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The axial anomaly
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The symmetries of QED: a reminder

The QED action

Squn = [ ' |~ {Fu B 4 TP~ m)u - Ty

is invariant under global U(1)v transformations of the fermion field
h(x) — e P(), P(r) — e “Y(x), with «a€R
leading to the conservation equation
K=oy = 0 =0
This symmetry can be promoted to U(l) gauge invariance

Y(x) — e Dp(x), Au(@) — Au() + dua(z)
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We can also allow a second type of axial global transformations of the fermion
field:

p(x) — PPY(x),  P(x) — Plx)e®, with  BER

where

15 = —iy "y %y’

This is not a symmetry of the action, due to the mass term. If we define the
axial-vector current

J\ = @’Y“’Y&sw
it satisfies

@MJZ = Qim@’yﬂb. (pseudovector-pseudoscalar equivalence)

Axial global symmetry is recovered in the massless limit m — 0
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At the level of the amplitudes, conservations equations give rise to Ward
identities.

In the case of QED, a general amplitude in momentum space has the structure

A1, - P @1y -5 Gm) = € (P1) -+ € (Pr)En (q1)" -+ €0, ()"
X DRV (g
Invariance under gauge transformations
en(p) — €u(p) + Apy

leads to the gauge Ward identity

pMF...,ui...l/l...l/m (pka QE) — O — qyirul...um...u,;...(pk; QK)

Or more generally, (9,Jv/(y)O1(x1)...0n(x,)) =0 with O;(z) gauge invariant
operators.
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What about the axial-vector current?

We study a Dirac fermion coupled to an external gauge field <7, (z)

Sint = —e/d% J(x).e),(x)

and compute

/ DyDy J X(:B)eif diz (i —m)p—eJf ., ]

(Ja(@))e = — —
/prw ezfd4a:[1p(z@ —m)zp—eJ\F/f;z{M]

Expanding in perturbation theory in the coupling constant,

i)y = —ie / d'y (0T[4 ()72 ()] |0) a (v)

= S [ s O R0 )00 1) ) + -
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We look at the first term

COTIZ0) Fly = 0)l0) = [ SR (e

and diagrammatically:

it (k) = ka
i i

Sy

Our aim is to compute its contribution to the axial-vector Ward identity

(OuT (1)) oy = 7 e K iTH (K) = 7
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To compute the integral

T Ly /d‘leT y 0 ) 0
T (k) = e Crd o \ B T il I F—m tie

we use some Diracology

Tr (y57"9%) = Tr (y59#977%) = 0, Tr (v 9" y*y”) = —4ie" P

to find

d4¢ 4
T (k) = —die e Pk - '
T = ety | G R

Due to the antisymmetry of €.vap8 the amplitude satisfy both the vector and
axial-vector Ward identities

kT (k) = 0 = Ky iD™ (k).
Moreover, by Lorentz invariance 1" = 0
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To find any anomaly, we have to go to the next order. Going to momentum
space

FOTRO R ) Rlell0) = [ 55 [ Sires g gerarrine,

the conservation equation is

0T @) = 5 [ At (5 (1)

d*p d*q _ o
X / (27T)4 / (27T)4 (p —|_ Q)eruaﬁ(pj q)e p (?Jl )‘|‘ q (y2 )

The calculation involves now two triangle diagrams:

iLpas(p; q) =(p + )" Y +(@+g* \S

q” q”
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Applying the Feynman rules of QED, we have

@-r()—e2/MTr ; i i
uao3 P, q — (27T)4 g_m+z€fyﬂ/y5£_¢_¢_m+2675¢_¢—m_|—7/€fya
p<>q
" (a%ﬁ)'

so we only need to compute the integrals...
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Applying the Feynman rules of QED, we have

il as( )—62/d4€Tr : : :
poB P ) = ) \I—matie "I —p—d—mtic I—p—mtic®
P q
+ ( a < 3 ) '
so we only need to compute the integrals...

These integrals are linearly divergent!!

)
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Interlude: linearly divergent integrals
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Let us begin with the simplest one-dimensional case:

19 = [ deffe+e - s,

—0

If the function f(x) is integrable on R we conclude that 7(£) =0,

Let us however assume that for large |x|

f(x) ~ i (logarithmically divergent integral)
X
f(x) ~ constant (linearly divergent integral)

expanding the integrand around x

we arrive at: [(§) = f/:; dx f'(z) = g{f(oo) — f(—oo)]
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Thus, for linearly divergent integrals:
| o[t +9) = 1(@)] = £(00) = s(=00) £ 0.

Shifting the integration variable changes the value of a linearly divergent integral!

Something similar happens in four dimensions

1 = | Golrero- o)

. . t 60
To make sense of the integral, we perform a Wick =
rotation into Euclidean space

1) =i [ G+ - )
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If the integral is linearly divergent

U
Fi(lg) ~ Cﬁ_f as lp| — o0
E

Expanding the integrand

e =i [ [+ o) - i)

(2m)*
[ dMg _ o f* 1 02 fr _
= & S|+ e
/ (2m)* _ g ey 2 00007, o _

Again, only the first term contributes. Applying Gaul3’ theorem

; ) iC o g
) = oo [ 5 (E) = ot [ A
2o E
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The remaining integral can be done using asymptotic rotational invariance

0% 1 T
0 E-E T Sho ] 3\ — . Sho
/d3% L0VoI(S%) = 0

With this, we got

/ (% )~ (0] = e

Very important: remember the origin of the constant C

7
FrlR) ~ C’i_f as g — 00
E

Thus, the ambiguity only depends on the large momentum behavior of the
integrand (i.e., it doesn’t depend on the masses of the particles running in the
loop!)
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Back to the axial anomaly...
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Applying the Feynman rules of QED, we have

Y . . .
iLuas(p,q) = 62/ Ir : — Y5 : /B : — Vo
(2m)4 { —m + ie f—p—qg—m-+ic "f—p—m+ie

p<q
L(ren).

