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ABSTRACT: We present results for the most stable contact angle using a
numerical implementation of the tilting plate method of Montes et al.
(Montes Ruiz-Cabello, F. J.; Rodriguez-Valverde, M. A.; Cabrerizo-
Vilchez, M. Sof t Matter 2011, 7, 10457−10461). Comparison with the
experimental results is made, obtaining a good agreement in most
situations. In addition, the evolution of the contact angles of a tilted drop
with a fixed circular line is analyzed. This analysis allows one to
theoretically predict the most stable contact angle for tilted drops.

1. INTRODUCTION
Young’s equation1 determines a unique value for the
equilibrium contact angle of a liquid−vapor interface with an
ideal solid surface. This value is the Young contact angle θY and
characterizes the equilibrium state of the solid−liquid−vapor
system since it gives rise to the minimum of the Gibbs energy.2

Consequently, a unique contact angle θY is expected for ideal
systems. This contradicts the experimental observation for most
real systems where a range of contact angles is obtained.3−5

This implies that the triple phase contact line for a real system
is pinned for contact angles in the range

θ θ θ< <rec adv (1)

where θadv and θrec are the advancing and receding contact
angles that can be measured in an advancing and a receding
triple line, respectively.3−5 The multiplicity of contact angles
given by eq 1 is called contact angle hysteresis and has been the
subject of extensive study in the past several decades (see the
recent review of Eral et al.6 and references therein). A
theoretical explanation of contact angle hysteresis can be
obtained by assuming that the Gibbs energy of the system has
multiple minima and a single global minimum. Within this
theoretical picture, each allowed contact angle corresponds to a
metastable state of the system and the global equilibrium is
given by the so-called most stable contact angle.2

One way to access experimentally the most stable contact
angle is to apply vertical vibrations to drops and menisci7−12 in
such a way that the energy barriers in the metastable states are
overcome and the system can eventually reach the global
equilibrium. Montes et al.13 suggest a different approach by
considering that the most stable state can be identified as the
configuration with the lowest susceptibility to a given

mechanical perturbation. This mechanical perturbation can be
a vertical vibration, but there are other possibilities like the
tilted plate method for evaluating the most stable contact
angle.14 As we shall see below in more detail, in this method,
one looks for the drop with the initial contact angle that allows
to obtain the maximum tilt angle without displacement of the
contact line. From the approach of Montes et al.13 one might
infer that there is a dif ferent most stable contact angle
associated with each dif ferent mechanical perturbation
(vibration, tilting, etc.). Unless otherwise specified, in what
follows, we shall refer to the most stable contact angle as the
one obtained in a tilting situation.
The goal of this paper is to perform a numerical analysis of

the tilted plate method based on Surface Evolver calculations.15

To perform such calculations in the Surface Evolver framework,
we have considered an algorithm16 that allows for an
appropriate description of contact angle hysteresis and,
consequently, of the retention forces arising in nonaxisym-
metric liquid drops resting on inclined surfaces.17 In this
context, it is worth mentioning that other algorithms have been
recently developed for describing tilted drops with Surface
Evolver.18−20

This work is structured as follows. In section 2, we briefly
describe the main features of the experimental tilting plate
method and then we show how the method can be numerically
implemented in Surface Evolver with a good agreement with
the experimental results obtained for the most stable contact
angle. Motivated by the results of section 2, in section 3, we
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study the evolution of the contact angles in a tilted drop with a
pinned contact line. From this study, we develop theoretical
expressions for the most stable contact angle in the tilting plate
method. We conclude with a brief summary of our main results.

2. EVALUATION OF THE MOST STABLE CONTACT
ANGLE FROM A NUMERICAL IMPLEMENTATION
OF THE TILTED PLATE METHOD

Let us consider an axisymmetric sessile drop placed on an
horizontal smooth flat surface with an initial contact angle θ0.
Assuming that θrec < θ0 < θadv, if the substrate is slowly tilted,
for sufficiently small tilt angles, the triple contact line has a
circular shape and is pinned to the surface. Depending on the
initial conditions of the system, for larger tilt angles, one can
observe the displacement of either the rear (uphill) or the front
(downhill) part of the contact line. At even larger tilt angles, the
drop begins to slide. According to this behavior, the following
critical tilt angles have been identified:14

• α1: Critical tilt angle for which the first displacement of
the contact line is observed regardless of whether the
displacement occurs at the rear or at the front of the
drop.

