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Density functional theory of fluids in the isothermal-isobaric ensemble
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We present a density functional theory for inhomogeneous fluids at constant external pressure. The
theory is formulated for a volume-dependent density, V), defined as the conjugate variable of

a generalized external potential(r,V), that conveys the information on the pressure. An exact
expression for the isothermal-isobaric free-energy density functional is obtained in terms of the
corresponding canonical ensemble functional. As an application we consider a hard-sphere system
in a spherical pore with fluctuating radius. In general we obtain very good agreement with
simulation. However, in some situations a peak develops in the center of the cavity and the
agreement between theory and simulation becomes worse. This happens for systems where the
number of particles is close to tineagicnumberdN= 13, 55, and 147. €2004 American Institute

of Physics. [DOI: 10.1063/1.1739395

I. INTRODUCTION some situations, important differences arise between theory
and simulation for the density profile in the center of the

Understanding the properties of small systems has bespherical cavity. A detailed study of these situations is pre-
come a subject of fundamental importance for physics andented in Sec. IV, where we analyze the dependence of the
chemistry due to the rapid development of the science angrofile with the number of particles and the external pressure
technology of nanomaterials. A key issue in the theoreticabf the system. We conclude with a brief summary of the
and simulation study of small systems is the well-known factmain results of the paper.
that the various statistical mechanics ensembles are not
equivalent as it happens in the thermodynamic linhis  |I. THEORY
implies that one must carefully determine the influence of the . . . . . .
surroundings in order to choose the most appropriate en- The |sothermal_-|sobar|c partition functiaky of a fluid
semble for the study of the system. The i:sothermal-isobari(gfom|°OS('Jd biN particles at temperatufgand external pres-
ensemblé has been widely used in Monte Carl®1C) sureP can be expressed as
simulatiorf of a large variety of systems since in many ex- o0 dv
perimental situations one is working with a fixed number of An= 0 exp( = BPV)Qn v[ Vel 5_\/ @
particles at constant external pressure and temperature. Also,
this is the natural ensemble for the study of phasé/vhere,@: 1/kgT is the inverse temperature and the volume
transitions> From a theoretical viewpoint it has been sug-Scale dy is included to ensure thaky is a dimensionless
gested very recently that, as happens for the uniform fluid ofiuantity.Qn v[ Vex] denotes the canonical partition function
hard-rods® an isothermal-isobaric approach could be of rel-which, for fixed intermolecular potential, is a functional of
evance in the study of one-dimensional inhomogeneous sy&e external potentia¥.,;. Equation(1) can be rewritten as
tems with arbitrary interactiorfsand single-file, cylindri- o dv
cally bounded fluids. An= f Qnvlv] 5, 2

In this work we present a density functional theory 0 v
(DFT) approach that is shown to be of practical applicationwhere v(r,V)=Vq,(r,V)+PV/N is a generalized external
in the study of inhomogeneous systems in the isothermalpotential in whichV,; may also depend on the volunve
isobaric ensemble. As an example we consider a small sy$Ae note that the definition of could be extended by con-
tem of hard spheres confined to a hard spherical cavity witlsidering the fluctuating volume ensemble suggested by
fluctuating volume. We also present MC simulations of theAttard and Moul& in which the product of external pressure
system in order to test the theory. The paper is structured dsy volume PV) is replaced by a function of the volume,
follows. Using results for the canonical ensemble, they(V), that conveys the information on the pressure. In this
isothermal-isobaric theory is developed in Sec. Il. An exacttase one would have(r,V)=V(r,V) + (V)/N. Further-
expression for the free-energy functional in the isothermalimore, taking into account that any definition 8§ can be
isobaric ensemble is derived in terms of its canonical enaddressed by, without any loss of generality we shall con-
semble counterpart. The Euler—Lagrange equation for thisider a constant volume-scale, in spite of the recent contro-
functional allows us to obtain the isothermal-isobaric equi-versy about the correct definition &f,.”~*?
librium density as a weighted average of canonical ensemble The logarithm ofAy is a functional ofv and its deriva-
densities. In Sec. Il the results of the DFT approach ardive defines the generalized volume-dependent density
compared with MC data. This comparison shows that, im(r,V). From Egs.(1) and(2) we obtain
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SlogAy The free-energy functional of the ideal gas in the canoni-
n(r,V)E—kBTW=w(V)PN(KV). (3 cal ensemble is given By F. [ pn]=/p(r) (log(A3p(r))
—1)dr+ ¢(N), where A is the thermal wavelength and
wherepy, is the inhomogeneous density in the canonical en(N) is a function of the number of particles that, due to the