What is the relevance of the previous discussion!?

Y! # Y{—»p
b—q S~ l—p—q >~

The value of the triangle diagram depends on how we parametrize the loop
momentum!
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How do we deal with this ambiguity?

The amplitude :I',,,3(p, q) should satisfy a number of condition:

® Parity: begin parity odd, it should contain an €,,,3 tensor

e Poincareé invariance: it should be a rank-three tensor depending
only on p and q

This forces the following structure for the amplitude

iTuop(P:0) = freuaped” + fo€uopod” + f3€paortsn’q’
+ f4€,uoza>\QBpaq)\ - f5€M50APaPJC]A

+ 6€uBaAQOzpaq>\ + f 7€ozﬂa>\p,up0q>\ + SEaBJAquan

where f; are scalar functions of the momenta. Moreover, using

CaBorWy - €AWy - CorpaWp -+ ExpafWo - CuapoW) = O,

we can absorb f7 and g into the other f’s.
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Luap(, @) = J1€papoD” + [2€ua80q" + f3€ua0>\pﬁpaq>\

-+ f4€uaa)\QBpaq>\ —+ fSEuBJ)\papaq)\ -+ fGE,UJBJ)\QOszqA
e Bose symmetry: it should satisfy il,a5(p,q¢) = il,84(q,Dp)

This imposes the following conditions on the coefficients

filp,q) = —fa(aq,p), f3(p,q) = —fela,p), falp,q) = —f5(q,p).

Let’s do a bit of dimensional analysis:

[fi] = [f2] = E°
ilap] =F R R e
fil = .= Ifo] = B

Hence fi and /> are logarithmically divergent integrals while f3 ,..., fs are
convergent integrals.

M.A.Vézquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



iFﬂaﬁ (pa Q> — fleuozﬁapa -+ f2€M0450q0 - f3€ua0>\pﬁpaq>\

- f4€uoz0)\QBpaq)\ - fBGMBJ)\papaq)\ - f6€,u50)\QOzpaq>\

All ambiguities in the amplitude are confined to the coefficients fi and f>.

Next we look at the contractions

pair,uozﬂ(pa Q) — (f2 — p2f5 — P QfG) Euﬁaaq&paa
¢"iT (D q) = (f1 —¢fi—p- qfs)eua/saqﬁp",
(p + Q)Miruaﬁ(pa (]) — ( — 1+ fz) EaﬁaAquA'

Imposing the vector (gauge) Ward identities

pair,uozﬁ (pa Q) = 0= qﬁiruaﬁ (pa Q)
completely fixes the ambiguous integrals in terms of finite ones

fi(p,q) = ¢ fa(p,q) — p - af3(p, q)
fo(p,q) =p°f5(p,q) — p- afe(p,q)
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Using these identities, the axial anomaly is given by

(p - Q)Mir,uozﬁ(pa Q) — p2f5 — 92f4 +p- (](—f3 =+ f6) EaﬁaAquA

With these general considerations we learn a number of things:

e All ambiguities in the triangle diagram are codified in
logarithmically divergent integrals.

® These are completely fixed by requiring the conservation of
the gauge current.

® Once this is done, the axial anomaly is given by finite integrals
(i.e., free of UV ambiguities).
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The (actual) calculation
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d4€ . . .
ir,uoz@(l% Q) — 62/ Ir : —Tu'V5 Z — 1B : —a
(27m)* f—m + ic f—p—qg—m-+ie " §—p—m-+ie

P79
v (20
We start with the computation of
(

(—Jp—d—mtic f—p—m+tic®

Lop(bop) = Tr |

To reduce the expression, we use the trivial identity
Ptd=(—m) = (f—p—d+m)+2m

and write

I—F—d—m 1 p—d—mtic Y—mtic"
Z. |

—mtic f—p—d—m+ic

@+ )7

f—m +ie

+ 2m
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The integrand takes the form

; ;
Ia y s = T - e "
s(4,p,q) 0 r(’Vv_ﬁ_g_mﬂewg_ﬁ_mﬂev)

T 0 i
— qTr " .
%ﬂ—]zﬁ—m%—iev ﬂ—m%—ze%

[/ [/ [/
o (g—m+z675¢—¢—¢—m+7gew—¢—m+iﬂ )
and integrate the result over the loop momentum

d*¢
(2m)*

d*¢
(27)*

(p + @)*iC has(p, q) = € / Ls(l,p,q) + € / I30(4, q,p).
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The integrand takes the form

i 1
]oz y 75 = 1 ; e '@
B(KPQ) Zr(’75£_¢_g_m+%75£_¢_m+%7)

T 0 i
— 4Tr " .
%ﬂ—]zﬁ—m%—iev Z—m%—ze%

+@m—|—ie%ﬂyﬁﬁm+iewﬂﬁ@

and integrate the result over the loop momentum

d*¢
(2m)*

d*¢
(27)*

(p + @)*iC has(p, q) = € / Ls(l,p,q) + € / I30(4, q,p).

The last term is the one-loop contribution to 2im (¥ y57)

iU (p, q) = ><V + »} X = 2mys
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d*l ! ¢
¥ —  je2
(p+ @)"iT ap(p, q) te /(277)4Tr (75¢_¢—q—m+ie%¢—]é—m+ie%‘

[ [
B %g—g—mﬂ'ew—mﬂ'e%)

,2/ av . i i
— 1€ I o 3
Crr o\ —m i “f—mtie”
7 1
B —mtic f—f—mtic'”

) + 2mil5(p, q)

and reducing the propagators:

ny _ 62 d4€ Eaﬁau(g — P — Q)U(g o p)l/
P+ @) iTes(pra) = 4 / (2)1 { (0 —p—q)? —m? +id[(f — p)2 —m? + ic]
B 604501/(6 — Q)UEV \>
(0 —q)?> — m? + i€] (2 — m? + i€) |

, d4¢ Eaﬁau(€ —p)°L”
v 1 [\ T l(r =

€apor(l —p —q)7(L —q)" |
[ —p—q)2—m2+id[(f — q)2 — m2 + ie] } +2malos(p, q).
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N oy [ AU €apor(l —p —q)7 (L — p)”
P+ @) iTesp ) = e / (2)? { (0= p—q)2 —m2+i€)[({ — p)2 — m? + ie]

N\

Eaﬁau (f - Q)ng .
=g —m? + (@ —m? T ie)

, [ di €apov(l — p)7l”
e / (27) { (0 — p)? — m? + i) (£2 — m? + i)

cusonll =D — )" (L= )" |
({—p—q)> —m? +i€]|[( —q)? — m? + i€ } + szraﬁ(% q).