• α2: Critical tilt angle for which both the uphill and the
downhill parts of the contact line are displaced.

• αc: Critical tilt angle for drop sliding.

As shown experimentally14 and numerically,17 the values of
these critical angles are strongly dependent on the initial
contact angle θ0 at zero tilt. The experimental method recently
proposed by Montes et al.14 considers drops with different
values of the initial contact angle belonging to the range θrec <

θ0 < θadv. We note that these values of θ0 are achieved
experimentally by adding and subtracting liquid to the drop
which is initially placed on an horizontal plate. For each value
of θ0, the plate is slowly tilted at constant rate until measuring
α1 and α2. Montes et al.14 suggest that the initial contact angle
that leads to a maximum value for α1 provides a good estimate
of the most stable contact angle of the system. Furthermore, in
this situation, the measured values of α1 and α2 are very close so
that α2 − α1 reaches its minimum value, near zero.
In what follows, we show how this experimental method can

also be numerically implemented by means of the finite-
elements software Surface Evolver15 in which local constraints
are included for incorporating the contact angle hysteresis
required to correctly describe a drop on an inclined surface.16,17

The Surface Evolver program represents the drop interface by
means of a triangular tessellation in terms of vertices, edges, and
facets. In our simulations, we have considered a mesh with 505
vertices, 1464 edges, and 960 facets which corresponds to 48
vertices located in the triple contact line. Each simulation has
been made by starting from an axisymmetric drop with a given
initial contact angle θ0 that is placed on a horizontal surface
which is subsequently tilted in steps of Δα = 0.5°. For each tilt
angle α, we perform 1000 iteration steps in order to ensure
numerical convergence. Except near the critical tilt angle αc, the
convergence of the numerical procedure is granted since the
relative deviation in the interfacial energy between two
consecutive iteration steps is less than 10−7.
To compare with the experimental results of Montes et al.,14

in our numerical analysis, we have considered pure water drops
with a volume V = 150 μL resting on seven different polymer
surfaces: PP, PC, PET, uPVC, PTFE-s, PTFE-r, and PDMS-s.

Figure 1. Numerical results for a 150 μL water drop on the PP surface with an initial contact angle θ0 = 96°. (a) Displacement ΔY of the downhill
(circles) and uphill (squares) contact line points versus the tilt angle α. (b) Maximum (circles) and minimum (squares) contact angles versus α. The
dotted vertical lines indicate the positions of the critical tilt angles α1, α2, and αc. The solid lines in (b) show the receding and advancing contact
angles for this system, θrec = 70° and θadv = 100.7°.

Figure 2. Same as Figure 1, but for an initial contact angle θ0 = 85.1°, equal to the most stable contact angle of the system. Note the change in
vertical scale in (a).
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The relatively large drop volume considered in the
experimental work of Montes et al. is due to the well
established fact that drop volumes must be large enough in
order to allow for realiable measurements of the receding
contact angles.21

Figures 1 and 2 show our numerical results for the PP surface
for two different values of the initial contact angle in the range
θrec ≤ θ0 ≤ θadv, where θrec = 70° and θadv = 100.7° for this
system.14 In particular, we consider θ0 = 96° in Figure 1 and θ0
= 85.1° in Figure 2. The displacement ΔY of the uphill
(downhill) contact line point for each tilt angle α is shown in
Figures 1a and 2a. The behavior with the tilt angle of the
minimum (maximum) value of the contact angle θmin (θmax)
attained at the uphill (downhill) point of the contact line is
shown in Figures 1b and 2b. All the calculations are made
following the procedure presented in ref 17.
It should be emphasized that θmin and θmax must not be