semble and constraint(10), does not affect the result of E(L1). Substi-
tuting this expression into Ed7) we obtain the following
w(V)= Q7] _ Qn [ Vexd e BPV (4) result for thefree-energyfunctional of the ideal gas in the
JoQn vl v]dV SvAN isothermal-isobaric ensemble:
is the volume probability density. We note that thsual
inhomogeneous densify can be written in the isothermal- = ﬂ
: ¢ ! - BFdn]= N n(r,V)logl éy [ n(r,V)dr|drdV
isobaric ensemble as a volume average of canonical densi-
ties, i.e.,
B B +j n(r,V)log[ 8,A%n(r,V)]drdV, (12
p(r)= fo o(V)pn(r,V)dV= fo n(r,V)dV. (5)

_ _ where an irrelevant function dfl has been neglected. The
In order to obtain afree-energyfunctional 7 of the  excess(over-ideal contribution to the isothermal-isobaric
density n(r,V), we perform the Legendre transform of functional is directly obtained from Eq$7) and (12), one
—logAy, i.e., has

/J’f[n]z—logAN[v[n]]—,Bf n(r,V)v(r,V;[n])drdV, 1
6 FAm=rAn-Fdnl= 5 [ 0 F alpdrav, 13

where we have made explicit thatis the potential that de- ) o )
terminesn. Given the structure ofi as a product ofw(V) where F o is the excess contribution to the free energy in
times the canonical densipy, [see Eq(3)] and the relation the canonical ensemble. An accurate expression for this ex-
(2) betweenA and the canonical partition function, from C€SS quantity can be obtained by noting that(toea)) free-
Eq. (6) one can obtain the following expression for the €N€rgy fu?c'uonal in the canonical ensemble can be approxi-
isothermal-isobaric functionaf: mated by

BFIN]= f w(V)log[ dyw(V)]dV+ f o(V)BFLpn]dV, Flpl=Fod pl+ zl0g 2mA%(N; [p]), (14

@ where Fy{ p] is the grand-canonical intrinsic free energy
where F[py] is the free-energy functional in the canonical functional andA?(N;[p]) is the mean square fluctuation of

ensemble, and, in terms af one has the number of particles. A given prescription &, is re-
1 quired. In the present work we have employed the customary
o(V)= _J n(r,V)dr, (8)  fundamental measures thediyMT) of Rosenfeld®
N From a practical viewpoint, to obtain an explicit expres-
and sion for the densityn(r,V) one simply has to calculate the
canonical profilepy(r,V) via
V)= Nn(r,V) 9
Pn(TV) n(r,V)dr’ ( ;{ SBF, ex)
o pn(r V)=T(V)Nexpg — fr— ——=|, (15
where the number of particldsis related ton(r,V) through opn

the constraint
whereI'(V) is a function that, fixed/, ensures proper nor-
f n(r V)drdV=N. (10 malization of py, i.e., I(V)=1/f dr exp(—Bv—OBF; el
épn)- Oncepy(r,V) is known, the volume probability den-
Finally, the variational principle of density functional theory Sity is directly obtained from
leads to the following Euler—Lagrange equation:

