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Entropic selectivity of binary mixtures in cylindrical pores
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We show that a simple model consisting of a binary hard-sphere mixture in a narrow cylindrical
pore can lead to strong size selectivity by considering a situation where each species of the mixture
sees a different radius of the cylinder. Two mechanisms are proposed to explain the observed results
depending on the radius of the cylinder: for large radii the selectivity is driven by an enhancement
of the depletion forces at the cylinder walls whereas for the narrowest cylinders excluded-volume
effects lead to a shift of the effective chemical potential of the particles in the pore. © 2011 American
Institute of Physics. [doi:10.1063/1.3643117]

I. INTRODUCTION

A few years ago, Goulding and co-workers1 examined
the size selectivity of narrow pores within the framework of
density functional theory (DFT). They showed that purely
steric (excluded volume) effects can lead to strong size se-
lectivity in a ternary hard-sphere (HS) mixture in an infi-
nite cylindrical pore with a radius Rc of dimensions compa-
rable to the diameters σi’s of the particles. Later, Roth and
Gillespie2 considered different entropic mechanisms that can
lead to size selectivity both in ternary and binary HS mixtures.
More recently, Roth et al.3 investigated the effect of external
potentials on the selectivity of particles both from a static and
dynamical point of view.

These simple models have direct application to the
physics of biological ion channels4 where selectivity arises
from the balance of electrostatics and steric effects.5 We
note, however, that neglecting electrostatic interactions did
not alter significantly the selectivity in the model of Gould-
ing et al.1 and therefore, investigating new excluded-volume
mechanisms for particle selectivity can provide further insight
in the engineering of ion channels.6

This work is focused in this aspect, and therefore we look
for purely entropic situations that can give rise to strong se-
lectivity. In particular, in the present work we will show that
a simple model consisting of a binary HS mixture in a hard
cylindrical nanopore can lead to strong size selectivity by con-
sidering different radii Rc,i of the cylinder for each species
(see Fig. 1). This implies that the external potential depends
on the species i, namely,

Vext,i(r) =
{

0, r < Rc,i − σi/2

∞, r > Rc,i − σi/2
, (1)

where r is the distance from the center of the hard-sphere to
the axis of the cylinder and σi is the diameter of species i.

We would like to note that the external potential (1) could
be experimentally realized by using an appropriate station-
ary extended pattern of light (optical landscape). This opti-
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cal landscape can show a strong dependence on the size, the
shape or the refractive index of dielectric microscopic parti-
cles (see Ref. 7, and references therein).

Following Goulding et al.1 we define the absorbance of
species i to be the ratio ξi = η̄i/ηb,i where η̄i is the aver-
age packing fraction of species i within the pore, i.e., η̄i

= vi〈Ni〉/Vi , where vi ≡ πσ 3
i /6 is the volume of one par-

ticle and Vi is the total volume of a cylinder of radius Rc,i

and length L containing an average number of particles 〈Ni〉.
Recall that we work in the grand-canonical ensemble by as-
suming that the inhomogeneous system can exchange parti-
cles with a reservoir characterized by the bulk packing frac-
tions ηb,i’s. The selectivity of species 1 over species 2 is de-
fined as ξ12 = ξ1/ξ2. With this definition, species 1 is selected
preferentially over species 2 if ξ12 > 1.

The analysis of the model will be made by means of DFT
calculations which are computationally much less demanding
than Monte Carlo simulations. Among the different DFT pre-
scriptions we choose the fundamental measures theory (FMT)
which has become a standard nowadays both because of its
accuracy and its ease of implementation.

II. DENSITY FUNCTIONAL THEORY

Since the original formulation of the FMT (Ref. 8) sev-
eral versions of the theory have been published for hard
spheres9–16 (for recent reviews see Refs. 17 and 18). In
this work we shall consider very narrow cylindrical pores
in which quasi one-dimensional confinement may arise. For
these highly inhomogeneous situations the choice of a par-
ticular version of the FMT might be critical19 and therefore,
prior to the calculation of the selectivity in the pore, we will
analyze the performance of some FMT versions in order to
choose the most appropriate for the present problem.