confused with θrec and θadv, respectively. For a given tilt angle α,
θmin and θmax are the contact angles measured at the uphill and
the downhill points of the contact line, respectively, and they
happen to be the minimum and maximum contact angles of the
drop for this situation. With increasing values of the tilt angle α,
θmin (θmax) will decrease (increase) and eventually reach its
minimum (maximum) value which is the receding (advancing)
contact angle θrec (θadv) for a tilted plate situation. Of course, in
most situations (see Figure 1), the advancing and receding
angles are not reached for the same tilt angle. In this context, it
must be mentioned that Krasovitski and Marmur22 showed that
the maximum and minimum contact angles for drops on an
inclined plate do not always coincide with θadv and θrec in two-
dimensional drops. This indicates that the receding or the
advancing contact angles measured in a tilt experiment when
incipient motion of the uphill or the downhill part of the
contact line is observed might differ from the ones measured in
a standard dynamic one-cycle contact angle measurement.5

This fact does not affect the main results of this work, provided
that one considers the receding and advancing angles measured
in a tilted plate experiment.
Figure 1 shows a situation where the initial contact angle θ0 =

96° is close to the advancing contact angle. For α ≲ 3.75° the
contact line remains pinned with a circular shape while the
maximum (minimum) contact angle at the downhill (uphill)
contact line point grows (decreases) in an approximately linear
way (Figure 1b). At α1 ≅ 3.75°, the maximum contact angle
θmax reaches the value θadv = 100.7° and one observes the
incipient displacement of the downhill contact line point
(Figure 1a). For 3.75°≲ α ≲ 12.5°, the front of the drop is
displaced while the rear remains pinned (Figure 1a); mean-
while, in Figure 1a, one can see that θmax = θadv and θmin
decreases with an approximate linear behavior with a slope
different from that of α ≲ 3.75°. At α2 ≅ 12.5°, θmin = θav = 70°
and the uphill contact line point begins its displacement. We
note that, for this tilt angle, although both the rear and the front
of the drop are displaced, the drop does not experience global
motion which occurs at αc ≅ 13.5°.
In Figure 2, the initial contact angle θ0 = 85.1° is chosen to

be equal to the most stable contact angle of the system θtilt
C

determined from the method of section 3. Consequently, for a
large range of tilt angles (α ≲ 11.6°), the contact line remains
pinned and the displacement ΔY of the uphill and downhill
contact line points is equal to zero (Figure 2a) while the
maximum and minimum contact angles show an approximate
linear behavior (Figure 2b). At α1 = α2 ≅ 11.6°, θmin and θmax

simultaneously attain θrec = 70° and θadv = 100.7°, respectively.
At this point, both the uphill and downhill contact line points
experience incipient displacement (ΔY > 0) without global
motion of the drop. Again, the drop slides at a larger critical tilt
angle αc ≅ 14°.
Figure 3 shows the critical tilt angles α1 and α2 as a function

of the initial contact angle θ0 for a 150 μL drop of water on PP.

From this figure, one observes that α1 reaches its maximum
value at an initial contact angle of θ0 ≈ 85°. As expected from
their definition, for each θ0, one has that α2 ≥ α1 but these
values become equal when α1 reaches its maximum value. The
same behavior has been observed for the other polymer
surfaces and agrees with experimental results.14 According to
the prescription of Montes et al.,14 the most stable contact
angle in a tilting plate experiment can be determined from the
value of θ0 that yields the maximum value of α1; we shall denote
this value as θtilt

A . Given the approximate linear behaviors
obtained for α1 in the zones below and above its maximum, an
estimation of θtilt

A can be made by finding the point of
intersection for the two linear fits shown in Figure 3. For this
particular case of a 150 μL drop of water on PP, the maximum
is located at θtilt

A = 84.9°. We note that this estimation is slightly
different from the value θ0 = 85.1° considered in Figure 2. The
results for θtilt

A obtained for the seven polymer surfaces
considered are listed in Table 1 where we also list the
experimental results of Montes et al.14 for the advancing,
receding, and most stable contact angle. For the sake of
comparison, the arithmetic mean