The two integrals are linearly divergent and have the structure

ae g, L iC
| Gl -] = e
with
gr — _ph
eh = gt

respectively.
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We find the result

P
. i€ . .
(p+ @)l ap(p,q) = 1z CapovP’q + 2milo5(p, q).

The axial Ward identity is violated in the limit m — 0.

-

The axial-vector symmetry is anomalous!

But not so fast... what happens with the vector current?

d*/ 1 1 1
o L 2
Piluas(p @) = € /(%)4“ (g—m+ze””5¢—¢—q—m+z‘e%¢/—zé—m+ieﬁ>

+ ¢ [ (e e )
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o - 9 d*/ 2 ¢ !
Priluas(piq) = ¢ /(27T)4Tr (g/—mﬂ'eww—]zs—g—m+ze%£—zzﬁ—m+ie¢>

R s e e o e e

Using the identities

p= —m)=(—-p—m) p = ——p—q-m+{U—-qg-—m)

we have

A i ?
T, — 2 T
Pl s (ps q) e /(27)4 r(7“%¢_Zé—g—m—l—i6%£—3zﬁ—m+ie

? 7
— Yu5

(—d—m+ic ’f—m+ic

— ieZ/ I Ir : :
A \ WP T —m e " —m 1+ i

1 ()
B ’W”gﬁgmﬂ'ewmﬂe)'
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o - 9 d*/ 2 ¢ !
Priluas(piq) = ¢ /(27T)4Tr (g/—mﬂ'eww—]zs—g—m+ze%£—zzﬁ—m+ie¢>

, [ dY i i i
e /(zw)4Tr (g—m+¢67”5¢z—¢—g—m+@'e’5¢—¢—m+zew>
Using the identities
p = W—m)—({f—p—m), p = —W—-p—g-m)+{U—¢—m)

we have

A i ?
T, — 2 T
Pl s (ps q) e /(27)4 r(7“%¢_Zé—g—m—l—i6%£—3zﬁ—m+ie

0 0
B W%ﬂ—q—erie%ﬂ—erie)

— e’ / I Ir :
emt \ P =g — [—m+ie
0 i > (no shift required)

i15§£7ffg—nr+%%7—n%+k
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The remaining integral

A/ ! ?
T —  je2 T
Pl hap (P, ) ua/kw#lr<m%¢—¢—¢—n%+k%7—ﬁ—ﬂ%+%

i i
B %%@—g—m—kie%ﬂ—m—l—ie)
_ 462/ d'( €ppov(l —p —q)7 (L — p)
2m)* L[(6 —p—q)* = m? +ie][(£ — p)> — m? +ic]
€usov (L — q)7 " \

T =g —mE (2 —m21ie) |

has again the structure

/(%4 [f“(“f) - f“(e)} _ 32225“-

with
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The computation shows that the gauge Ward identity is violated!

102

Uil uap(ps q) = —@wo—uﬁ’f

But remember the ambiguity in parametrizing the loop momentum. It seems
we made the wrong choice...

Changing the parametrization
o — P 4+ ap” + Bg*
introduces a change in the amplitude

iruaﬁ (p7 Q) — irﬂaﬁ (p7 q) T Aﬂaﬁ(a7 6)

Can we select a and f so the vector Ward identity is enforced!?
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Luckily, we don’t have to redo the whole computation! Imposing:
® Parity
® Lorentz invariance

® Bose symmetry

and remembering that the ambiguity does not depend on masses, we
only have one possibility for the change in the amplitude

- 2
. ) 1€ o
ZF,uozﬁ (p7 Q) — ZF,uozﬁ (pa Q) + @aeuaﬁa (p _ Q)

where a = a(a, B)
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Using now our results for the triangle diagrams

2

. ’L€ o UV
(p+ )" iluap(p.a) = 51— a)éaponp”q” + 2mil'as(p, q).
a 262 o _V
Piluas(p,q) = —o—5(1+ a)éapond”q",
s
Thus, the physically correct choice is to take a = —1 for which

pair,uoﬁ(pa(ﬁ — Oa

262

o zeaﬁaup q +2mir0¢5(p7 q)

(p + Q)'uiruozﬁ (p, Q)
The axial-vector current is anomalous!

It is important that there is no value of a for which both Ward identities are
satisfied simultaneously.
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In our calculation we did not commit to any particular regularization method
(in fact, we didn’t have to), only to the preservation of gauge invariance.

The result for the axial anomaly is obtained computing the triangle diagram
using any regularization method that preserves gauge invariance: e.g.

® Pauli-Villars (see Bertlmann)
® Dimensional regularization, but beware of ys (see Peskin & Schroeder)
® Point-splitting

® Dispersion relations (see Bertlmann)
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Transforming the result back to position space,

T @) = 5 [ At (5 ()

dp d*q . |
" i, ip-(y1—x)+iq-(y2—)
/ (27_‘_)4 / (27_‘_)4 (p + q) t H 5(p7 Q)e

Steven Adler

we arrive at the celebrated Adler-Bell-Jackiw anomaly (b. 1939)

C )
Jack Steinberger e> _ John S. Bell
6.1921) 0,{Ja(@))r = 62 P F 1, Fp + 2im () y50(1)) o (1928-1990)
\_ Py ‘
4
. Roman Jackiw
Julian Schwinger (b. 1939)

(1918-1994)
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An example of the “wrong”
regularization

M.A.Vézquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



Our analysis of the ambiguities in the triangle diagram might seem a bit

formal...

