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Abstract: With the growth of cities, urban traffic has increased and traffic congestion has become
a serious problem. Due to their characteristics, metro systems are one of the most used public
transportation networks in big cities. So, optimization and planning of metro networks are challenges
which governments must focus on. The objective of this study was to analyze Madrid metro network
using graph theory. Through complex network theory, the main structural and topological properties
of the network as well as robustness characteristics were obtained. Furthermore, to inspect these
results, multivariate analysis techniques were employed, specifically HJ-Biplot. This analysis tool
allowed us to explore relationships between centrality measures and to classify stations according
to their centrality. Therefore, it is a multidisciplinary study that includes network analysis and
multivariate analysis. The study found that closeness and eccentricity were strongly negatively
correlated. In addition, the most central stations were those located in the city center, that is,
there is a relationship between centrality and geographic location. In terms of robustness, a highly
agglomerated community structure was found.

Keywords: subway networks; complex network analysis; HJ-Biplot; cluster analysis; multivariate
statistical analysis; madrid metro network

1. Introduction

The role that public transport plays in the growth of cities is vital in ensuring their sustainable
development. It provides a effective way to reduce congestion, air pollution and improve the quality of
life of citizens. To give service to the ever-increasing ridership demand, governments and researchers
focus on services’ optimization and infrastructures [1].

To achieve this goal, it seems very important to determine central stations to improve their
connectivity and strengthen their security against attacks or disruptions. In order to evaluate the
importance of stations in transit networks, complex network analysis has been used in several
works. More specifically, different indicators such as centrality measures, network diameter and
connectivity are employed to analyze transport networks such as bus [2–5], metro [4,6,7], rail [8] and
air transport networks [9]. Centrality measures such as node degree, betweenness centrality, closeness
centrality and eigenvector centrality are employed to analyze the structural importance of stations
in the network. To evaluate network’s connectivity, the network indicators more frequently used
are clustering coefficient and average path length. In addition, there are two desirable properties in
transport networks which are small-word and scale-free properties. Networks which exhibit these
properties are able to manage congestion and are robust to random attacks.
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Moreover, complex network analysis has been applied in other study areas, such as biology and
epidemiology [10,11], social networks [12], power grids [13] and vehicular sensing networks (VSN) in
smart cities [14].

In recent years, the study of transport networks has become a field of interest for researchers.
Some of them focus on the study of resilience of transport networks: for example, in [15] an analysis
of resilience of the London metro system is developed using clustering coefficient, path length,
passenger strength, modularity and assortativity indicators. In [16] the robustness of two public
transport networks which exhibit different properties is analyzed. In other cases, some specific
indicators are studied; this is the case of [17] where the influence of network size on centrality measures
is analyzed. Furthermore, correlation between centrality measures has been studied in different types
of networks, such as scientific collaboration networks, airline networks and internet routing networks
(see, for example [18–20]) finding that the correlations between centrality measures are different from
one type of network to another.

This paper analyzes Madrid metro network using the most important centrality measures,
some structural coefficients and robustness indicators. Once the results of the network analysis were
obtained, they were inspected using multivariate analysis techniques. Specifically, the HJ-Biplot [21]
was employed to analyze correlation between centrality measures and also to classify stations according
to their centrality.

The main advantage of using HJ-Biplot is that we can interpret simultaneously the position of
the variables (centrality measures) represented by vectors and the individuals (stations) represented
by points and, also, the relationships between them. Furthermore, the coordinates obtained in the
HJ-Biplot were used to calculate cluster of stations.

In Biplot methods, no parametrical assumptions are considered, also they have the advantage
of being a specific statistical tool to display multivariate data. This technique has been applied to
analyze data from different knowledge fields (see, for example [22–25]) but never to analyze transport
networks. So, as far as we know, there is no study with these characteristics (multidisciplinary) of the
Madrid metro network.