θ
θ θ

⟨ ⟩ =
+
2

adv rec
(2)

and the cosine average

θ
θ θ

⟨ ⟩ =
+⎛

⎝⎜
⎞
⎠⎟arccos

cos cos
2cos

adv rec

(3)

are also listed in Table 1. Overall, we observe a very good
agreement between experimental results and the numerical
estimation of the most stable contact angle given by θtilt

A . The
only remarkable discrepancy is the one obtained for the water−
uPVC system. In this case, we also obtain important differences
in the numerical estimation of the critical tilt angle α1 (see the
comments of Figure 4 below). As expected, the values of ⟨θ⟩
and ⟨θcos⟩ listed in Table 1 are also very close to θtilt

A for all
cases, with important differences with θtilt

exp for the water-uPVC
system.

Figure 3. Critical tilt angles α1 (circles) and α2 (squares) versus the
initial contact angle θ0. The symbols are our numerical results for a
150 μL drop of water on PP. The solid lines are linear fits to the data.
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Figure 4 shows the behavior of the critical tilt angle α1 with
the initial contact angle θ0 for 100, 120, and 150 μL water drops
on uPVC. One can observe that in all cases the maximum value
of α1 is attained at θAtilt ≅ 68.0°. Of course, the maximum
values of α1 depend on the drop volume, with a larger value for
the smaller drop. It is remarkable that, for the volumes
considered, we obtain results with very scarce volume
dependence, in accordance with experimental measurements.14

Comparing Figure 4 with Figure 6a of ref 14 we observe that
the experimental critical tilt angles α1 for the water−uPVC
system are much larger than those obtained numerically in the
present work. We do not have a conclusive explanation for this
behavior, but it could be due to an anomalous solid−liquid
interaction for this system. We also note that in our calculations
we used the values θadv = 86°, θrec = 50° measured by low rate
dynamic contact angle experiments,14 whereas in Figure 6 of ref
14 one can see the measurement of contact angles below 50°.
Much smaller discrepancies are observed in Figure 3 that shows
slightly larger values for α1 than those plotted in Figure 3 of ref
14.

3. CONTACT ANGLE EVOLUTION IN A PINNED TILTED
DROP

In the preceding section, we have seen how the most stable
contact angle is determined from α1 = α2 so that the maximum
and minimum contact angles attain the advancing and receding
values, respectively, at the same tilt angle. This means that for
lower inclinations the triple contact line remains pinned, with a
circular shape. Consequently, one can perform an analysis of
the most stable contact angle by studying the evolution of the

contact angles in a tilted drop with a fixed, circular triple
contact line. For this system, the following equation relating the
tilt angle α and the maximum (θmax) and minimum (θmax)
contact angles was recently derived:17

ρ α
σ ω

π θ θ π θ= − ≡ Δ
gV sin

2
(cos cos )

2
cos

lv
min max

(4)

where ρ is the density of the liquid, g is the acceleration of
gravity, V is the volume of the drop, σlv is the liquid−vapor
surface tension, and ω is the radius of the circular contact line.
In addition to this equation, approximate linear relations
between sin α and either cos θmin or cos θmax were obtained
from an analysis of Surface Evolver results17 so that one can
write in a convenient form

ρ α
σ ω

π θ θ≅ −
gV

k
sin

2
(cos cos )

lv 1
min 0

(5)

ρ α
σ ω

π θ θ≅ − −
gV

k
sin

2
(cos cos )

lv 2
max 0

(6)

where k1 and k2 are positive constants, and, comparing with eq
4, one obtains

+ =k k 11 2 (7)

Furthermore, from eqs 4−6, one has

θ θ θ≅ + Δkcos cos cosmin 0 1 (8)