OBF¢ ex
SFN] B w(V)=AFN(V)exp< —BFeext | dr ’ pN), (16
5n(r,v)+v(r,V)—)\, (12) f opn

where\ is a Lagrange multiplie(independent of andV) where A is the normalization constant that grants
that accounts for the fixeN-constraint(10). One can check [{w(V)dV=1. Of course, this expression far(V) is equal
(after tedious calculationghat this Euler—Lagrange equa- to Eq. (4) conveniently rewritten for our DFT calculation.
tion together with the isothermal-isobaric functiong) = We note that one can consider that whilg carries the in-
and Egs.(8)—(10) yields the desired result for the density formation on the microscopic structure of the fluid, the ther-
[Eqg. 3)]. modynamic information is mainly addressed ®d¢V).
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I1l. HARD SPHERES IN A SPHERICAL CAVITY 0.08 T T T T
L (@)
As an application of the present theoretical framework 006 L i
we have considered a fluid of hard spheres of diameter ) T e
confined to a hard spherical cavity with fluctuating radius “b I
Reay- IN this case, the external potential is T o E 7
0, r<Rgy—0ol2
VeI Reay) = w r>RcaV_ /2 (17 02T ! L 1
cav ’ r 100 e 200 300 1
which defines the volume available to the center of the hard 5 ) 3 . 4
spheres a¥=4m(R— 0/2)%/3. This expression fov can o
be trivially inverted so that the generalized potential be-
comes v(r,V)=Ve(r,RealV)) + PVIN. The accuracy of 0.08 ' ' '
the theory has been tested against isothermal-isobaric Monte E ®
Carlo (MC) simulations. In our simulations we have consid- 0.06 |- —— T .
ered (N+1)x10° MC steps to equilibrate the system and .
the same number of steps to perform the measurenfents § 004 F o 4
< 3

ery N+1 step$. A MC step consists of selecting either a I
particle displacement or a volume change with probabilities 0.0
N/(N+1) and 1/N+1), respectively. To perform a volume I L1
change, a new value for the radius of the cavRy,, is 0 100 '20,0 e 160? 1900 2000,
randomly chosen in the intervelR ., — I max:Reavt ' max]- The 0 2 4 6 8
change is accepted with probability rlo

FIG. 1. Isothermal-isobaric density profiles of hard spheres in a spherical
3 cavity [see Eq(5)]. BP=0.08r"2 and(a) N=10, (b) N=100. Solid lines,
0’) ) DFT results; circles, simulation results. The insets show the volume prob-

. 4 o\3
p=min) lexg -3 Wﬁp( ( Reav— 5) —( Riew™ 5 ability densityw(V).

R g 2(a), where both the simulation and the DFT results for the
a2 density profile ofN=10 particles exhibit this peak but it is

+2log o ' 18 ¢lear that the theory cannot describe it accurately. This prob-
Rnew™ 2 lem also arises for similar situations in other

ensembleS"~*®and will be studied in more detail in the

When the change implies a reduction on the radius of théollowing section. Things are different in Fig.(l® (N
cavity and the new cavity overlaps with any particle the=100) where the central peak is absent and the agreement
change is rejected. The parametgr, is chosen so that the with simulation is excellent.
overall acceptance ratio is about 30% of all attempts to per- If we now pay our attention to the volume probability
form a volume change. The same ratio is considered for thdensities(see the insets of Fig.) 2ve observe that the theory
particle displacements. We note that we have not used scaleshd simulation results foo (V) are slightly shifted with re-
coordinates in the simulations. spect to each other. This can be ascribed to small deviations

When the theory is applied to systems at low pressure# the calculation of the free energy at high packings—note
we obtain density profiles like those depicted in Fig. 1. Inthat in the homogeneous limit the FMT yields the Percus—
this case the mean density is very low and a quasi-ideal-ga¢evick equation of stal@—and hence of the volume prob-
profile is obtained. As expected for a low density situation,ability density. The shift ino(V) gives rise for theory and
the figure shows excellent agreement between theory amgimulation to different mean volumes$V)= [{Vw(V)dV.
simulation, both for the density profilga(r), and for the For instance, whenN=100 and BP=3.20"3, (V)
volume probability densityw(V). We note that the present =122.498 for the DFT and(V)=122.01%" for the MC
isothermal-isobaric profiles do not show the usual discontisimulation.
nuity at contact with the cavity hard-wdbee, e.g., Ref. 17 A way to avoid the shift inw(V) is to compare results
Of course, this is due to the weighted average of canonicakith the same mean volume rather than with the same pres-
density profiles for different cavity radii. This average givessure. In essence, this is the procedure applied in Ref. 17,
rise to a smooth density profile at the border of the cavity. Asvhere equal mean number of particléastead of equal
N increases, the relative width of thEmoothregion de- chemical potentialwas imposed when comparing canonical
creases. and grand-canonical results. When this scheme is applied to