The FMT excess (over ideal) contribution Fex[ρ] to the
free-energy functional is assumed to take the form

βFex[ρ] = βF[ρ] − βFid[ρ] =
∫

dr �[ρ], (2)

where ρ = {ρi(r)} indicates the set of densities of the inhomo-
geneous mixture, being β = 1/kBT the inverse temperature.
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FIG. 1. Hard-sphere binary mixture in a hard cylindrical nanopore.

In this equation β−1� is the excess free-energy density and
quite generally it can be expressed as a sum of three contribu-
tions,

� = �1 + �2 + �3 . (3)

In the original formulation of the FMT (Ref. 8) for a HS
mixture these contributions take the form14

�1 = −
∑

i

ni(r) log[1 − η(r)], (4)

�2 = 2π
∑
i,j

RiRj (Ri + Rj )
(ni(r)nj (r) − vi(r) · vj (r))

1 − η(r)
,

(5)

�3 = 8π2
∑
i,j,k

R2
i R

2
jR

2
kni(r)

1
3nj (r)nk(r) − vj (r) · vk(r)

(1 − η(r))2
,

(6)

where Ri = σi/2 is the radius of species i. η(r) and the
ni(r)’s are scalar weighted densities, and the vi(r)’s are vector
weighted densities. These weighted densities are defined by

η(r) =
∑

i

∫
ρi(r′)θ (Ri − |r − r′|) dr′, (7)

ni(r) = 1

4πR2
i

∫
ρi(r′)δ(Ri − |r − r′|) dr′, (8)

vi(r) = 1

4πR2
i

∫
ρi(r′)δ(Ri − |r − r′|) ̂(r − r′) dr′, (9)

where r̂ ≡ r/r is a unit vector.
The main issue of the original version of the FMT

(Ref. 8) is its failure to yield the correct dimensional crossover
to zero and one dimensions which implies a lack of accuracy
in describing highly inhomogeneous situations where the fluid

is confined to quasi zero-dimensional (0D) cavities or quasi-
1D nanopores.19 Since in this work we consider very narrow
cylindrical pores where quasi-1D situations may arise, in ad-
dition to the original FMT prescription8 we shall consider the
tensorial version of the FMT developed by Tarazona12 which
has been shown to describe accurately these extreme situa-
tions for the one-component fluid.19 Although Tarazona’s ten-
sorial FMT was initially formulated for the one-component
fluid, it was subsequently extended to HS mixtures.13, 14 In
the extension to mixtures developed by Cuesta et al.14 the first
two terms of Eq. (3) are still valid while the third term reads

�3 = 12π2
∑
i,j,k

R2
i R

2
jR

2
k

φijk(r)

(1 − η(r))2
, (10)

where

φijk = vi · Tj · vk − nj vi · vk − tr(TiTjTk) + nj tr(TiTk).
(11)

In this equation tr() indicates the trace operator, and Ti is a
rank-2 tensor weighted density defined as

T
(a,b)
i (r) = 1

4πR2
i

∫
ρi(r′)δ(Ri − |r − r′|) (12)

× ̂(r − r′)a ̂(r − r′)b dr′, (13)

where a, b = x, y, z are Cartesian coordinates.
Cuesta et al.14 showed that the above extension to mix-

tures fails to yield the exact crossover from three to one di-
mensions and then proposed another tensorial FMT with the
correct 1D limit for HS mixtures but presenting additional
complexity due to the use of rank-3 tensor measures (see
Ref. 14 for details).