θ θ θ≅ − Δkcos cos cosmax 0 2 (9)

which state that the cosines of the minimum and maximum
contact angles in a pinned drop are approximately proportional
to the cosine difference Δ cos θ. In order to test these
approximate results, we have considered a Surface Evolver
simulation for a 150 μL water drop initially placed on an
horizontal surface with contact angle θ0 = 60° and circular
contact line. The drop is subsequently tilted by keeping fixed
the contact line; that is, the drop is pinned to the tilted surface.
For each tilt angle, the cosines of the maximum and minimum
contact angles are measured and plotted in Figure 5 against the
cosine difference. As shown in Figure 5, a linear fit to the
Surface Evolver results (dashed lines) provides a fairly good
approximation for the behavior of cos θmin and cos θmax;
however small deviations from the linear behavior are observed.
Furthermore, for the case considered in Figure 5 with θ0 = 60°,
we obtain k1 = 0.41726 and k2 = 0.58274 with an estimated
value for cos θ0 equal to 0.513899, with a relative deviation of
2.8% with respect to the exact value (cos θ0 = 0.5). The
observed deviations become more apparent if we consider that

Table 1. Advancing θadv and Receding θrec Contact Angles,
14 Their Arithmetic Mean ⟨θ⟩, Their Cosine Average ⟨θcos⟩, the

Experimentally Most Stable Contact Angle for the Tilting Plate Method14 θtilt
exp, and the Results of the Numerical Calculations

θtilt
A , θtilt

C , and θtilt
C,1for 150 μL Water Drops on Some of the Polymer Surfaces Considered in Ref 14a

polymer θadv (deg) θrec (deg) ⟨θ⟩ (deg) ⟨θcos⟩ (deg) θtilt
exp (deg) θtilt

A (deg) θtilt
C (deg) θtilt

C,1 (deg)

PP 100.7 ± 1.6 70 ± 3 85.4 85.5 86.3 ± 1.9 84.9 85.1 85.2
PC 86.2 ± 1.5 48 ± 2 67.1 68.4 65.2 ± 1.8 67.1 66.9 67.0
PET 80 ± 2 49.7 ± 1.5 64.9 65.8 65.5 ± 1.2 64.9 64.7 64.8
uPVC 86 ± 2 50 ± 2 68.0 69.1 60.2 ± 1.0 68.0 67.8 67.9
PTFE-s 110 ± 4 95.6 ± 1.0 102.8 102.7 103 ± 3 102.7 102.7 102.7
PTFE-r 126 ± 2 87.9 ± 1.3 107.0 106.0 106 ± 2 106.3 106.3 106.3
PDMS-s 120.2 ± 1.9 65.2 ± 1.9 92.7 92.4 93 ± 3 91.3 91.8 91.9

aθtilt
A is the result of the approach presented in Figure 3, θtilt

C is the result of the solution of eqs 22−25, and θtiltC,1 is the first order result given by eq 26
(see text).

Figure 4. Critical tilt angle α1 versus the initial contact angle θ0. The
symbols are numerical results for water drops on uPVC with volumes
V = 100 μL (squares), V = 120 μL (circles), and V = 150 μL
(triangles). The solid lines are linear fits to the data.
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eqs 8 and 9 would imply that the average ⟨cos θ⟩ ≡ (cos θmin +
cos θmax)/2 should also behave linearly with Δ cos θ, that is,

θ θ θ⟨ ⟩ ≅ +
−

Δ
k k

cos cos
2

cos0
1 2

(10)

However, as shown in Figure 6, ⟨cos θ⟩ presents a quadratic
behavior with Δ cos θ. In particular, in Figure 6b (cos θ0 = 0.5),
we obtain

θ θ

θ

⟨ ⟩ ≅ + Δ

− Δ

cos 0.500295 0.00398378 cos

0.0962931( cos )2 (11)

θ≅ − Δ0.500295 0.0962931( cos )2
(12)

This implies that

θ θ θ⟨ ⟩ ≅ + Δkcos cos ( cos )0
2

(13)

where k depends on the initial contact angle θ0 as shown in
Figure 6a. Figure 6b shows that eq 13 provides a good
approximation to the behavior of ⟨cos θ⟩. From eq 13 and the
definition Δ cos θ ≡ cos θmin − cos θmax, it is direct to obtain

θ θ θ θ≅ + Δ + Δkcos cos
1
2

cos ( cos )min 0
2

(14)