In summary, the principal purpose of this study is to analyze the most important centrality
measures, structural coefficients and robustness indicators of Madrid metro network using multivariate
techniques, which will allows us to analyze relationships between centrality measures, to evaluate
stations according to their values in centrality measures, to classify the stations into disjoint cluster
and finally to study the relationship between the clusters obtained and the passenger flow.

The rest of the paper is organized in five sections. Section 2 deals with the basics of complex
network analysis. Section 3 describes the study area and data. In Section 4 the methodology used
in this work is introduced. Section 5 describes a statistical analysis of the Madrid metro. Finally, in
Section 6 the conclusions and further work are presented.

2. Complex Network Analysis Applied to Subway Networks

In this study we use graph theory to represent Madrid metro network. Specifically, we use
L-space representation of the network, thus the nodes of the graph correspond to the stations of the
metro and the edges of the graph are the tracks which connect two consecutive stations. Therefore,
we have an undirected graph G = (V, E), where V = {v1, v2, ..., vN} is the set of nodes, and E ={

eij =
(
vi, vj

)
, vi, vj ∈ V

}
⊂ V × V is the set of edges. The adjacency matrix A =

(
aij
)

is an N × N
symmetric and non negative matrix whose element aij is defined as follows:

aij =

{
1, if

(
vi, vj

)
∈ V

0, if
(
vi, vj

)
/∈ V

(1)
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In Figure 1 the graph corresponding to Madrid metro network is shown. Note that, for the sake
of simplicity and because this is not relevant for the structural and topological analysis of the metro
network, the real spatial location of the stations is not considered.

Figure 1. Madrid metro network computed using Mathematica.

2.1. Network Parameters

Network parameters consist of a set of metrics which capture information on network connectivity
and accessibility. These parameters can be defined as structural coefficients since they are invariant
under graph isomorphisms; that is, if the network G is isomorphic to the network H (there exists
a bijection φ between their respective node sets such that

(
vi, vj

)
is an edge of G if and only if(

φ (vi) , φ
(
vj
))

is an edge of H) then the node structural coefficient C : V → R satisfies the following:
C (v) = C (φ (v)). Moreover, node centrality measures are structural coefficients that take values in
[0, 1] whose aim is to quantify the relative importance or influence of each node within G. Note that
all this parameters are local (they are associated to nodes and, in some cases, to edges) and the most
important are degree centrality, closeness centrality, betweenness centrality, eccentricity, clustering
coefficient and eigenvector centrality. Nevertheless, also global coefficients (in the sense that they are
associated to the whole network) can be computed: average path length, diameter, etc. (see [26]).

In this subsection the definition of these topological parameters is given.
The degree of a node vi is one of the most important parameters in network analysis. It is defined

as the total number of edges incident to vi: ki = ∑N
j=1 aij. Two local structural coefficients can be easily

determined from it: (1) the degree centrality that measures the average number of nearest neighbors
that a node vi is connected to, that is:

CD (vi) =
ki

N − 1
, 0 ≤ CD (vi) ≤ 1; (2)

and (2) the importance of vi:

I (vi) =
ki

∑N
i=1 ki

, 0 ≤ I (vi) ≤ 1, (3)
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that is used to measure the level of “disorder” of the network. Moreover, also global structural
coefficients can be defined. For example, the average degree of the network is given by the
following formula:

〈k〉 = 1
N

N

∑
i=1

ki =
1
N

N

∑
i,j=1

aij =
N − 1

N

N

∑
i=1

CD (vi) . (4)

Note that I (vi) = ki
N〈k〉 for each i. Moreover, the standard entropy of the network can be defined

as follows:

E = −
N

∑
i=1

I (vi) log (I (vi)) . (5)

As is shown, degree centrality “computes” in some way the "importance" of a node by simply
considering the number of neighbors. Nevertheless, such characteristic (the ‘status’, ‘prestige’,
or ‘importance’) can be measured in a more sophisticated way taking into account not only a
quantitative perspective (the total number of connections a node has) but also a qualitative perspective
(the number of neighbor nodes with highest central coefficients). This is precisely measured by the
eigenvector centrality. The idea is that a node is important not only because it connects with many nodes
but also because the nodes it connects to are also important [27]. Mathematically it is defined as the
principal eigenvector, CG = (CG (v1) , . . . , CG (vN)), of the adjacency matrix. That is, the eigenvector
associated to the largest eigenvalue of A: λ. The i-th component of CG stands for the relative eigen
centrality score of node vi and the following holds:

