invariance

Thus, the only bona fide gauge fields of the theory are the ones associated 
with

GL GR GV

ei�
aTa�5ei�

0bT b�5 = ei(�
a+�0a)Ta�5+ 1

2�
a�0b[Ta,T b]+...

The transformations close only in the Abelian case.
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The classical conservation equations for the vector and axial-vector currents 
are

@µJ
µa
A + fabcVb

µJ
µc
A + fabcAb

µJ
µc
A = 0

(DµJ
µ
A)

a = 0
(DµJ

µ
A)

a + fabcAb
µJ

µc
A = 0

To find the anomaly we have to calculate

h(D
µ

Jµ

A)
aiA,V =

1

Z

Z
D D 

⇣
@
µ

Jµa

A + fabcVb

µ

Jµc

A + fabcAb

µ

Jµc

A

⌘
ei

R
d

4
x[i �µ(@µ�iVµ�iAµ�5) ]

Expanding in perturbation theory, the terms with two gauge fields come as 
usual from the triangle diagram. The parity-violating ones are

J↵b
V

J�c
V

Jµa
A

J↵b
A

J�c
A

Jµa
A
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Their contribution combines with terms coming from the (logarithmically 
divergent) box diagrams

Anomaly = h(@µJµa
A + fabcVb

µJ
µc
A + fabcAb

µJ
µc
A )iV,A

Jµa
A

J↵b
V

J�c
V

J↵b
A

J�c
A

Jµa
AJ�d

V J�d
V

In the non-Abelian case, there are terms in the triangle with three gauge fields.
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Anomaly = h(@µJµa
A + fabcVb

µJ
µc
A + fabcAb

µJ
µc
A )iV,A

Jµa
A

Jµa
A

Jµa
A

Jµa
A

J↵b
V

J�c
V

J�d
VJ�d

V

J↵b
V

J�c
V

J↵b
A

J↵b
A

J�c
A

J�c
A

J�d
A

J�d
A

J�e
V

J�e
V

J�e
AJ�e

A

Finally, there are also contributions to the anomaly from the (UV finite) 
pentagon diagrams:
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What about the group theory factors?

T a
ij

T b
jk

T c
ki

+Bose symmetry

⇠ ✏µ⌫↵�p
µq⌫A ↵(p)A �(q)

⇠ Tr
h
T a{T b, T c}

i

T a
ij

T b
jk

T c
k`

+Bose symmetry

⇠ ✏µ⌫↵�p
µ
i A ⌫(p1)A

↵(p2)A
�(p3)

⇠ Tr
h
T a{T b, [T c, T d]}

i

T d
`i

= if cdeTr
h
T a{T b, T e}

i

For triangle we have (AVV and AAA):

whereas the result for the box is (AVVV and AAAV):
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Finally, we deal with the pentagon (AVVVV, AVVAA, and AAAA):

T a
ij

T b
jk

T c
k`

T d
`m

T e
mi

+Bose symmetry

⇠ ✏µ⌫↵�A µ(p1)A
⌫(p2)A

↵(p3)A
�(p4)

⇠ Tr
h
T aT [bT cT dT e]

i

⇠ fr[bcfde]sTr
h
T a{T r, T s}

i

• The box and pentagon diagrams only contribute to non-Abelian case.

• The cancellation condition for the triangle diagram 

automatically implies the cancellation of the box and the 
pentagon as well.

Tr
h
T a{T b, T c}

i
= 0

Therefore, to cancel the gauge anomaly we only have to care about the triangle!
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Computing all these diagrams and imposing vector current conservation

where

Vµ⌫ = @µV⌫ � @⌫Vµ � i[Vµ,V⌫ ]� i[Aµ,A⌫ ]

Aµ⌫ = @µA⌫ � @⌫Aµ � i[Vµ,A⌫ ]� i[Aµ,V⌫ ]

one arrives at the expression of the Bardeen anomaly

h(DµJ
µ
V)

aiV,A = 0

h(DµJ
µ
A)

aiV,A =
1

16⇡2
✏µ⌫↵�Tr

⇢
T a


Vµ⌫V↵� +

1

3
Aµ⌫A↵�

� 8

3

⇣
AµA⌫V↵� +AµV⌫↵A� + Vµ⌫A↵A�

⌘
+

32

3
AµA⌫A↵A�

��

The result is covariant under vector gauge transformations (it depends on 
the vector field strength         alone).Vµ⌫
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This expression can be used as a “master formula” for different situations. 