θ θ θ θ≅ − Δ + Δkcos cos
1
2

cos ( cos )max 0
2

(15)

where we note that taking k = 0 yields the first order eqs 8 and
9 with k1 = k2 = 0.5. In order to test eqs 14 and 15, the

following quadratic fits to the Surface Evolver data (solid lines)
have been plotted in Figure 5:

θ θ

θ

≅ + Δ −

Δ

cos 0.500295 0.503984 cos 0.0962931

( cos )
min

2
(16)

θ θ

θ

≅ − Δ −

Δ

cos 0.500295 0.496016 cos 0.0962931

( cos )
max

2
(17)

that give an improved approximation over the above-mentioned
linear fits (dashed lines). We note that the quadratic fits yield k
= −0.0962931, with the linear terms very close to the expected
value (0.5) and an excellent estimation of ⟨cos θ⟩(0.500295),
with a relative deviation of 0.06%.

3.1. Analisys of the Parameter k. Figure 7 presents
Surface Evolver results for the parameter k in eqs 13−15 for

water drops with different volumes V = 5, 10, 17, 30, 56, and
150 μL, and different values of the initial contact angle θ0= 60°,
70°, 80°, 90°, 100°, 110°, and 120° (from bottom to top). For
each value of θ0, we obtain that k scales with the volume
according to the following power law:

θ θ θ− ≅∞

−⎛
⎝⎜

⎞
⎠⎟k V k b

V
V

( , ) ( ) ( )0 0 0
r

0.6

(18)

where

θ θ=∞
→∞

k k V( ) lim ( , )
V

0 0 (19)

Figure 5. cos θmin (circles) and cos θmax (squares) versus the cosine
diference Δcos θ = cos θmin − cos θmax for a 150 μL water drop pinned
to a tilted surface with initial contact angle θ0 = 60°. The symbols are
Surface Evolver results. The solid lines are quadratic fits, and the
dashed lines are linear fits to the data (see text).

Figure 6. Behavior of ⟨cos θ⟩ ≡ (cos θmin + cos θmax)/2 with the cosine diference Δ cos θ ≡ cos θmin − cos θmax for 150 μL water drops pinned to a
tilted surface with different initial contact angles (a): θ0 = 60° (circles), 90° (squares), and 120° (diamonds). (b) Zoom of the case θ0 = 60°. The
symbols are Surface Evolver results, and the solid lines are quadratic fits to the data.

Figure 7. Parameter k versus (V/Vr)
−0.6 for water drops pinned to a

tilted surface with different initial contact angles θ0 (see text). From
bottom to top θ0 = 60°, 70°, 80°, 90°, 100°, 110°, and 120°. The
symbols are Surface Evolver results. The solid lines are linear fits to the
data. Vr = 1 μL.
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b is a parameter that depends on θ0, and Vr is a given reference
volume. For simplicity, in our calculations, we took Vr = 1 μL.
Figure 8 shows a plot of the results for k∞(θ0) and b(θ0)

obtained in the linear fits of Figure 7. As one can see, k∞

(circles) presents a cubic behavior with cos θ0 while b
(triangles) has a quadratic behavior with cos θ0. Performing
the corresponding fits to the data (see Figure 8), we obtain

θ θ

θ θ

≅ − − −

−
∞k ( ) 0.0421307 0.0964211cos 0.00845812

cos 0.180876cos
0 0

2
0

3
0 (20)

θ θ θ≅ − −b( ) 0.549691 0.00318195cos 0.21131cos0 0
2

0
(21)

where we would like to note that considering a different fluid
instead of water would lead to different fits for k∞ and b in
terms of cos θ0.
3.2. Direct Calculation of the Most Stable Contact

Angle in a Tilted Drop. In the analysis presented in this
section, we have considered a water drop with a circular triple
line pinned to a tilted planar surface. In what follows, we shall
see how the obtained results can be used to determine the most
stable contact angle for a water drop with a given volume V in a
surface with known advancing and receding contact angles θadv
and θrec. The goal now is to determine the value of θ0
compatible with θmin = θrec and θmax = θadv. We shall denote
this value as θtilt