CG (vi) = λ−1
N

∑
j=1

aijCG
(
vj
)

. (6)

As a metro network can be considered as connected graph, then its adjacency matrix is irreducible
and its largest eigenvalue is positive (by applying the Perron–Frobenius Theorem). As a consequence
0 ≤ CG (vi) ≤ 1.

The distance between two nodes vi, vj ∈ V, d
(
vi, vj

)
, is defined as the total number of edges that

link them through the shortest path. This notion is invariant under isomorphisms and leads to both
local and global structural indices. In this sense the network diameter D is the longest distance between
any pair of nodes in the network:

D = max{d
(
vi, vj

)
, 1 ≤ i < j ≤ N}. (7)

The eccentricity of the node vi is defined as the maximum distance from vi to any other node in
the network:

Ce (vi) =
1
D

max{d
(
vi, vj

)
, 1 ≤ j ≤ N, j 6= i}, 0 ≤ Ce (vi) ≤ 1, (8)

and the radius of the network, R, is defined as the minimal eccentricity. Furthermore, the average path
length of the network is defined as the average distance between every pair of nodes.

L =
1

N (N − 1) ∑
1≤i<j≤N

d
(
vi, vj

)
. (9)

The closeness centrality of node vi is defined as the reciprocal of the sum of the length of the shortest
paths between the node and all other nodes in the graph. Specifically it is as follows:

CCL (vi) =
1

∑N
l=1,l 6=i d (vi, vl)

, 0 ≤ CCL (vi) ≤ 1. (10)

This local structural coefficient measures the mean distance from the node to the rest of nodes of the
network. Note that, the more central a node is, the greater the value of closeness centrality is.



Appl. Sci. 2020, 10, 5689 5 of 17

The betweenness centrality of the node vi measures the "presence" of the node in the shortest paths
between another two nodes. Mathematically it is defined as follows:

CB (vi) = ∑
1≤r<s≤N

r 6=i,s 6=i

`rs (vi)

`rs
, 0 ≤ CB (vi) ≤ 1, (11)

where `rs is the total number of shortest paths from vr to vs, and `rs (vi) is the number of those paths
that pass through vi.

The clustering coefficient of node vi measures how well the neighbors of a node are connected to
each other. It is depicted as follows:

CCLU (vi) =
2εi

ki (ki − 1)
, 0 ≤ CCLU (vi) ≤ 1, (12)

where εi is the number of links between the neighbors of the node vi. Note that the larger the clustering
coefficient is, the better the local connectivity around vi is. A global structural coefficient called
average clustering coefficient can be obtained by averaging local clustering index over all the nodes in
the network:

CCLU =
1
N

N

∑
i=1

CCLU (vi) . (13)

2.2. Robustness

Robustness or resilience of a network can be defined as its ability to resist random failures or
deliberate attacks and its capacity to solve them and return to a state of equilibrium [15,28]. There are
several metrics to evaluate the robustness of a network: robustness indicator, effective resistance,
effective conductance, average efficiency, algebraic connectivity, etc. (see [29]). Of special interest in
this type of studies are the modularity and the assortativity correlation that are described as follows.

It is important to analyze the community structure of the networks in order to identify cascading
impacts resulting from disruptions [4]. A community is a subgraph of a network in such a way
that within the nodes there is high probability of being connected to each other but between
communities there are fewer links [30]. The computation of communities involves processes with
a high computational load; several detection and partitioning schemes have been proposed: CNM
scheme, BGLL scheme, etc. [31] A commonly used metric for evaluating the quality of the network
partition into communities is given by a numerical index called modularity [30,32,33].