The ambiguity, however, can be reobtained using a point-splitting regularization
of the axial-vector current composite operator.

€

B ) | x+e€/2
s =5 e o~ o e [

where a € R and €” satisfies € > 0

Under a gauge transformation

Petg) et (a5 T (@) — € D)0l D]k )

Suly) — Fuly) + ey

The regularization is gauge invariant only for a = 1
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c c | x+e/2
JN(T)reg = ¥ (a: + 5) Y51 (:v — 5) exp zea/ B dyo ™ (y)

We compute now its divergence

€

B c | x+e/2
O (T)reg = 0,0 (flf + 5) Y51 (x — 5) exp @ea/ / dyo o *(y)
r—e/2

B x+e/2
+ (x + %) V50,1 (x — %) exp z’ea/ Ay *(y)
r—e/2

+ iear) (a: + %) Y5 (a: — %) 0, /:+/:2 dYod *(y)

x+e/2
X exp z’ea/ Ay (y)

—e/2

and use the fermion EOM

Iy O = my — e,y _iaﬂwfyﬂ = map — eafyu”@%/i
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Ou N (T)reg = 2im[Yy50]reg — i1 (x ™ %) Vs (x B %)

X _=Q/u (:U + 5) — ), (il? — 5) — Oy /{I:EJFE/2 dy® Ao (y)

—e/2

x+e€/2 i
X exp z'ea/ Ay “(y)

—€/2

Identifying J4 (z)ree and expanding to first order in € we have
Opd s () reg = Zim[@%w]mg — i Jy (x)e” (8()4%# — a0,y + .. )

and now compute its vacuum expectation value

Op (T (T)reg) v = 2im<[$’75w]reg>% — iee®(Jy (7)) or (aadu — a0, Fo + .. )
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Ou N (T)reg = 2im[Yy50]reg — i1 (x ™ %) Vs (x B %)

X _=Q/u (:U + 5) — ), (il? — 5) — Oy /{I:]CJFE/2 dy® Ao (y)

—e/2

x+e€/2 i
X exp z'ea/ Ay “(y)

—€/2

Identifying J4 (z)ree and expanding to first order in € we have

O Jh (T)reg = 2im[tpy51)]reg — 14 (7)€® (6aﬁfﬂ —(@Pp Ao + .. )

and now compute its vacuum expectation value

Opl T ()reg)er = 20m{[YY5Y]reg) or — i€ (TN (T)) or ((%% ~(aPp Ao + .. )
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Next, we evaluate (Jh4 (Z)reg) o

€

(TN (%) reg) s = @ (:v + g) Y5 (:v — 5) >d exp |iea Lx+/:2 dyo o (y)

vesne (T [0 (24 5) e (= 5)])

==t {yos (T [0 (o= 5) 3 (e + 5)])_}

€ €

-t [ (e ),

where the propagator can be computed diagrammatically as:

G(z,Y)e = > + X 4
X

+ S ...
X Y X Y L

Y Y
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G(2,Y)or = > + o e
X

+ S ...
T Y X Y XL

Y Y

We look at the term linear in the gauge field:

d*p / dq ( i i ) o
e e . i o, (g
o an s /(%)4 @t \p+3d—m p—35d—m g

2

With this we go back to
Opl Ty (%)reg) o = 2im{[)V5¢]reg) s — i€€a<JK($)>d(3a<Q/u — aOp Ao + . . )

and

x+€/2
0 =10 [ (- St ) Jo fia [ s
=4 r—e/2
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G(2,Y)or = > + o e
X

+ S ...
T Y X Y XL

Y Y

We look at the term linear in the gauge field:

d*p / d*q ( i 0 ) -
<> = 1€ v e T '/ ()
T < s /(27?)4 Cm)t \p+3d—m p—=if—m @ :

2

With this we go back to

O Th (2)re) or = 2im ([958 ]ve) or — €W (@) or (Ol — Oyt + ... )

and
i x+€/2 1
€ € , N

(JN(x)) oy = —Tr [y“%(}' (:U — §,x + 5) } exp zea/ Ay (y)
4 i r—e€/2 ]

and use

cXplPe — _iaﬂeip'e s =g = integration by parts
Pa
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—Tr [eo‘fy“%G (x — E,x + E) ] =
2 2/ of

— ¢ / (;li§4eiQ'x=@fy(Q) / (;i?ﬂ“a%“ <7N%zﬁ+ 5d — m' ﬁ ; m>

0 Y

e D))
lim € (J (T)reg) oy = — lim Tr [E 7 75G( 2T a),

1€
— e Funa)

With this result we return to the regularized anomaly

O (T3 (0)reg) or = 20mA [ seg) o — i€ (T (2)) ot (O Py — a0t + .. )
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With this result we return to the regularized anomaly

Opl T ()reg)er = 20m{[PY5Y]reg) or — i€ (TN (T)) or (%% — a0y Ao + .. )
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Op (T (T)reg) or = 2im<[@%¢]reg>% — iee®(Jy () o (aoz*% — a0, Fo + .. )

. o M _ L€ avo
ll_I)I(l)e <JA(x)I‘eg>d T 16772 Elu ‘gal/a'(x)
Using the simple identity
1
7 (Ot — aByusly ) = (1+ )" 0y, = ‘g O enove gz
we arrive at the result
2
. . . — € Vo
!1_1;% 8M<JK($)Teg><Qf = 21m 21_I>I(1)<[¢75¢]Teg>d | 327_‘_2 (1 + a)elu Bga,ul/ggaﬂ
For a = 1 For a = —1
We recover the AB] anomaly J\ is conserved but is not

and J' is gauge invariant gauge invariant
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Quantum corrections
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What about higher loops!?

