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Abstract

In this paper we show how Weil's theory of near points yields a new light on the classical ap-
proaches to the study of the differential invariants of a sheaf of tangent vector fields. We give
conditions for the existence of invariant derivations for a sheaf of tangent vector fields, which allows
to apply Lie’s algorithm to obtain new differential invariants as quotients of Jacobian determinants
of known ones. We give sufficient conditions for the asymptotic stability of the symbol of a sheaf of
tangent vector fields and prove our main result, a finiteness theorem for the differential invariants of
a sheaf of Lie algebras which simplifies and improves on the treatment given in J. Differential Geom.
10 (1975) 249-416.
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1. Introduction

A jet of a smooth manifold/ can be defined as an idgabf C°°(M); namely, the jets
of M are the kernels of the Weil-points of M, whereA is a Weil algebra. The advantage
of this definition is that prolongations, tangent structures, and all related processes can
be defined in terms of the ring of smooth functionsif which makes them much more
simple and natural. This presentation of the theory of jets was made in [18] for the classical
higher order Grassmann bundles and in [1,10,14] for the general case.
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As tests to investigate how this point of view can be used in classical problems which
have been treated usually from Ehresman’s theory of jets, we applied it to some topics such
as Lie pseudogroups [11,12], formal integrability [13] and the problem of the reduction of
some systems of partial differential equations to first order systems with only one unknown
function [3]. The present paper is another test of our theory, and the main result is a finite-
ness theorem for the differential invariants of a sheaf of Lie algebras (Theorem 19). Our
result simplifies and improves on the corresponding theorem in [4].

In order to fix the notations we begin by summarizing, without proofs, some of the
relevant material on [10].

A Weil algebrais a finite-dimensional local ration&-algebra. For example,

RY =Rx1, ..., xml/(x1, .o, X)L,

the ring of Taylor expansions im variables, truncated at the ordetis a Weil algebra.

Let A be a Weil algebra; ar -point of the smooth manifold/ is a morphism ofR-
algebrasp : C*(M) — A [19]. The set of allA-points of M is a manifoldM*. The
tangent space td&/4 at p# can be identified canonically with the set of derivations from
C>®(M) into A, whereA is aC>(M)-module via the morphismp4.

When p4 is an epimorphism, it is said to goperor regular; the set of all the regular
A-points of M is an open subseif 4 of M4,

The kernel of each morphisp® € M4 is an idealp? of C>(M), called thejet of
p4; the set of all these kernels is a new manifald, M. There is a canonical projection
ker:M* — JAM which makes ofi7* a principal fibre bundle over M whose structure
group is AutA) (see [1]).

In this paper we restrict ourselves to Weil algebras of the type R, ; we will write

m?

M}, instead ofMEn, andJ M for the corresponding space of jets. In order to simplify the
writing, we will suppose tha¥ is fibred over ann-dimensional manifold, and we will
replace the whole jet spadk M by the open subset‘ M of the “jets of sections” of the
fibre bundler : M — X. The caseg = 0 and¢ = —1 will correspond tay andX, respec-
tively. If ¢ >r, 7°:J*M — J"M is the natural projection, and th¢h source projection
will be denoted byr’. If p* € J*M, for eachr < ¢ we will write p” instead ofrf(p),
when no confusion can arise.

In [10] we show that each jgt’ € J*M can be understood as an algebra homomor-
phism fromC> (M) onto C*°(X)/m‘*L, wherex = ¢ (p*), whose restriction t@>(X)
is the natural homomorphism on&@™ (X)/m*1. There is a canonical bijection between
such morphisms and®M. Thus, the Taylor imbedding‘*" M — J” (J¢M) allows us to
consider each jei‘*" € J"(J*M) as a morphism fron€>(J*M) onto C*®(X)/m/*+1;
this fact will be used along the whole paper. We will use the same notgftishen we un-
derstand this jet as an ideal 6f° (M), namely, the kernel of the algebra homomorphism
ptiC®(M) — C®(X)/mitl,

Ajet p¢ e J'M is regular with respect to a subringl of C*° (M) if its restriction to.A
remains surjective; obviously, each jet is regular with respe€PtgXx).