Suppose the network is partitioned into g communities, and let εij be the fraction of edges in the
original network that connect vertices between i-th community and j-th community. The modularity
index is defined as:

Q = ∑
1≤i<j≤g

εij − ∑
1≤i<j<k≤g

εijεki, 0 ≤ Q ≤ 1. (14)

The greater Q the stronger the connection within the communities is.
The assortativity correlation studies to what extent nodes link to nodes of similar or dissimilar nodal

degree. Depending on the degree correlation, a network can be assortative, when nodes with height
(resp. low-degree) connect with high (resp. low-degree) nodes, or dissassortive, when connections
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happen between high and low degree nodes. The assortativity correlation can be measured by means
of the Pearson correlation coefficient [34] as follows:

r =
M−1 ∑eij∈E kik j −

[
M−1 ∑eij∈E

ki+kj
2

]2

M−1 ∑eij∈E
k2

i +k2
j

2 −
[

M−1 ∑eij∈E
ki+kj

2

]2 , (15)

where ki and k j are the degrees of the nodes connected by the edge eij and M is the total number
of edges. This coefficient ranges from −1 (disassortative network) to 1 (assortative network). It is
important to note that in assortative networks failures of high-degree stations will have little impact
since other high-degree stations are still connected to other high-degree stations [35].

3. Study Area and Data

Madrid metro is a metropolitan railway network which gives service to the Spanish city of Madrid
and its metropolitan area (see Figure 2). Madrid metro consists of 13 lines (not counting Light Rail
2 and 3) and 302 stations. It is the fifth largest network in the world in number of stations, behind
the London, New York, Shanghai and Paris metro. In addition, it has a 294 km of network, which
makes Madrid metro the eighth largest network behind the subway in New York, London, Beijing,
Guangzhou, Seoul, Shanghai and Moscow [36]. In 2019, more than 677.4 million people used Madrid
metro [36].

Figure 2. Spatial distribution of Madrid metro stations in 2020 (from http://opendata.esri.es/).

In this work, the L-space topology was used to represent the metro so that stations correspond to
the nodes of the graph and the links between stations correspond to the edges of the graph.

Firstly, the most usual coefficients used in the Complex Network Analysis were computed [29].
Furthermore, 2019 boarding data were taken from the Madrid subway website [37].

So that, for the statistical analysis, a matrix with 243 rows which correspond to the Madrid subway
stations considered in this study and 7 columns is developed. These columns correspond to the six
centrality measures used (degree centrality, betweenness centrality, eccentricity, closeness, clustering
coefficient and the eigenvector centrality) and the 2019 boarding data.

http://opendata.esri.es/
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4. Methodology

Once network parameters were calculated, a statistical analysis of them was performed.
The methodology used in this work consists of three parts (see Figure 3). First, the associations
between the centrality measures were searched and analyzed. For that, we used the HJ-Biplot technique
which allows one to interpret simultaneously the position of rows and columns of a data matrix in
a low-dimensional subspace. After that, a cluster analysis was performed to classify metro stations
into homogeneous groups. The Biplot coordinates were used to calculate clusters (K-means method,
Euclidean distance). Lastly, the relationship between these groups and passenger flow, was identified.
For that, an analysis of variance (ANOVA) was used.

Raw data

(243 stations x 
7 variables)

HJ-
Biplot

Cluster
analysis

ANOVA

Figure 3. Flowchart of the approach.

4.1. Hj-Biplot

To find the relationship between the centrality measures, the HJ-Biplot technique has been used.
The HJ-Biplot is an exploratory data analysis method thus, no parametric assumptions are considered.

A Biplot is a joint representation in a low dimensional Euclidean space (usually R2) of the rows
and columns of a matrix X =

(
xij
)

1≤i≤n,1≤j≤p ∈ Mn×p (R), using vectors as points called markers,
a1, . . . , an for its rows, and vectors called markers, b1, . . . , bp for its columns, so that the scalar product
ai • bj defines the element xij of the matrix X [38,39]. These markers are obtained from the singular
value decomposition (SVD) of the data matrix X = UDVT , where the column vectors of U stand for
the eigenvectors of X · XT , the column vectors of V are the eigenvectors of XT · X, and D is a diagonal
matrix defined by the singular values.