The results of Rosenfeld’s original FMT and of Tara-
zona’s tensorial FMT have been obtained in the usual way
by solving the coupled Euler-Lagrange equations for the den-
sity profiles ρi(r) of the species i in the cylindrical pore by
means of an iterative procedure and taking profit of the sym-
metry of the problem.19 The solution of the correction to the
tensorial FMT is more difficult to handle by this method due
to the complexity of the free energy functional involving ten-
sorial weighted densities of rank 3.14 In this case we have con-
sidered a different approach consisting in a direct minimiza-
tion of the free energy of the system by means of a slower
but easier to implement simulated-annealing method: random
changes of the density profile at random positions are per-
formed, so that the changes leading to a smaller value of the
free energy are always accepted, while the changes that lead
to a higher value of the free energy are accepted with a proba-
bility P that depend on a synthetic temperature T̂ . The jumps
to higher free energy solutions prevent the system to get stuck
on local minima. Along the simulation T̂ is slowly decreased
towards 0 so that P (T̂ ) → 0.

III. RESULTS AND DISCUSSION

To keep things simple, in this work we have restricted
ourselves to a binary HS mixture where species 1 consists of
big particles of diameter σ1 and species 2 consists of small
particles of diameter σ2 = σ1/2 (other similar ratios yield
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FIG. 2. Density profiles for a HS mixture in a cylindrical pore. ηb,1∼= 0.1 and ηb,2 ∼= 0.2. (a) Rc,1 = Rc,2 = 3 σ1 and (b) Rc,1 = 3 σ1 and Rc,2
= 2.75 σ1. The solid and dashed lines are the results of the tensorial FMT and
the original FMT, respectively. Symbols: CEMC simulations. The horizontal
dotted lines indicate the bulk densities and the vertical dotted lines indicate
the position of the radius of the cylinder for each species. σ2 = σ1/2.

qualitatively similar results). In Fig. 2(a) we present our re-
sults for the density profiles ρi(r) in a cylindrical pore with
equal radius for each species Rc,1 = Rc,2 = 3σ1 (this means
that the radial distance available to the centers of the particles
depends on the species). For the present situation in which
the radius of the pore is not very small the results of the ten-
sorial FMT and of its correction are almost indistinguishable
and the same happens for the original Rosenfeld’s FMT. In
order to determine the accuracy of the FMT-DFT calculations
we also compare with the results of our Monte Carlo simu-
lations. In this particular case the usual grand canonical en-
semble Monte Carlo (GCEMC) simulations20 of the HS fluid
in a cylindrical pore21 present important equilibration prob-
lems and we have opted for canonical ensemble Monte Carlo
(CEMC) simulations which, given the large number of par-
ticles involved (N1 = 24, N2 = 400 for a cylinder of length
L = 5σ1 ) should yield the same results than a GCEMC simu-
lation for a system with equal mean numbers of particles.21, 22

The FMT calculations have been made so that they also yield
the same mean numbers of particles; this implies a reser-
voir with bulk packing fractions ηb,1 = 0.099558 ∼= 0.1 and
ηb,2 = 0.19881 ∼= 0.2 for the tensorial FMT. Very similar re-
sults are obtained for the other DFT’s. We would like to note
that the density profiles at the center of the cylinder become
almost constant, reaching the homogeneous limit, with the
same densities (ρb,1 = 6ηb,1/πσ 3