At higher pressures the agreement between theory artthe situation of Fig. @) (N=100 andBP=3.20"2) one
simulation is still very good except for some situations infinds that the DFT profile must be calculated at a pressure of
which the density profile develops a pronounced peak in thgP=3.22932-2 in order to obtain the mean volume of the
center of the cavity. This is the situation presented in FigMC simulation. This implies a difference in the pressure of
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FIG. 4. Mean density in the center of the cavity as a function of the number
of particles(see text. For clarity, the solid lines are simulation results and
the symbolg[J) are DFT results. The inset shows an enlarged view of the
first peak.8P=3.20"3. The dashed line indicates the bulk density.

theory and simulation arise in this peak, we expect to obtain
information about the reasons for the failure of the DFT in

this situation. We note that, in contrast to previous ap-
proaches for this quasi-zero-dimensional probfért;'8the
volume of the system changes in order to accommodate the
different numbers of particles according to the fixed external
0y pressure. Thus, the present ensemble with fluctuating volume
FIG. 2. Same as in Fig. 1 but f@P=3.20"2. provides a good framework for the analysis of the behavior
of the peak withN.

Figure 4 shows the results of theory and simulation for
about 0.92%. As one can observe in Fig. 3, this proceduréhe densityp in the center of the cavity, foN ranging be-
only appreciably improves the results for the volume probiween 2 and 200 aBP=3.20"3. We have estimated the
ability density while the profile remains almost unchanged. Itvalue of p(0) in simulation by measuring the mean density,
is clear that the effect of the mean-volume shift is washed(0), in asmall sphere of radius, situated at the center of
out by the structure of the density profile. the cavity. We have takemy=0.076r that yields rather
smooth simulation results. For the sake of consistency, we
have considereﬁ(0)=fgop(r)47-rr2dr/(§7rrg) for the DFT
results. Also, we have plotted the value of the bulk density,
pp=0.65"3, that, via the Carnahan—Starling equation of
state, corresponds to the pressure of the system.

The most relevant feature of Fig. 4 is the appearance of

Mw"%

IV. ANALYSIS OF THE DENSITY PROFILE
IN THE CENTER OF THE CAVITY

In the preceding section we have s¢Eiy. 2(a)] that the
density profile ofN=10 particles at pressurgP=3.20"3
presents a pronogncgd .peak in the center of the cawtg well defined peak structure so that for certain valuebl of
whereas this peak is missing filr= 100 at the same external . . - S

there is a large probability of finding a particle in the center
pressure. It seems therefore natural to analyze the behawo* . . . i
of the cavity, whereas for other values this probability be

of the peak for different numbers of particles in order to
. . . . comes very close to zero. As expected, for laxge mean
ascertain the influence & in the structure of the confined o A . .=
) : . . densityp(0) approaches the bulk densjy . It is important
fluid. Furthermore, since the main differences betweeq : - : . .

o remark that the three maxima p{0) in the simulation
data are attained d@i=11, 49, and 129, very close to the
numbers N=13, 55, and 14)'that arise when spheres are
packed closely together in concentric layers around a central
27 = 1 sphere. Of course we are far away from close packing but it

E is nevertheless interesting to see how the development of a
central peak in the profile is related to thesagicnumbers.

As mentioned previously, the peaks in Fig. 4 correspond
to the larger differences between simulation and DFT results.
This is specially noticeable in the first peéee the inset
where we note that while the theory is accurateMeg 9, it
clearly underestimates the value of the density in the center
of the cavity for 16sN=<13 and slightly overestimates it for

1o larger values oN. A different behavior is found in the sec-
FIG. 3. Same as in Fig.(B) but for equal mean volume. MC pressure, ONd peak where the results of simulation lie below those of
BP=3.20"2. DFT pressurg8P=3.229323. N=100. DFT. In the third peak the differences between theory and
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FIG. 5. Isothermal-isobaric density profiles gP=3.20"2 for different
values ofN. The lines are the results of the theory and the sym{g@)sare
simulation data. The profiles have been shifted vertically and the radius has
been rescaled in terms df [r* =r/(aoN?)].