The ABJ] anomaly is a one-loop result. Is it corrected by higher loop diagrams!?

E.g.
v:}, + <v + -

These diagrams contain five fermion propagator. The integration over the
fermion loop momentum

d*t
J 4H£—I—A,—|—ze

is convergent. The remaining loops can be handled using a gauge invariant
regulator, for example
I A’

AS = d*xF,,OF" ==  Gu(p)~—
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This heuristic argument can be made more precise.

P q
Consider a generic topology contributing ( é = é )
to the divergence of the axial-vector
current:
{1y
—k
1 v yazn£+r”\1 —z
\7)5\] yO‘Z yazn—l
A
. . .
kﬂlruaﬁ(pa d) L-loop /H 27‘(‘4 aB Tl,...,Tgn;p,q) . Ctr,  parp-k %XWX
b T Yo+
d4£ 2n b—1 . Y Vs
Ir (—ie

o ?
X(_Zefy )¢—|—7{b Zk,u/y W5‘¢_|_7(b_k‘_m

i L%”“Ww k- m} } |
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L-1

d*ly (e d*l 22”
kuirﬂaﬁ(]% Q)L-loop — / H (277_)4F045 (Tla o5 Tonsy P, Q)/ (27'(')4 Tr
b=1

a=1

H(_iefyaj)g_l_ 7{7’ - m:|

j=1

2n .
o i e i |
X(—Ze’y )g_l_#b_mlk,u/y'uf}%g_'_%b_k_m |:11_1( ety )¢+7[jkm:|}
We simplify this expression using,

ks = (41 —m)vs + vs(f + o — £ —m) + 2ms
to write

gwg—m(%m%)mq/b —k—m
[tf—m " "y —k—m

" i
(+f—m " Py —k—m
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L—1 2n

, d*y (o d*l Z
kuzrﬂaﬁ(]% Q)L-loop — / H (QW)4F(05GB>(T17 tee 7T2n;p7 Q)/ (27_‘_)4 TI' {
b=1

a=1

H(_Z‘e’yaj)g_l_ 7{7’ - m:|

j=1
2n

—iey™ AT i —rey™ i |
x (—iey )¢+7(b—m@¢+7(b—k—m {111( ! )%L?/jkm}}

We simplify this expression using,

ks = (41 — m)vs + vs(INC o — K —m) + 2meys
to write

( o (
(+f—m " Py —k—m

Q—H/b.—mk_/ﬂ—l—%.—k—m

[tf—m " "y —k—m
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Thus, the result has the structure;

kML s (D Q)L—loop = 2milup(p, Q)L—loop + Aup(p; q)-

The relevant term contributing to A,z(p, q) is

2t { {H“WV - m} . LEL(‘W’M - m}
_ Ll_[l(—iefyo‘j)g_'_%j — m} Vs Ll_[b( iey® )¢_|_%7 = m} } :

and most terms cancel
, ] _ ] _

" G e | e e | e | et

\ | J=2 i B

’ Ul g = | 0 |
_(_i67a1)£+#f—mi75 H(_Z.e,yaj)ﬂ—l—z/jjk—m +...0 0
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Thus, the result has the structure;

AN (p, Q)L—loop = 2mil,5(p, Q)L—loop + Aus(p: ).

The relevant term contributing to A,z(p, q) is

- o= o o) |
and most terms cancel
—tr <:(ievo‘1)£+ e jn —ten® )M%7 km — s :ﬁ(iev%)%% iy m-
+ :Jf[l(ievo‘j)wﬁj m Ol :jﬁg(iev“j)ﬁyzjz%m_
—(—ievo‘l)g+ i_ l jn =rey” )M% km + .. :>
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The only surviving terms are

—tr { H(—ie’yaj)£+7(j _m 7/)/5 T 175 H(_ievaj)g_ ng - % —m } '

L j=1 _ L j=1 _

Hence, the final result for the anomalous piece is:

Aaﬁ D, q /H 27T 4 EXCZ;/ Tl,---,TQn;p7Q)
d4€ 2n [ 2n ; 2n ; ]
X Tr < iy (—iey™) — (—iey™)
/(2@4; { 5_],1_[1 {+94;—m jH f+7;— %—m_

For n > 1 we can shift the integration momentum and cancel the termes.

-

The ABJ anomaly does not receive quantum corrections

(Adler-Bardeen theorem)

Steven Adler William A. Bardeen
(b. 1939) (b. 1941)
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UV or IR?
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Although given by finite integrals, on general grounds the anomaly can be seen
as a fundamental incompatibility between the classical symmetry and
the regularization procedure.

The symmetry is anomalous because the breaking introduced by the
regularization cannot be subtracted by a local counterterm added to the
action.

From this point of view the anomaly can be regarded as a UV effect.

But there is also an IR side...
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Let us look at the on-shell amplitude

(01T (0)|p, @) ey = TP (p, ) (p) 3 (q)

p?=q*=0

P

where p"<7,(p) = 0.We recall,

iruaﬁ (p, q> — fle,uozﬁapg =+ f2€,uozﬁaqa - f3€,uoza)\pﬁpaq>\
T f4€,uoza>\QBpaq>\ -+ f5€,uﬁa)\pozpaq)\ =+ fGELLﬁO'AQC)épO-qA

and due to the on-shell condition
filp,q) = fi(p- q) (symmetric in p and q)

and from Bose symmetry f1 = —f2, f3=—fs,and f1s = —J5.
Vector current conservation further implies:
fo=0’fs —p-qfs =0