• QED axial anomaly:  Abelian case,        

h(DµJ
µ
A)

aiV,A =
1

16⇡2
✏µ⌫↵�Tr

⇢
T a


Vµ⌫V↵� +

1

3
Aµ⌫A↵�

� 8

3

⇣
AµA⌫V↵� +AµV⌫↵A� + Vµ⌫A↵A�

⌘
+

32

3
AµA⌫A↵A�

��

Aµ = 0,Vµ = eAµ

@µhJµ
AiA =

e2

16⇡2
✏µ⌫↵�Fµ⌫F↵�

• Nonabelian singlet anomaly:         T a �! I,Aµ = 0,Vµ = gAµ

@µhJµ
AiA =

g2

16⇡2
✏µ⌫↵�Tr

⇣
Fµ⌫F↵�

⌘
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This expression can be used as a “master formula” for different situations. 

h(DµJ
µ
A)

aiV,A =
1

16⇡2
✏µ⌫↵�Tr

⇢
T a


Vµ⌫V↵� +

1

3
Aµ⌫A↵�

� 8

3

⇣
AµA⌫V↵� +AµV⌫↵A� + Vµ⌫A↵A�

⌘
+

32

3
AµA⌫A↵A�

��

• “Right-handed” QED:  Abelian case,     T a �! Q

Aµ = �Q

2
Aµ

Vµ =
Q

2
Aµ

n
Aµ = �Vµ = �1

2
Lµ

Jµ
L =

1

2

⇣
Jµ
V � Jµ

A

⌘

@µhJµ
L(x)iA = � 1

96⇡2

0

@
NX

j=1

Q

3
j

1

A
✏

µ⌫↵�Fµ⌫F↵�
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We have seen that a theory of a chiral fermion is free of gauge anomalies 
whenever they transform in a representation R satisfying

Tr
h
T a
R{T b

R, T c
R}

i
= 0

Let us do some group theory…

A Lie algebra representation is real or pseudoreal if there is an 
intertwining operator S satisfying

T a
R

⇤ = �ST a
RS�1

n
ST = S

ST = �S

real

pseudoreal

Tr
h
T a
R{T b

R, T c
R}

i
= Tr

h
T a
R{T b

R, T c
R}

iT
= Tr

h
(T a

R)⇤{(T b
R)⇤, (T c

R)⇤}
i

Then

and for real and pseudoreal representations

Tr
h
(T a

R)⇤{(T b
R)⇤, (T c

R)⇤}
i
= �Tr

h
ST a

RS�1{ST b
RS�1, ST c

RS�1}
i
= �Tr

h
T a
R{T b

R, T c
R}

i
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Thus, real and pseudoreal are anomaly-free representations

Tr
h
T a
R{T b

R, T c
R}

i
= 0 for R real or pseudoreal

This happens for all representations of the following groups

• SU(2)

In addition, the adjoint representation of any group is real and therefore 
safe.

• SO(2N+1)

• Sp(2N) for N ≥ 3
• and the exceptional groups G2,  F4,  E7,  E8

• SO(4N) for N ≥ 2

Other groups whose representations are neither real or pseudoreal but are 
still safe are

• SO(4N+2) for N ≥ 3
• E6
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Potentially dangerous Lie group are

• SU(N) for N ≥ 3.

• U(1).

In the case of non-safe groups, anomalies can also be cancelled summing 
among all chiral fields.

For example, if a theory contains a number of right- and left-handed fermions 
transforming in representations      and      the anomaly cancellation condition 
reads:

If the gauge group is a direct product, G1 ⊗ ... ⊗ Gn, there might be mixed 
gauge anomalies associated with triangles with “different group factors” at 
each vertex

T a
+ T a

�

X

right-handed
Tr

h
T a
+{T b

+, T
c
+}

i
�

X

left-handed
Tr

h
T a
�{T b

�, T
c
�}

i
= 0