1 = 0.190142σ−3
1 and ρb,2

= 6ηb,2/πσ 3
2 = 3.0376σ−3

1 ).
Apart from showing the excellent performance of all

FMT-DFT calculations, Fig. 2(a) does not deserve any addi-

tional comments: it presents a perfectly normal situation for
a HS mixture in a pore. Things are very different in Fig. 2(b)
where the radius of the cylinder for each species is different:
Rc,1 = 3 σ1 and Rc,2 = 2.75 σ1 (note that, for this particular
case, this implies in turn equal radial distance available to
the centers of the particles, independent on the species). In
this case with similar bulk packing fractions (ηb,1 = 0.100828
and ηb,2 = 0.198384) the mean number of adsorbed particles
for species 1 raises from 〈N1〉 = 24 to 54 in spite of having
the same cylinder radius than in the previous case. Of course,
the mean number of adsorbed particles for species 2 lowers
from 〈N2〉 = 400 to 250 due to the smaller cylinder radius
and the larger density of species 1 at contact. Again we note
that both species reach the expected homogeneous limit at the
center of the cavity. The reason for this increase in 〈N1〉 is
clearly due to an enhancement of the depletion potential act-
ing over the big particles (species 1) at the pore walls: the
absence of small particles (species 2) between Rc,2 and Rc,1

implies that this volume can only be optimally occupied if
many big particles are located near the cylinder walls, as it is
shown in Fig. 2(b) where the density of species 1 at contact
is about five times larger than in Fig. 2(a). Very small dif-
ferences can be observed between the results of the tensorial
FMT and the original Rosenfeld’s FMT with very good agree-
ment with simulation although the tensorial theory seems to
fare slightly better. The correction to the tensorial theory (not
shown) yields results that are indistinguishable from those of
the uncorrected tensorial FMT.

In Fig. 3(a) we consider a very narrow pore with equal
radius for each species Rc,1 = Rc,2 = 0.8σ1 in contact with
a reservoir characterized by the bulk packing fractions ηb,1

= 0.05, ηb,2 = 0.15. Although the packing in the reservoir
is lower than that of Fig. 2 the much smaller cylinder radius
leads to a very inhomogeneous quasi-1D situation. In spite of

FIG. 3. Density profiles for a HS mixture in a narrow cylindrical pore.
ηb,1 = 0.05 and ηb,2 = 0.15. (a) Rc,1 = Rc,2 = 0.8 σ1 and (b) Rc,1 = 0.8 σ1
and Rc,2 = 0.55 σ1. The solid, dot-dashed, and dashed lines are the results of
the tensorial FMT, its correction, and the original FMT, respectively. Sym-
bols: GCEMC simulations. The horizontal dotted lines indicate the bulk den-
sities and the vertical dotted lines indicate the position of the radius of the
cylinder for each species. σ2 = σ1/2.
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this, we obtain excellent agreement between all of the con-
sidered FMT prescriptions and GCEMC simulation which,
for this particular case, yields reliable results. We note that
species 1 approximately reaches the homogeneous limit in the
center of the cylinder whereas species 2 does not. In this case
we do not observe any noticeable increase in the absorbance
of the considered species. However, in Fig. 3(b), with differ-
ent radii for each species (Rc,1 = 0.8 σ1 and Rc,2 = 0.55 σ1),
the situation becomes very different. In this case we observe
that the original Rosenfeld’s FMT no longer yields accurate
results, with a significant deviation from GCEMC data for
both species. The tensorial FMT and its correction yield al-
most the same results with very small differences with simu-
lation, slightly overestimating the density at contact with the
pore wall and underestimating it at the center of the pore, spe-
cially for species 1. We note that the tensorial FMT fares a bit
better than its correction. The results shown in this figure have
led us to consider the tensorial FMT in the forthcoming cal-
culations since its computational complexity is comparable to
that of the original Rosenfeld theory and, as expected, yields
much better results in extremely confined quasi-1D situations
like the ones considered in this paper.

The most remarkable feature of Fig. 3(b) is the fact that
the average density for the big particles inside the pore is
much larger than the bulk density whereas the opposite hap-
pens for the small particles. This implies a very large ab-
sorbance for species 1 and a small absorbance for the species
2 which leads to a large selectivity ξ12