C . In this case, eq 13 becomes

θ θ θ⟨ ⟩ ≅ + Δ− −kcos cos ( cos )a r tilt
C

a r
2

(22)

where

θ
θ θ

⟨ ⟩ ≡
+

−cos
cos cos

2a r
adv rec

(23)

θ θ θΔ ≡ −−( cos ) (cos cos )a r rec adv (24)

and, using eq 18,

θ θ θ= ≅ +∞

−⎛
⎝⎜

⎞
⎠⎟k k V k b

V
V

( , ) ( ) ( )tilt
C

tilt
C

tilt
C

r

0.6

(25)

From eqs 22−25, using θrec and θadv as inputs, one can
numerically obtain the most stable contact angle θtilt

C .
The above results imply that the most stable contact angle

depends on the drop volume. This would be in contradiction

with experiments14 and the numerical results presented in
Figure 4. However, for the relatively large volumes considered
in Figure 4, k → k∞ and we do not expect a relevant volume
dependence. In particular, solving eqs 22−25 for the system of
Figure 4, that is, water drops on uPVC (θrec = 50°, θadv = 86°)
with volumes V = 100, 120, and 150 μL, we obtain θtilt

C =
67.99°,67.92°, and 67.84° respectively, with very small volume
dependence and in close agreement with the results of Figure
4a.
Finally, we would like to note that assuming that cos θtilt

C is
close to ⟨cos θ⟩a−r one can derive the following first order
approximation:

θ θ θ

θ θ

≅ ⟨ ⟩ − ⟨ ⟩

+ Δ

− ∞ −

−

−

−

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

k

b
V
V

cos cos ( cos )

( cos ) ( cos )

tilt
C,1

a r a r

a r
r

0.6

a r
2

(26)

Equation 26 yields a very good approximation to the numerical
solution of eqs 22−25 as one can observe in Table 1 where the
values of θtilt

C and θtilt
C,1 are very close for all of the considered

polymer surfaces. Furthermore, we observe an excellent
agreement with the values of θtilt

A .

4. SUMMARY

Inspired by the experimental tilting plate method for
determining the most stable contact angle developed by
Montes et al.,14 in this work, we have performed a numerical
analysis of this method by resorting to Surface Evolver
calculations. The calculations have been performed using an
algorithm recently developed by us16 that allows for modeling
contact angle hysteresis in the Surface Evolver framework. The
algorithm is applicable to nonaxisymmetric drops and thus is
suitable to deal with sessile drops in tilted surfaces.17

In a first approach to the problem, we have shown that the
numerical calculations can reproduce the experimental results
for the most stable contact angle in the tilting plate method
with very good agreement in most cases. In this case, the most
stable contact angle θtilt

A is obtained from the initial contact
angle θ0 related to the maximum value of the critical tilt angle
α1.
In a second approach to the problem, we have analyzed the

evolution of the maximum and minimum contact angles in a
sessile drop pinned to a tilted surface. This is the situation that
arises for a drop with an initial contact angle equal to the most
stable contact angle that is tilted until simultaneously reaching
at the front and the rear of the drop the advancing and the
receding contact angles, respectively. Although the cosines of
the maximum and minimum contact angles are well
approximated by linear fits in terms of Δ cos θ, we have
found that the cosine average ⟨cos θ⟩ has a well-defined
quadratic behavior with Δ cos θ, with a proportionality factor k
that depends on the volume V and the initial contact angle θ0 of
the drop. Once the behavior of k in terms of V and θ0 is
obtained, the quadratic law for ⟨cos θ⟩ can be used to
determine the most stable contact angle of a system with
given advancing and receding contact angles by solving a
nonlinear set of equations. The result of this approach, θtilt

C , is
very close to θtilt

A , showing the consistency of both methods.
Finally, a first order analytical approximation to θtilt

C has been

Figure 8. Parameters k∞ (circles) and b (triangles) versus cos θ0 for
water drops pinned to a tilted surface. The symbols are obtained from
the linear fits of Figure 7 (see text). The dashed line is a quadratic fit to
the b(cos θ0) data, and the dotted line is a cubic fit to the k∞(cos θ0)
data.
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derived with excellent agreement with the results of the other
approaches.
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