Letpt e J¢M; the kernel of the projectioff, . JtM — T, X induced by the source map
is calledvertical tangent spacand denoted by, J¢M. In [10] this space is canonically
identified with theC*°(M)-module

Dercsx) (C® (M), C*°(X)/mET);
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the spaceD,«J*M, kernel of the projectio,c J*M — V,.-1J*"1M, is canonically iso-
morphic to the submodule of the derivations with valuesnifym{*1; from here in a
straightforward way follows the isomorphism

Qe M~ S'T}HX) ®r VyoM.

2. Formal derivations

Definition 1. By a formal derivation over a fibre bundle: M — X we mean amR-
derivation fromC>(X) into C®(J¢M), £ > —1.

y Each R-derivation @ : C®(X) — C®(J‘M) can tge understood as a smooth map
®:J'M — T X whose value ap’ € J*M is the vectom (p*) € Ty, (,0,X such that

(®(9)g = (P2 (p")
for each functiorg € C*°(X).
Given a formal derivatio® : C*®(X) — C*®(JM), for eachs > —1 we can define a
mapping
@(Z+S+l) : COO(JZ+SM) N COO(J€+S+1M)

by

(@(f-‘rs-‘rl)f) (pf-'rs-'rl) — é(pf)(f(pe"rs“"rl))
foreachf e C>®(J*+ M), wherep‘+s*1is considered as an algebra homomorphism from
C>®(J¢S M) onto C°°(X)/m72T(p0) via the Taylor imbedding/‘ts+1pm < J1(J¢S M)
and @ (p%) as a derivation frorrCOO(X)/m;‘;(po) into R. Each formal derivation® e

Defr (C*®(X), C>®(JtM)) defines, in this way, a derivation fro@>°(J*+$M) into
COO(J€+S+1M).

For each jep‘™+1 € J*+T1)1 we denote byp,+.+1 the vector of the tangent space
Tpers J*H M defined as

(ppé+s+1 — @(pe) ° p€+S+l’

where the jep**s*1 is considered as a morphism fraff?® (J ¢+ M) ontoC“(X)/mjo(po)
via the Taylor imbedding. It is obvious that for eath< s the surjective submersion

L+s . pl+s L+k i C4+k+1 _ _C+s+1, (4541
T T M — JEM maps®eesen INGO @eirr, Wherep Ht = g 200 (ptHe ),

Remark 2. We will use the same notatio@ for the derivationsp¢+s+1: this way we
simplify the writing. The context will show which one of those mappings we deal with.

Remark 3. For eachp’* e J**1M the mapping

CXUM) — CXO/mE o, f = FETH = F@Y),

i v/ati i i 2
is a derivation with values |mn(po)/mn(po).
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Let U’ be an open subset of and U = 7 ~1(U’), with coordinatesys, ..., y,. €
C®(X), Y1, -+ +s Yms Ym+1, - - -» Yu € C°(M), respectively. The partial derivatives

0
— i C®WUHY = Cc™®WUH, i=1,...,m,
dyi
span Deg (C®(U'), C®(J“HL(U’, U))); when considered as derivations fraie (J¢(U’,
U)) into C®(JHL(U’, U)) they will be denoted by!“ "™V, ..., 85/*P as usual. Thus,

(ai(e-i-l) f) (pe+l) — % (f(p€+l))’ i = 1, e, m,

for each functionf e C*°(J*M). Hence the value of atp’*! can be written as

FETH =09+ 30PN ETH 06" ~ yio").

i=1

whereyio(p?) = yi(r(»%) € R (i =1,...,m), that is to say, each is y; itself, consid-
ered as belonging t6° (J M) via (x¢*1)*. In a similar way, we will use the notation
fo for each functionf € C*°(J*M) when it is considered as belonging@° (J+1M)
via (m{h*.

Proposition 4. The setDerr(C®(X), C®(J*t1M)) is a locally free module over
C®(J**1M) whose rank equals: = dimX. If &4,...,®,, is a local basis, the pro-
longation of the ideal f) of the ring C®(J¢M) to C>®(J**t1M) is locally generated by
fo. @1f. ... @y f, Wherefo=(m; TH*(f).