The HJ-Biplot is an extension of the classical Biplots introduced by Gabriel [38]: the JK-Biplot
and the GH-Biplot. The JK-Biplot is appropriate for visualizing the similarity/dissimilarity among
row factors because it preserves row metric, while the GH-Biplot is appropriate for analyzing the
relationships among column factors because it is column-metric preserving. In the HJ-Biplot the
coordinates for columns coincide with the column markers in the GH-Biplot and the coordinates for
the rows coincide with the row markers in the JK-Biplot, so that, both markers can be represented in
the same reference system, achieving a good quality of representation for both rows and columns.

The HJ biplot is conceptually similar to the correspondence analysis, but it applies to continuous
data rather than to categorical data.

The rules for the interpretation of the HJ-Biplot are a combination of those used in other
multidimensional scaling techniques such as classical Biplots, correspondence analysis and factor
analysis. Specifically:

(a) The distances among row markers are interpreted as an inverse function of similarities, in a such
a way that closer markers (stations) are more similar; this property is used to identify the clusters
of stations with similar profiles.

(b) The lengths of the column markers (vectors) approximate the SD of the centrality measures.
(c) The cosines of the angles between the column vectors approximate the correlations among the

centrality measures. So that, acute angles indicate high positive correlation, obtuse angles indicate
negative correlation and finally right angles indicate that the variables are not correlated.
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(d) The order of the orthogonal projections of the row markers (points) onto a column marker (vector)
approximates the order of the row elements (values) in that column so, the projection of a point
(station) away from the center of gravity (average coordinate point), the value that this station
takes on the variable is far from its mean (see Figure 4).

Data were analyzed using the software MultBiplot [40].

𝑿𝑰×𝑱
Stations

Centrality
measures

𝑋 = 𝑈𝐷𝑉𝑇

Eigenvectors of 𝑋𝑋𝑇

Eigenvectors of 𝑋𝑇𝑋

𝑋 = 𝐴𝐵𝑇
𝐴 = 𝑈𝐷
𝐵 = 𝑉𝐷

Interpretation

𝒃𝟏

𝒃𝟐

The lengths of the column markers approximate
the SD of the variables

The distances among
row markers are
interpreted as an
inverse function of
similarities

The cosines of the angles
between the column
vectors approximate the
correlations among
variables

The order of the orthogonal
projections of the row markers onto a
column marker approximates the order
of the row elements (values) in that
column.

Figure 4. Phases of HJ-Biplot process.

4.2. Cluster Analysis

A cluster analysis has been employed to identify group membership for each station in this study.
Cluster analysis is a technique to group similar individuals into a number of cluster based on the
observed values of some variables for each individual. In our case, the clusters have been calculated
through the Biplot-coordinates (K-means method, Eucliden distance). K-means [41,42] is a clustering
algorithm very popular for cluster analysis in data mining. K-means is an iterative algorithm that tries
to partition the data set into K predefined disjoint clusters in such a way that each observation belongs
to only one group. The algorithm consists of the following steps:

(1) To fix the number K of cluster to be used.
(2) To initialize the K centroids.
(3) Each station is assigned to the cluster with the nearest centroid. In our case, the distance between

the stations and the centroids is calculated using the Euclidean distance.
(4) To recalculate the centroids for each cluster.
(5) To repeat the process until the assignments no longer change.