2 v f1(p,q) =p-qfs3(p,q)
J1—q¢ fa—p-qfs =0
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The amplitude is then given only in terms of f3(p,q) and f1(p, q)

o

L ap(p, q) = f3(p,q) {p 4 €uapo(P” — 47) + €paorppp’ ¢ — Euﬂok%paq/\}

p?=q*=0

=+ f4 (p7 Q) (E,uoza)\QB — e,uﬂo)\pa)paq)\
Due to p“@?u/(p) — 0, the term with f4(P, ¢) does not contribute to the amplitude.
Using as well
o oA\ o\ oA\
—P " q4€uap0P —  €apoPulP 4 + €pporPal 4 + €pacAPsP 4

p- qe,uaﬁaqg — EaﬁaAQ,upan + E,uﬁaAQozpan + €,uoza)\QBpaq>\'

the amplitude takes the form:

N

(O[T (0)|p, @) = i(p + @)* f3(D, Q)eaporp” 7 (p)® (q)

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



The amplitude is then given only in terms of f3(p,q) and f1(p, q)

L ap(p, q) = f3(p,q) {p 4 €uapo(P” — 47) + €paorppp’ ¢ — Euﬂaxqap“ﬂ

p?=q*=0

=+ f4(p7 Q) (E,uoza)\QB — e,uﬂa)\pa)paq)\
Due to p‘ﬂQZ(p) — 0, the term with f4(P, ¢) does not contribute to the amplitude.

Using as well €aBorWy + €8oruWa + EcruaWs + ExpapWo + €uagoWr = 0

—pP- qeuaﬁapa — EQQUAPMPUQ)\ + E,uﬂa)\papaq)\ + e,uozakpﬁpaq)\a

p- qe,uaﬁaqg — EaﬁaAQ,upan + E,uﬁaAQozpan + e,uoza)\QBpqu'

the amplitude takes the form:

N

(O[T (0)|p, @) = i(p + @)* f3(D, Q)eaporp” 7 (p)® (q)

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



(0|4 (0)|p, @)r = i(p + )" f3(D, Q)eaporp” ¢ (p) P (q)

The function f3(p, q) can be computed from Feynman diagrams

- 9 1 1l—=x

1€ Y
fs(p,q) = —/ da:/ dy

T Jo 0 2xyp - ¢ —m?

In the massless fermion limit, we have

, ie? 1
T}ngl() f3(p7 Q) — 22 (p_|_ q)2
and we have
e? (p+9)* 75 (1) FF
: L _ o\, JQ B
£g0<O\JA(O)]p, Q) o = 272 (p+ )2 €aporP’q" A (p)"(q).

At the level of the current, the anomaly is signalled by a massless pole!
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Thus, the anomaly has two faces:

* When looking at the divergence of the current, it comes associated with
ambiguities in the UV regularization of the theory. Fixing them forces us to
give up the axial-vector symmetry in favor of gauge invariance.

* When looking at the current itself, it is signaled by the appearance of a
massless pole (i.e., an IR effect)
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In fact, being careful, we should have written the result for the amplitude as

e (ot
272 (p + q)? + i€

(0]J4(0)|p, @) oy = eaporp” 7 (p) " (q).

lim
m—0
The reason is that the integration over ¥ in

- 9 1 1l—=x

le Ty
fs(p,q) = —/ daz/ dy

™2 J, 0 2ryp - ¢ — m?

produces a logarithm and an imaginary part

Im f3(p,q) #0 for  (p+q)° >4m’

when m — 0 the real part develops a pole and the imaginary part a delta-
function singularity whose coefficient is the anomaly

62

lim Im I'#ef (p,q) = —EO‘BOAPJQA(p + Q)M5((p + Q)z)

m—0 2T
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In fact, being careful, we should have written the result for the amplitude as

e (ot
272 (p + q)? + i€

(0]J4(0)|p, @) oy = eaporp” 7 (p) " (q).

lim
m—0
The reason is that the integration over ¥ in

- 9 1 1l—=x
e Ty
f3(p,q) = ﬁ/o dx/O dy%qm RN

produces a logarithm and an imaginary part

L vl

Im f3(p,q) £0 for (p+ T T .

when m — 0 the real part develops a pole andthe imaginary part a delta-
function singularity whose coefficient is the anomaly

62

lim Im I'#ef (p,q) = —EO‘BOAPJQA(p + Q)M5((p + Q)z)

m—0 2T
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This discontinuity in the imaginary part of the amplitude can be understood
physically.

Let us use the Cutkosky rules:

ImI**?(p, q) ~ <‘ + -{F,{

where, e.g.
|
: ~ /
o S < X A
e \W
fermion-antifermion fermion-antifermion
creation by J\ annihilation (2 diagrams)
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This discontinuity in the imaginary part of the amplitude can be understood
physically.

Let us use the Cutkosky rules:

ImI**?(p, q) ~ <A + -{F,{

where, e.g.
<[ - o (d

Imruaﬁ(p, Q)Ea(pa)\l)eﬁ(qv )\2) ~ Z /dg]ﬁ/dgkz out<p7)\1;q7 )\2|k1,01;k2702>in

01,02

X out (K1, 01; Ko, 02| J5(0)]|0)1n
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Im F”aﬁ(pa Q)Ea(p7 Al)eﬂ(qa >\2) ~ Z /dgkl /dng out <p7 )\17 q, )\2|k17 01, k27 02>iﬂ

01,02

Xout (K1, 015 ko, 02| J% (0)]0)i,

The first important thing is to invoke the Landau-Yang theorem: no state
of spin-one can decay into two on-shell photons.