Proof. In the notations of the above remarkd ... ®,, is a local basis of the module
Derr (C*®(X), C®(Jt+1M)), then
d

m
pi =Y bj®;. i=1....m, bjjeC®(VM).
Vi :
Jj=1

The prolongation of the idealf) of C>®(J¢M) to C*®(J**1M) is locally generated

by fo. 0,V f,..., 85t £ itis clear thatfo, ®1f, ..., @, f is another generator system
for this prolongation. O

Definition 5. If &1...®,, is a local basis of DenC>®(X), C®(J**IM)) and f €
C>®(J'M), the functionsfy, @17, ..., @, f are called theeal componentsf the pro-
longation of f to C*°(J¢+1M) with respect tady, ..., @,,.

Proposition 6. A jet pt*1 e J“*1M is regular over the subringR[fi, ..., f] of
C>°(J*M) if and only if for any coordinate system, . . ., y,, € C>°(X) on an open neigh-
borhood ofr (p°) the following condition holds

det(ai(f+1)fj)(p€+l) 75 0.
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Proof. When we consider the jep‘*! as a homomorphism fron€>(J¢M) onto

C°°(X)/mj21(po), the image of each functiofi, ..., f,, can be written in the form

6 =£094 D0V ) e D i - yiowh). j=1....m.
i=1

Then f1(p*Y) — AA(Y), ..., fu®™Y) — f.(p") is a basis ofnn(po)/mfr(po) if and only if

det(ai(€+l)fj)(p£+l) ;ﬁ 0,
which is our assertion. O
Proposition 7. If f1,..., f,, are functions ofC>(J¢M) such that the open subsitc

JE1IM of regular points oveR[ f1, ..., f] iS not empty, then a local bas&;, ..., D,
of Derg (C®(X), C®(Jt1M)), with

D, fj =dij,
can be chosen without any integration.
Proof. If the open subse&t is not empty and we fix a point @f, there exists a coordinate
systemys, ..., y, € C°(M), in an open subsdf of M, which represent®’ as an open
subset/’ x U”, whereU’ is an open subset of, with coordinatess, ..., y, € C*(X),

andJ“*Y(U’, U) NU is an open neighborhood of the point considered.
For eachp‘tl e J¢+L(U’, U) and f € C*®°(J¢M) we have

FETH = feH =3 @ NETHHETH - £69), j=1...m,
k=1

where the(®; f)(p‘*?) are the coordinates of (p**1) — f(p®) € mn(po)/m;‘;(po) in the

basis{ f; (p*™) — £ ()}1<j<m-
Since

(f - mETH = (- HEH = (FGH = FEO)RGH + GO (G —h(")
for eachf, h € C*°(J*M), the mappings
C®U) — C®(JT U, ), g—djg, j=1,....m,
are formal derivations. If we write
L6 = £ = "0 ) e i - yiowh). j=1.....m,
i=1
for the equations of change of basismp(po)/mi(po), then we have

detA;
. +1\ Lo +1 -
(@i fHp )_—detA ®™), i=1....m,
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whereA = (3“Y £,) is the matrix whoseth row isa{“ ™ 7, ..., 85V f; and 4, is the

matrix obtained by replacing thgh row of A by 8"z, ..., 35"V . It is obvious that
®@; fi =1 and®; f; =0 wheni # j. O