4.3. ANOVA

Analysis of variance (ANOVA) is a statistical technique which is used to check if the means of
two or more groups are significantly different from each other. To do this, it uses the F-distribution,
so that the null hypothesis is that the means are equal. Therefore, a significant result means that the
means are unequal. In our case, we were interested in knowing if there are significant differences in
passenger flow between the different clusters.
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5. Results

5.1. Topological Analysis of Madrid Metro Network

Firstly, network parameters introduced in Section 2.1 were computed. Madrid metro network
consists of 243 nodes connected by 280 edges. The diameter of the network is D = 44, therefore
the longest distance between any par of nodes is 44, and the average path length is Lavg = 14.682,
which means people can reach their destination by on average traveling 14–15 stations. The radius of
the network is 22 and the centre is Príncipe Pío station, that means that the maximum distance from
this station to any other on the network is minimal. Moreover, the average clustering coefficient is
C̃CLU = 0.008. The most important global network indicators are summarized in Table 1.

Table 1. Summary statistics of network indicators.

Network Indicator Value

Number of stations, N 243
Number of links, M 280
Network diameter, D 44
Radius, r(G) 22
Average shortest path, L 14.682
Clustering coefficient, C̃CLU 0.008
Entropy, E 5.431
Modularity, Q 0.875
Number of communities 15
Assortativity 0.296

To inspect and analyze network parameters, we applied the HJ-Biplot to our 243× 7 data matrix,
using only centrality measures variables. The first three axes of the HJ-Biplot analysis explain 86.27%
of data variability, achieving 54.406% in the first principal plane (Table 2). From the results shown in
Table 2, it can be deduced that there is a dominant axis (axis 1) that takes 54.406% of the total inertia
of the system. This axis is characterized by the variables degree centrality, eccentricity, closeness and
eigenvector centrality (Table 3).

Table 2. Eigenvalues and explained variance.

Axis Eigenvalue Explained var. Cummulative var.

Axis 1 789.976 54.406 54.406
Axis 2 263.913 18.176 72.582
Axis 3 198.745 13.688 86.27

In Table 3 the contribution of each factor to the element is shown. The variables that characterize
axis 1 (variables that receive a strong contribution of axis 1 and low in axis 2 and axis 3) are: degree
centrality, eccentricity, closeness and eigenvector centrality. The variable that characterizes axis 2 is
clustering and finally the one that characterizes axis 3 is betweenness.

Table 3. Relative contribution of the q-th factor to column element j.

Variables Axis1 Axis2 Axis3

Degree centrality 688 65 48
Eccentricity 567 353 44
Clustering 346 317 169
Closeness 718 196 46
Betweenness 412 0 508
Eigenvector centrality 534 159 6
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The factorial graph of the plane defined by axis 1 and 2 is shown in Figure 5. The variables with
the greatest variability on the first axis are degree centrality, eccentricity, closeness and eigenvector
centrality (its associated vectors have the highest length). Degree centrality, closeness and eigenvector
centrality characterize the positive side of axis 1 while eccentricity characterizes the negative side.
So, the stations located on the left side of the factorial plane are characterized by having high eccentricity
values (they project far away in the direction of the vector eccentricity). For instance, stations Arroyo
Culebro, Henares, Las Suertes have the highest values in eccentricity. In contrast, the ones on the
right side have very low values in eccentricity , this is the case of stations like Puerta del Ángel
and Noviciado.

Figure 5. HJ Biplot representation on the main first plane.

In addition, those that are located in the first quadrant have high values in closeness because
they project far away in the direction of the vector closeness. This is the case of stations like Plaza
de España, Príncipe Pío, Noviciado and San Bernardo. Finally, the stations that are located on the
right side of the fourth quadrant are those with the highest values in clustering, degree, closeness and
eigenvector centrality. Examples of these stations are: Callao, Diego de León, Tribunal, Av. de América
and Alonso Martínez.

This analysis also shows that closeness and eccentricity are strongly negatively correlated
(flat angle). In addition, there is strong correlation between degree, clustering and eigenvector centrality
(acute angles).

It is interesting to analyze the plane defined by axis 1 and 3 to identify the stations with the
highest betweenness value (see Figure 6), since in the plane 3 the representation of betweenness is
optimal (Table 3). Thus, stations with the highest values in betweenness are: Av. de Ámerica, Alonso
Martínez, Príncipe Pío and Gregorio Marañon.