∼= 17 of species 1 over
species 2 (note that the volume occupied by one big particle
is 8 times that of one small particle). Certainly, this some-
how unexpected result is due to the different pore radius seen
by each species but in this case it cannot straightforwardly
be ascribed to an enhancement in the wall-particle depletion
potential like in the case presented in Fig. 2(b). Rather, we
explain this behavior by observing that the species that sees
a smaller cylinder radius is subjected to an effective repulsive
potential due to the particles of the other species occupying
the extra volume and this leads to a selective absorption of
the latter. A similar finding was made by Roth and Gillespie2
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FIG. 4. Average packing fraction in the pore η̄i vs. the chemical poten-
tial log σ 3

i zi = βμi − 3 log �i/σi . (Solid lines) Rc,1 = 0.55 σ1 and Rc,2
= 0.8 σ1. (Dashed lines) Rc,1 = 0.8 σ1 and Rc,2 = 0.55 σ1. (Dotted lines) re-
sults of Eq. (14). σ2 = σ1/2. (Main panel) species 2; log σ 3
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FIG. 5. Density map of the selectivity ξ12 = ξ1/ξ2 vs. the bulk packing
fractions of the mixture. (a) Rc,1 = 0.8σ1, Rc,2 = 0.55σ1. (b) Rc,1 = 0.8σ1,
Rc,2 = 0.8σ1. (c) Rc,1 = 0.55σ1, Rc,2 = 0.8σ1. The lines show the conver-
gence limit of the DFT calculations. σ2 = σ1/2.

by explicitly including such effective potential in their model
of ion channels. The effective repulsive potential can be inter-
preted as a shift in the chemical potential of the species in the
pore so that their average packing fractions are increased or
decreased with respect to a system with equal pore radii. This
shift is shown in Fig. 4 where in addition to the DFT results
we also plot (dotted lines) the following upper bound for the
average packing fraction

η̄i ≤ πσ 3
i zi

6

(
Rc,i − σi/2

Rc,i

)2

, (14)

which should be valid at low packings and was obtained from
an upper bound to the absorbance obtained by Goulding et al.1

In Eq. (14) zi is the affinity of species i, defined as

zi = �−3
i eβμi , (15)

where μi and �i are, respectively, the chemical potential and
the thermal de Broglie wavelength of species i. Multiplying
both sides of Eq. (15) by σ 3

i and taking logarithms one obtains

log σ 3
i zi = βμi − 3 log �i/σi . (16)

Thus the logarithm of the affinity is essentially the chemical
potential. For convenience, this is the quantity used in the ab-
scissae of Fig. 4. From the upper bound of Eq. (14) it becomes
clear that changing the radius Rc,i leads to a shift in μi : keep-
ing constant η̄i implies that a decrease in (Rc,i − σi/2)2/R2

c,i
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should lead to an increase in zi (and thus in μi) and vice
versa, these changes being larger for Rc,i close to σi/2. In
Fig. 4 we present results for a pore with Rc,1 = 0.55 σ1 and
Rc,2 = 0.8 σ1 (solid lines) and for a pore with Rc,1 = 0.8 σ1

and Rc,2 = 0.55 σ1 (dashed lines). These results show that the
chemical potential of the species that see the smaller cylin-
der radius is shifted towards the right, in accordance with
Eq. (14). For clarity, the results for a pore with Rc,1 = 0.8 σ1

and Rc,2 = 0.8 σ1 are not shown, but as expected, they
are very close to the dashed line in the inset (Rc,1 = 0.8)
and indistinguishable from the solid line in the main panel
(Rc,2 = 0.8).

Finally, in Fig. 5 we present our tensorial FMT results
for the selectivity ξ12 of species 1 over species 2 (σ2 = σ1/2).
In Fig. 5(a) we consider a situation where Rc,1 = 0.8σ1 and
Rc,2 = 0.55σ1 and we observe how the big particles (species
1) are preferentially absorbed over the smaller ones. The op-
posite happens in Fig. 5(c) where the small particles are se-
lected over the large ones. In Fig. 5(b) we see that a situation
with equal radii lead to similar absorbances for both species.
Clearly, this behavior is related to the fact that the species
with more free-volume available is preferentially selected by
the pore, as commented in Fig. 4.
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