The idea of Lie [7, Vol. I] in order to get a recurrence formula for thet prolongation
of a vector field tangent t3/ is that such a prolongation must leave invariant the contact
system; essentially the same idea can be found in [2], and in [17] a particular case is treated.
In [15,16] the manifoldM is supposed to be a product manifoldx Y, and the proof of
Lie is formalised after a previous study of the prolongations of one-parameter groups. Our
method supposes a notable simplification of the process. The main idea is to consider the
derivation fromC> (M}, R!)) into C*°(M},, R’ given by the prolongatio®® of the
vector fieldD from M to M/, (note that each tangent vector fighiin a manifoldV gives
rise, by derivation of each coordinate, a derivation frofi(V4) into C*(V4), whereA
is an arbitrary Weil algebra); this derivation is completely determined by its restriftion
to C®(M), whenC> (M) is understood as a subalgebra®f (M, R:)). The derivation
DY is projected intaD“~D by definition.
In the notations of the proof of Proposition 7,@@ be the open subset of points©f,
regular oveR[y1, ..., yu1,andJ¢(U’, U) itsimage inJ¢M. Eachf € C®(J¢~1(U’, U))
is an AulR’Y-invariant function ofC> (U4 1); its prolongation off : (U4 1)L — RL
to U!, is the specialization t&/!, < (U4, ™)2,; then, we can write

m
f=rfo+ Y (1) (i = vio). (2.1)
i=1
understood as an identity between functions froif) into R2,,
andy; themselves, considered as functiong£6f (J¢(U’, U)).
If D~V is the prolongation ta/‘~1 of a vector fieldD on M, then, by (2.1) D¢~

associates to eache C*(J“X(U’, U)) c ¢ U4 the function R, -valued)

where fy and y;o are f

DU f =D fo 4+ 3 (52D f0)) (v — yio), (2.2)
i=1

where in the right-hand sidB“~? f; is R-valued. On the other hand, if the second mem-
ber of (2.1) is derived byp® we have

m
DU f = DED £ 3 (DO (B £) (3 — yio)
i=1

+ (09 £)(DEDy, — DEDyg)), 2.3)
where DD fo = (DD f)g and DV yio = (D~ Vy;)o by definition of fo and y;o,

and the functiodD Yy, e ¢ %™, understood as a function fropi!, into R, can
be written as

DDy = (Dyo+ Z(ai(e)(DYk))()’i — Yi0)- (2.4)
i=1
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Replacing eactb“~Ly; in (2.3) by (2.4), it follows that
m m
D f =D fo+ Z(D“) (071)+> 3,»“)(Dyk)8,£e)f> (vi = yi0).  (2.5)
i=1 k=1
and by comparing the expressions (2.5) and (2.2) we get a recurrence formula
m
0D oy = DO (3 1) + Y 8 (Dy3” 1,
k=1
which gives us the coordinates of the prolongation to jet spaces of a tangent vector field

on M. Summarizing, we have

Proposition 8. Let D be a tangent vector field o, y1, ..., y, € C®°(X) functionally
independent functions on an open suliget X; on the open subset of the points/div
regular overR[ys, ..., y,], we have

m
DO (B £) =a{7 (DU fo) = 3" 8/ (D)3 f 2.6)
k=1

for each f € C°(J~1M) (the functionD*~D f4 in the right-hand side iR-valued, as
the other termpg

3. Invariant derivations of a sheaf of vector fields

Definition 9. Let D be a vector field onM and @ a formal derivation belonging to
Derr (C®(X), C®(JM)); the bracket{ D, @} is the formal derivation fronC> (X) into
C*(J*M) defined by

((D. ®)g)(0") = D (Pg) — (D)

for eachp’ € J¢M, g € C°(X), whereDg € C®(M) € C®(J*~1M) with ¢ > 1.

OverC*®(X) we have the bracket defined @3, ®} = D o ® — & o D; we claim that
an analogous equality holds over each algelsftaJ" M), r > 0.

Proposition 10. Let D be a tangent vector field o and @ a formal derivation of
Derr (C*®(X), C*®(J*M)); then the equality
{D,®}=D"" o — o plH

holds over each ring > (J¢*+=1M) (s > 0).