Thus, the fermion-antifermion system should have zero spin. This means that

in the center of mass frame they have the same helicities

01 — 09 =0
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We begin with the pair creation by the axial-vector current:
out <k17 g, k27 O’JZ(O) ’O>in ~ 6(k17 U)V“%U(k% 0)

In the massless limit, the helicity turns into  chirality

lim u(p, :I:l) = u+(p) lim v(p, i%) = v(p)

m—0 ) m—0

Thus, using that
U (k2) v p5us (k) =0

we find

lim ou(ky, 0; ks, o|J5(0)]0);, = 0

m—0
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We turn now to the annihilation of the two fermions

out <p7 )\17 q, )\2|k17 o k27 0>in — —€2€M(p, Al)ey(ka )\2)

=Pt m” e — g+ m)a”

vk
XUk ) | T o e T (ks = =

u(ky, o)

Using now that
Ux (ko) vy v us (k) = 0
we conclude that the second amplitude also vanish in the massless limit
J}Lnoout<pa)\1;q7 A2lky, 03ka, 0)in =0

Thus, we would find that the amplitude approaches zero with the mass

Im I'**?(p,q) ~ 0
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out <p7 )\17 q, )\Q‘kly g, k27 O>in — _€2€,u(p7 Al)EV(kv )‘2) /W

=Pt m) e — g+ m)” A
(k1 —p)> —m? Tk — g —m? k) \W

X@(k% O')

But not so fast...

In the massless limit, on-shell fermions can emit collinear on-shell photons, and
the intermediate state can fall on-shell.

The denominator then vanishes and we have an indeterminate limit.

That is why, being more careful we obtained:

Im T#*"(p, q) ~ (anomaly) x 5((20 + 9)2)
Thus, the anomaly appears as an IR discontinuity of the imaginary part of
the amplitude.

Interestingly, this imaginary part in unambiguous.
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A two-dimensional excursion:
the Schwinger model
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To keep things simple, we consider a massless Dirac fermion in |+
dimensions, and compactify the spatial direction to a circle of length L.

We consider the following representation of the Dirac matrices

o_ (01 _ (01

with the chirality matrix given by
I 0
WE)E_VO/Vl:(O _1)

Decomposing the Dirac fermion into its WWeyl components ¢ = ( Z+ ) the Dirac
equation reads -
(80 — (91)u+ = 0, (80 + (91)u_ =0

chirality is linked to
the direction of motion

Uy = uy(2° + '), u_ = u_(z° — ')

N—— N——

left-mover right-mover
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the wave function for free fermions are

(£) 1 —iE(z9+ax?)

0 1 .
vy (et ) = —e with = FF
and since the spatial direction is compatified, the momentum is quantized:
2
p = %n, n e 4
the spectrum is:
E E
A A
‘ L b
v, V_
(positive chirality, left movers) (negative chirality, right movers)
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To quantize the Dirac fermion, we construct firts the ground state of the
theory by filling all negative energy states (Dirac sea)

E

A

and expand:

us(@) = 3 lax(B)po (@) + bL(E)l” ()]

E>0

a4 (F):annihilates a fermion with E>0and p==F / (F chirality)
T

b1 (E): creates an antifermion with £ > 0 and p=FEFE
(i.e., annihilates a fermion with £ < 0 and p =+ F)

where,
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We look now at the classical symmetries of our theory

L = ZUL(@O + 81)U+ + ZU]L_ (80 — 81)u_

Vector U(l):

Y — 'Y

R R e

whose associated Noether current is

TG = 9y
Axial U(I):

W — e
with

Th = Py ysy)

M.A.Vazquez-Mozo

sy 1 oo

s

Introduction to Anomalies in QFT

U — e “uyp

%= (

U+ — €

J\ =

(

f T

ulqu +ulu_
—U Uy T U_U_

+1i

u1u+ —ulu_ )

—uLqu — !
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the corresponding conserved charges are

L L
Qv = / dx' Jy = / dz? (ulu+ + uiu_)
0 0

L L
Qa = / dz' Jy = / dz' (uiujL — uT_u_)
0 0

Using the orthogonality relations of the wave functions
L /
/ da' v ()" v () = On.p
0
we find

Qv = Z[aL(E)a+(E)—bL(E)m(E)ME(E)a_(E)—b*_(E)b_(E)] (fermions minus

antifermions)
E>0

Qr = 3 [al(B)as(B) — B (B (E) o (E)a_(E) + ! (E)b_(E)| e —ve. chiralty

E>0 states)
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In the free theory, both charges are conserved... but what about switching an
external electrical field?

We do it adiabatically. In the .&7° = 0 gauge

a1

(C;TO ....................................................................................................... —,

The effect of this external field on the fermions is shifting the momentum by
p—p—edd

Adiabaticity allows to treat the system at each instant as “time independent”.
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p%p—e%l

The shift have different effects on the states on each branch of the spectrum:

E = D R R - E=p— 65271 (it“sinks”)

E=—p  e— E=-ptedt  (it"lifts”)

Ne, (4
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A number of negative chirality empty states
become “holes” (negative chirality antifermions),

while some occupied negative energy states with /
positive chirality get positive energy (positive

chirality fermions) o

—

* p
The external field creates pairs of +’ve chirality
fermions and —‘ve chirality antifermions!
But, how many pairs!?
N — shift in the spectrum _ eé Ty . N = —efr
spectrum gap 27 /L 2T

This preserves the vector charge:

Qv() = (N-0)+(0—-N)=0
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A number of negative chirality empty states
become “holes” (negative chirality antifermions),

while some occupied negative energy states with /
positive chirality get positive energy (positive

chirality fermions) o

—

* p
The external field creates pairs of +’ve chirality
fermions and —‘ve chirality antifermions!
But, how many pairs!?
N — shift in the spectrum _ eé Ty . N = —efr
spectrum gap 27 /L 2T

But changes the axial charge:

Qa(ro) = (N—-0)—(0—N)=2N
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Qa(o) = (N—=0)—(0—-N)=2N N = %e&o

We have found that, in the presence of an external electric field, there is a
violation in the conservation of the axial current.

Its rate of variation is

QA _ QA(TO) _ ELéD

70 T

This implies a violation in the conservation of the axial current

0,0 = =&

T

which gives the value of the axial anomaly in the Schwinger model:

€ 14
OulTA () s = o= F ()
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The anomaly in the massless Schwinger model has surprising consequences...