To perform the cluster analysis, the coordinates obtained from the HJ-Biplot were used.
The algorithm used was the K-means and to define similarity among different objects the Euclidean
metric was chosen. Three clusters were formed with the different stations (see Figure 7).

These clusters can be characterized as follows:

• Cluster 1 (C1): It consist of 121 stations. Most of them with degree centrality equal to 2 and
some of them with greater degree centrality. They have medium values of eccentricity, closeness,
betweenness and eigenvector centrality. The clustering coefficient for all of them is 0.
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• Cluster 2 (C2): It is formed by 106 stations. They have degree 1 or 2, the clustering coefficient is 0
and also they have the lowest of betweenness, closeness and eigenvector centrality of the subway
network. However, the stations with the highest values of eccentricity are in Cluster 2.

• Cluster 3 (C3): It is formed by 16 stations, all of them belonging to the city center. These stations
have the highest values of degree, clustering, closeness, betweenness and eigenvector centrality.
In addition, they have the lowest values for eccentricity.

Figure 6. HJ Biplot representation on the plane 1–3.

Figure 7. Factorial representation of the HJ-Biplot for clusters, plane 1–2.
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Figure 8 shows different bloxplots for each centrality measure and for each cluster. It can be seen
how the stations in cluster 3 have the highest values of degree, clustering, closeness, betweeeness and
eigenvector centrality while stations in cluster 2 have the highest values of eccentricity.
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Figure 8. Centrality measures boxplots. (a) Degree; (b) Eccentricity; (c) Clustering; (d) Closeness; (e)
Betweenness; (f) Eigenvector Centrality.

The spatial distribution of clusters is shown in Figure 9. Specifically, C3 contains the main central
district, C1 is located beside C3 area and C2 is located on the edge of the city.

40.3°N

40.35°N

40.4°N

40.45°N

40.5°N

40.55°N

3.8°W 3.7°W 3.6°W 3.5°W

Figure 9. Spatial distribution of clusters. In red the Cluster 2 stations, in green the Cluster 1 stations
and in blue the Cluster 3 stations.

One way ANOVA was implemented to assess whether there are significant differences in the
passenger flow between the different clusters. The results referring to the ANOVA analysis are
presented in Table 4.
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Table 4. ANOVA analysis of the flow passengers.

Mean Standard Deviation

Global 2,882,126.11 3,080,341.64
Cluster 1 3,299,972.89 2,715,313.06
Cluster 2 1,518,573.90 790,653.57
Cluster 3 8,981,036.46 6,606,708.17

The global mean of passengers per station in 2019 is 2, 882, 126.11. There are significant differences
between the clusters (F = 52.19, p = 0.00). In this way, the highest average boarding count is obtained
in Cluster 3 (8,981,036.46 passengers) followed by Cluster 1 (3,299,972.89 passengers) and finally
Cluster 2 (1,518,573.90 passengers). This implies that the stations in the city center have on average a
higher number of passengers than those that surround them, and these ones have on average more
passengers than the suburbs.

To analyze which centrality measures are more related to the number of passengers, the Pearson’s
correlation is calculated. Pearson’s correlation coefficients of the centrality measures and boarding
count are shown in Figure 10. From the figure, it can be deduced that there is a positive correlation
between degree centrality and boarding count. For the rest of the centrality measures the correlation
is low, and in the case of eccentricity is negative. This figure also confirms the relationships found
between the centrality measures using the HJ-Biplot.
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Figure 10. Pearson’s correlation coefficients of the centrality measures and boarding count.

5.2. Analysis of Vulnerability

A basic study on the robustness of Madrid metro network was presented in [29]. In addition,
in this work we analyzed the communities that exist within Madrid metro network using the concept
of modularity. Transit operation zones in transport networks can be identified through communities [5].
In transport networks with high modularity, stations in the same community have dense connections
but sparse connections between stations in different communities. This implies that flow of passengers
is more efficient within each community than between communities.

As many as 15 communities were identified in Madrid metro network (see Figure 11). The modularity
is high (Q = 0.875); it results in Madrid metro network being robust against breakdowns.