Proof. In the above notations,

3 2 3
@)

D, —t==> 3" Dy)—

{ 3yi} = Yk
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overC*(X). By Proposition 8,

a m
Yi
k=1

as a derivation frone' > (J*~1M) into C*°(J*M). Each formal derivatio® can be written
locally in the form
20
@ = Z(pia— with ¢; € C®(J*M),
i1 Vi
thus

m m
DYod —doD" D =3"(DUp)a" + 3 ¢;(DV 03" — 8" 0 D)
i=1 i=1

m m

=3 (0% - el o))
i=1 k=1
m

=3 (DO@y) - (DY),
i=1
as a derivation fron€>° (J¢~1M) into C*° (J¢ M), which corresponds to the formal deriva-
tion
m

ad
D,y =Y (D (®y) - (Dyi)) 3 -
i=1 !
If for eachs > 0, @ is thought of as belonging to DefC> (X), C*®(J ¢ M)), we can
apply this argument again, which finishes the proafi

Definition 11. By an¢th order differential invariant of a vector field on M we will mean
a first integral of its prolongatio®® to C*(J*M).

Let® e Derg (C®(X), C*®(J*M)) suchtha{D, ®} = 0 andf be a differential invari-
ant of D on J¢=1M; then
0=(D,®d}f =D (®f),
that is, the functior®d f is another differential invariant ab on J*M.
Definition 12. Let £ be a sheaf of vector fields of; a formal derivation® e

Derg (C®(X), C*®(JtM)) is called an invariant derivation of if for each differential
invariant f of £ the function®f is also a differential invariant of .

If f1,..., fm € C®(JtM) are functionally independent, then (ﬁ;‘fﬂ)fj) €
COJ* M) is a polynomial of degree:, in the local coordinate¥,,+x.o (k =1,...,
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n—m, 0< |a| <€+ 1), whose coefficients are linear combinations of Jacobian de-
terminants off1, ..., f,, With respect to the local coordinates it M. When the func-

tion de'(al.(“l)fj) does not vanish the open subset of points/é6f*M regular over
R[f1,..., fin] is not empty. Under this condition, Lie’s algorithm [6, p. 566], [8, p. 747],
gives new differential invariants as quotients of Jacobian determinants of known differen-
tial invariants.

Proposition 13. Let £ be a sheaf of vector fields av. If there is a poinp!*t e J¢+1m
regular over the ring of differential invariants of on J¢M, then there exists an open
neighborhood op‘*! in J¢+1M where it is possible to find, without any integration, a
basis ofDerr (C®(X), C*®(J¢t1M)) formed by invariant derivations af.

Proof. If p*1is regular over the ring of differential invariants 6fon J¢M, then there
are some of themfy, ..., f,, € C®(J¢M), such thap’*! is regular oveiR[ f1, ..., ful.
Proposition 7 associates to the functiofis. .., f,, without any integration, a basis
@1, ..., P, of DeR(C®(X), C®(J*T1IM)) on the open subset of points 1M regu-
lar overR[ f1, ..., fw]. ltremainsto showthab1 f, ..., @, f are differential invariants of
L£onC>®(J“1M), whenf is a differential invariant of. on J¢ M. Sincef is a differential
invariant of £, for each local sectio® of £ we have (by (2.6))

m

k=1

In the notations of the proof of Proposition 7, differentiating by columns the determinants
we have

detA;
(@:f) detA
= Soti? ——[D“*V(det4;) deta — deta; DTV (deta)]
detA2< Z (3P (D)) )[detA,- detA — detA; detA] =0

This completes the proof.O

Remark 14. The conditions of Proposition 13 are satisfied wh&is a sheaf of verti-

cal vector fields forr : M — X, since all points of/‘M are regular oveC>(X) and

the functions of this ring are first integrals gf This is the case for the sheaf of infin-
itesimal transformations of a Lie pseudogroup, vertical sheaf for the source projection
0o MxM—>M.

4, Theorem on finiteness

Definition 15. The symbol ap‘ € J¢M of a sheaf of vector field€ on M is the vector
spaceG";{ =L, N Q,eJ M, whereL, is the value ofC atp’.
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Theprolongationof a subspac&* of S*7*(X) ® V,M is
E'D =[1rX) @ EX]n[s*T T (x) ® V,M],

which can be understood as the space of polynomials belongiSé*TJth*(X) VM
whose first derivatives lie it ¢; the s-prolongation ofE¢ is defined to be the prolongation

of E*6=D . Following Kuranishi [5], if a subspadg’ of S7*(X) ® V, M is given for each
¢>0andE*! c EfD for eache, then there is an integér> 0 such thate‘*+1 = gt

for ¢ > k (in other words, the familyE¢} is asymptotically stable). The following result
gives sufficient conditions for the asymptotic stability of the symbol of a sheaf of vector
fields.