In fact, in two dimensions the vector and axial-vector currents are closely
related.

V5 = —’yo’yl R s T ’}/’u’)/g, — G’W/”y,/
Hence,
Jy(z) = € Jvu(z)
Thus the anomaly can be recast in terms of the vector current as

e e
"0 (Jvu(T)) e = %e“ygﬂw(x) = ;e“’/(‘?ﬂﬁ%y(az)
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"0, (Jvu(T))or = %e“’/ﬁw(x) — ge“yﬁuﬁfy(aj)

In addition, the vector current has to satisfy the Maxwell equations

0, T (x) = —e(T (x))y i " () — 0”0, 0" () = —e(J5(x)) s

Defining the pseudoscalar field .%* = 3¢, %" = /70,47, the two equations

combine into:
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What is this mode? Let’s remember than in two dimensions, a vector can be
decomposed as

A,u — Oumn - Euyayn/

Due to the interaction with the fermions, the pseudoscalar mode acquires a
mass.

The 2D Dirac fermion works like a “technifermion” which combine to
produce a massive photon.

Unfortunately, this only works in 2D!
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What is this mode? Let’s remember than in two dimensions, a vector can be
decomposed as

pure gauge pseudoscalar

Due to the interaction with the fermions, the pseudoscalar mode acquires a
mass.

The 2D Dirac fermion works like a “technifermion” which combine to
produce a massive photon.

Unfortunately, this only works in 2D!
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The Dirac-sea picture of the anomaly in the Schwinger model underlines its IR
character

The anomaly it is determined by a number of states crossing the £ =0
Fermi level
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Including non-Abelian fields:
the singlet anomaly
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Instead of QED, we consider now a fermion coupled (in a certain
representation) to an external hon=-Abelian gauge theory

S = / d*z (z’%“ﬁm — mipyp + gy T f‘iv“wfi)
Classically, the gauge current J* = ¢y*TR satisfies the conservation equation
(DT =0 i 0, T + g T = 0
In addition we also have global axial transformations
W — 6i575¢ b — P
while its associated singlet axial current JX = " ~5) satisfies the identity
O, Jh = 2imanp
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Similarly to QED, the calculation of the axial anomaly boils down to computing
9° b
0I5 @) =~ [ ity OTLIL ()73 (1) K (02007 (1) A 02) + -

Diagrammatically, we have again two triangle diagrams, these time with gauge
group generators on the “vector” vertices

(TR )ik

The two diagrams share the same color factor

Tr (TET3) = Tr (TeTS)
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0 (J4 () er = —%/d“yld"‘yz@,ﬁx)<0|T[JK(x)J3“(y1)JB (y2)]]0)- 2 (y1) 72 (y2) +

The rest of the calculation is identical to the case of QED. Using a gauge
invariant regulator, we get in momentum space

P
Ly a o v
(p - Q)M?’Fuaﬁ (p7 Q) — 27T2 Ir (TRTl?{)eozﬁaup q -+ Qm/]’raﬁ (p7 )

Adding the external gauge fields and Fourier transforming back to position
space, this leads to
2 2

O T4 (1)) oy = 5O (TATR) By Oy = -5 0T (TATR), (4o

A2 41

.

2

0 (Jh () or = %e“mﬁ@ Tr (%%%)

The problem with this result is that it is not gauge invariant!
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In fact, in the case of the singlet anomaly the triangle diagram is not enough.

We need to compute the box diagrams as well:

% 4+ permutations

whose contributions are of the form

iTHePY (k py,pa) = ig° Tr (TETRTR)

></ d*/ Tr(“ N i 5 S >
ot N\ P W —mtie f—¢, —p,—m—tic [—p, —m+ic f—m+ic

+ permutations
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In computing the axial-vector Ward identity k,il'**"7(k, p1,p2) we encounter
the trace

t o ! 5 i i )
r . .
(%%Z—%—WH4JYﬂ—ﬁpﬂ%—ﬂH%gy%—%—wn+wwﬂ—anf

that we rewrite using

s =vs(f = —m) + (f —m)ys + 2ms

The first two terms cancel one propagator each, while the last one effectively
replaces the axial-vector current by the pseudoscalar bilinear.

{ — K —m+ie

J — m-—l—zeéé,y

) ) ) 1
"W —mtic  f—m—tic °f — ¥ —m+ic
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(—mtic” Pl —m1ic
i i

Tl mric P T T e

Diagrammatically,

¢ —p1 — Do

The last term contributes to 2im{11)) .z, whereas the first two “triangles” give
corrections to the anomaly cubic in the external field.

This combines with the triangle diagram to give the singlet anomaly:

2

2
8M<JK(:E)>W — 49—71_26'““’/0‘68,&1} <¢Q/,/aa<£275 + ngfng/ale5>
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) 1
%%

f—m—+ie "4 —HF—m+ic
( n ( 49 ( ?
= m
(—matic”  PT W _m+tic (—mticf—¥—m+ic
Diagram matically, “seagull” vertices (two momenta)
t—p {—p
— (- + \¢ +
g_pl_p2 f—pl—pg

The last term contributes to 2im{11)) .z, whereas the first two “triangles” give
corrections to the anomaly cubic in the external field.

This combines with the triangle diagram to give the singlet anomaly:

2

2
0, (T (2)) oy = 49_7T2€W<wauﬂ (ﬂ,,aa% T gdyﬂaﬁfg>
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2

y
0, (JH (1)) ey = L etoB g, T (ﬂ,,aa% + g%%%>

472

Here we identify the Chern-Simons form,

N

By Ty ( Ay Doy ls + g%%%) - iTr (T F)

so the singlet anomaly can be written as

4 5 )

g Vo
6“<JK(ZE)>M — 1671'2 et ﬁTI‘ (ﬁungéﬁ)

- J

which is gauge invariant.

It is important to stress that although there is contribution to the anomaly
from the box diagram, its coefficient is determined by the triangle diagram
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