PO

simulation are very small but larger than in the neighboring
regions. It seems therefore that the discrepancies found are
mainly due to the large inhomogeneity in the density profile
although, in our opinion, the occurrence of a quasi-zero-
dimensional situation also plays an important role, possibly BPo’
due to the fact that the Iarge_ fluctuations EXpECted_ for thl%IG. 6. Mean density in the center of the cavity as a function of the pres-
zone are not accurately described by the pregeean field  gyre. The lines are simulation results and the symbols are DFT relts.
DFT theOI’y.15’17’18 N=5, 6, and 7{b) N=7, 8, and 9. For comparison, the ca$e 7 is plotted
Figure 4 shows the manner in which the layer structuren both panels. Note the different scales.
is originated withN increasing, once the external pressure is
fixed. ForN<7 there is only one external layer and the mean
density in the center of the cavity is very small, see, e.g., th

cosa\ 4,1 iy P 2 pek devlpe i e e b ey and simaion i very gond -7
Y, 9 o Fig. 6(@)], much worse folN=8, and very bad foN=9

profile is plotted in Fig. 5, where we can see the failure of the-_. i
theory in the central zone. Fo¢>11 the height of the peak _F|g. 6(b)]. In the latter case the DFT results grossly overes

starts to decrease and a second layer steadily appears _I_Hlmate the simulation re.SUItS fggP=40" °. We have ob-
. . - "d&rved the same behavior for valueshbbelow the second
layer is clearly apparent in the range<tBI<39 where the peak in Fig. 4
density is very small in the center of the cavigee the case o
N=27 in Fig. 5. Again, for N>40 the central peak grows,
reaching its maximum alN=49, now with a value much
smaller than that of the peak nelde=11 but comparable to In summary, we have presented a new DFT method for
the height of the density profile near the cavity wall. Thisdealing with inhomogeneous fluids in the isothermal-isobaric
scheme is repeated for the following peak but now the amensemble. We have shown that rewriting the isothermal-
plitude of oscillation about the bulk is very small and oneisobaric partition function as a functional of the generalized
can hardly speak of a quasi-zero-dimensional situatsm® external potential »(r,V) allows one to introduce the
N=129 in Fig. 5. We note that, except for the maxima of volume-dependent density(r,V), in terms of which the
the two main peakdN=11 andN=49, the overall perfor- theory is formulated. The method is very general since
mance of the theory is very good. v(r,V) contains all the information concerning the external
At higher pressures the system becomes very inhomogeressure and the volume-scale of the ensemble and, conse-
neous and the DFT approach fails, specially for valuell of quently, the theory is transparent to any particular choice of
close to the location of the peaks of Fig. 4. A simulationvolume-scale or fluctuating volume ensemble. The main re-
analysis shows that increasing the pressure yields the sanselt of this paper is a very simple, exact expression for the
behavior for the mean density in the center of the cavity buisothermal-isobarifree-energyunctional. The only input re-
with much higher peaks, with almost unchanged locationquired by this expression is the free-energy functional in the
For certain values o, below the maxima of the peaks, we canonical ensemble.
have observed that as the pressure increases the mean density As an application we have considered a hard-sphere fluid
in the center grows until it reaches a maximum and then itonfined to a spherical cavity with fluctuating radius. In gen-
gradually decreases to zero. It seems that the packing coeral, the theory yields very good results when compared with
straints in the problem give rise to a change in the structureur MC simulations of the system. In some situations, how-
of the confined fluid from a situation with large mean densityever, we have found that the density profile of the fluid de-
in the center to a situation with very small mean density. Thisvelops a pronounced peak in the center of the cavity that the

noticeable behavior is depicted in Fig. 6 fdt ranging
etween 5 and 9. Finally, we observe that the agreement

V. SUMMARY
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