Remark 16. If G";,Z is the symbol ap® of a sheaf’ of vector fields onM, we will de-

note itss-prolongation byGf;(f); for each jetp‘** in the fibre ofp’ this is a subspace of

Qpes JUHM ~ ST TH(X) ® V,, M which does not depend qui™™, but only onp®.

Proposition 17. Let £ be a sheaf of vector fields @, which defines ot * M an involutive
distribution regular with constant rank in a neighborhoodwfe J¢M, and! the ideal of
a germ of maximal integral submanifold fthroughp®. If p*** is an integral jet of the
s-prolongation/* of I in the fibre ofp¢, then we have

lts £(s)
Gp[+s g Gpl .

Proof. According to the definitions, the spacﬁ(f) is the s-symbol atp® of the system
b

of partial differential equations, that is,Gi(é’) is the subspace @@,,¢+ J M whose el-

ements, considered as derivations fraiff (J¢M) into C°°(X)/m§+1, kill the ideal I.
If pt* is an integral jet of the ideal®, then each functiory e I vanishes ap**,
when p‘* is thought of as a jet off*(J¢M), that it to say, arR-algebra homomor-
phism fromC> (J¢M) onto C*(X)/m‘*1. SinceD®1 C [ for all D € L(M), we have
(DO fHptt)=0forall f el.

Each vectoerféij) € Gﬁﬁs is the value ap’** of a vector fieldD € £(M), namely, it
is a residue class of the derivation

p€+s ° D(D COO(JKM) N C°°(X)/m}+l, f - (D(Z)f)(pe+5)’

with respect to the submodule of derivations which annihilate the i€l the kernel
of the homomorphisnp‘**, where D is the prolongation ofd to J¢M andp‘*s e
JS(JM). Each derivation fromC>®(J¢M) into C®(X)/m$*1 whose residue class is
D;ﬁf) differs fromp‘*+s o D® in a derivation which annihilates the idgél™ € J5(J*M),

hence it kills the ideall sincep* is an integral point of/*; and we conclude that
pYMeG!Y. o
pt p

Remark 18. Proposition 17 holds, in particular, whehis a sheaf of Lie algebras ovf,
on the open subset df M, where£ has maximal rank.
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The differential invariants of a sheaf of Lie algebras form a sheaf of regular rings on
the open subset of ‘M, where £ has maximal rank. If there exists an integgr> 0
such that this sheaf has nonconstant sectiong ferg, then the same holds fdr> £g,
becaus& > (JM) € C*®(J*M) and the first integrals of in JM are first integrals of
Lin J¢M, too. In general, the dimensions of the regular rings of differential invariants do
not get stationary; our next result provides local basis of these rings from a local basis of
differential invariants of a certain order and their invariant derivatives.

The finiteness theorem for a sheaf of vector fieldsMdbrlepends only on the fact that
L verifies the conditions of Frobenius’ theorem and the existence of a basis of formal
derivations which are invariant derivations 6y because the stability of the symbols of
higher orders is granted by Proposition 17. For simplicity we state it for a sheaf of Lie
algebras.

Theorem 19 (Theorem on finitenessl.et £ be a sheaf of Lie algebras aif such that

there exists an open neighborhoodydfe J¢M, where L is regular with constant rank
dimJ¢M — s, > 0, and let{p***},>0 be a family of jets ovep’, where the symbol of
atpt*sis Gf;jjs = Gf;(j). If the moduleDerg (C*(X), C*°(J¢M)) has a basis of invariant
derivations of£ on an open neighborhood ¢f, then £ is regular with constant rank

in an open neighborhood of eagti™* and the ring of differential invariants of in this
neighborhood is generated by the real components, with respect to a basis of invariant
derivations ofZ, of the prolongation ta”> (J¢* M) of a basis of differential invariants of
LonJ‘M.