In Table 5, the distribution of stations per community and line is shown. The excessive size of
some lines in Madrid metro network leads to their fragmentation in various communities. For example,
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note that Lines 9 and 12 are clearly divided between two communities, and stations of Line 5 are
approximately equally distributed between four communities. This potentially can lead to some
robustness problems in the network, specifically in those most peripheral stations.

On the other hand, Madrid metro network is slightly degree assortative since r = 0.296 (note that,
this coefficient ranges from −1 (disassortative network) to 1 (assortative network))

Figure 11. Communities in Madrid metro network.

Table 5. Distribution of stations per community and line.

L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12

Community 1 0 12 0 7 5 5 1 0 5 0 0 0
Community 2 0 0 0 0 7 0 17 0 0 0 0 0
Community 3 18 0 0 0 0 4 0 0 0 0 0 0
Community 4 0 0 0 0 1 0 0 0 0 8 0 14
Community 5 7 3 0 0 0 6 5 1 0 4 0 0
Community 6 4 0 0 2 0 0 0 0 0 15 0 0
Community 7 4 5 6 4 6 3 0 0 0 4 0 0
Community 8 0 0 0 0 0 0 0 7 11 0 0 0
Community 9 0 0 8 0 0 3 0 0 0 0 7 0
Community 10 0 0 0 0 0 0 0 0 0 0 0 14
Community 11 0 0 0 0 7 7 0 0 0 0 0 0
Community 12 0 0 0 0 0 0 0 0 13 0 0 0
Community 13 0 0 4 0 6 0 0 0 0 0 0 0
Community 14 0 0 0 10 0 0 0 0 0 0 0 0
Community 15 0 0 0 0 0 0 7 0 0 0 0 0

6. Conclusions and Future Work

In this paper, Madrid metro network has been analyzed using not only complex network analysis
but also multivariate statistical methods. Through complex network theory, the main structural
and topological properties of Madrid metro network has been obtained as well as its robustness
characteristics. Furthermore, statistical methods have allowed us to analyze the relationships
between the centrality measures used in this work and also to evaluate stations according to their
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centrality. Specifically, the HJ-Biplot method has been used because of its advantages when inspecting
multivariate data matrix. Using the coordinates obtained from the HJ-Biplot, a classification of the
stations according to their centrality measures has been carried out. As a result of HJ-Biplot analysis,
positive correlation has been found between degree and clustering, degree and closeness, degree and
betweenness and degree and eigenvector centrality. Instead, closeness and eccentricity are strongly
negatively correlated. This implies that to classify the stations it would not be necessary to use all
centrality measures. From the Cluster analysis we have obtained a classification of the stations
according to their centrality measures in accordance with their remoteness to the city center. Three
clusters have been found so that, the stations farthest from the city center have the lowest centrality
measures and belong to a cluster, those located around the city center have medium values and belong
to another and those from the city center have the highest values and belong to the other one. Finally,
an ANOVA analysis was performed and the relationship between the centrality measures of a station
and the flow of passengers of the station has been demonstrated. From the Pearson’s correlation
analysis it was found that the most central stations are those with the highest passenger flow.

Regarding the robustness analysis, Madrid metro network has a highly agglomerated community
structure. On the other hand, the excessive length of some lines of Madrid metro network leads to their
division between some communities. Although this is an usual characteristic of these transportation
networks, it can result in some robustness problems that affect most peripheral stations.

In this work, the importance of Complex Network Analysis and Statistics has been highlighted
when offering sustainable solutions. There is no doubt about the vital role that transport networks play
in the development of smart cities and how the above techniques can help to achieve this. However,
they are not only useful in this area, but they can also be applied to other areas of science in the context
of Applied Sciences.

In future works, the robustness of Madrid metro network will be analyzed in more detail. For this,
the passenger flow which would be affected by a possible failure in the network will be taken into
account. In addition, other factors such as socio-demographic and land-use factors, will be introduced
in the study, so that the relationships between them and centrality measures can be analyzed.
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