Proof. Let Jl(e), Js(f) be a local basis of the ring of differential invariants 6f
in an open neighborhood qoff € JM and &, ..., ®,, a local basis of the module
Derr (C®(X), C*®(JtM)), whered; are invariant derivations fof. We first show that

4 4 £
IO 0 0100 0O @0 0y d P

e
generate the ring of differential invariants®in an open neighborhood pf+1 € J¢+1p1.

Between the functions/\”, ..., /¥ @100 ... 010" . 0,00, . @,
there are diny“+1ym — dimL,.+1 functionally independent in an open neighborhatd
of pt*1, since

(@170, . D, I

ank (le) —dimQ, 741 — dimGt®
0(Ym+Lamirs -+ s Ynoay) p pt+l
for|ai|=¢+1 (becaus«{;e(l) is the symbol 0(](& J(f)) at €+1) and
= pt+l y s Iy p ,

dimJ M —dim L ein = dim 7 M + dim Q127 M — dim L e — dim Gf;(}jl

by hypothesis.

Choosing/ smaller if necessary, we can suppose thattbim: > dimL,.+1 for each
q“™ e U. The canonical projection maps the vector subspadef /M annihilated
by

del Jl(e), o, dp/z+1./,(e) dlerl@DlJ{e), o, dpzz+1¢m Js(f)

s
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(D).

Wi since the sequence

ontoL,. with kernelG

1)

0—> G,
p

— Lpu—i — Lpz —0

is exact, this subspace equdlg..1. For eachq“* the subspace of,:+1/“*tM anni-

hilated by the 1-formsiq4+1j(€), ...,dqus(f),qulq?lJ“), ...,dqm@mjs(f) contains
L 4e+1 and its dimension equals dif,+1 hence

dim qu+1 =dim Lpu_i,
that is to say/L is regular with constant rank i and the functions

IO 0 0000 0,0 0P

S¢ S¢

generate the ring of differential invariants gfin /. The proof is completed by recur-
rence. O

We write 3¢(M) for the open subset of invertible jets af (M, M x M), that is to
say, the open subset of regular jets over the rieigs> (M) and8*C>° (M), wherex and
B are the source and target projection, respectively (see [11]). Each Lie pseudogroup of
transformations ofVf is a solution of a nonlinear Lie equation a@d, and its infinitesi-
mal transformations are vector fields #hwhich generate local one-parameter groups of
transformations belonging to a Lie pseudogroup. These infinitesimal transformations form
a solution sheaf of a linear Lie equation; when this linear Lie equation is completely inte-
grable the Lie pseudogroup is regular. From Theorem 19 it follows the finiteness of a basis
of differential invariants of a regular Lie pseudogroup, because the remark after Proposi-
tion 13 guarantees the existence of a local basis of invariant derivations for the sheaf of its
infinitesimal transformations.

Corollary 20 (Lie). Let £ be the sheaf of infinitesimal transformations of a Lie
pseudogrougP of transformations of a manifolgif, integral sheaf of a linear Lie equation
HY c J*T M, whose prolongation#/ ¢+ are subfibre bundles of‘**T M for eachs > 0.
For eachg € P and p € Domg there exists an integefip = Zo(jf;w) > ¢ such that, for
eachs > 0, the real components of the prolongation@s° (3‘**(M)) of a basis of the
ring of differential invariants of£ in an open neighborhood qff;"(p e Jlo(M)) form a
local basis of the ring of differential invariants @fin 3¢+ (M).

Remark 21. The study of differential invariants, on the manifoldsM, of a regular Lie
pseudogroup is a particular case of the theory for a sheaf of Lie algebras developed here.

5. Finite-dimensional Lie algebras

In the following result we give conditions for the existence of a basis of invariant deriva-
tions of a Lie algebra.
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Proposition 22. Let L be a finite Lie algebra of vector fields ai and J¢ M a jet manifold,
where L (prolongated to this jet spagdas at some point maximal rank=dimL. If

the ring of differential invariants of. contains nonconstant functions, then in the open
subset off M, whereL has rankr, Derr (C*®(X), C*(J¢M)) has local basis of invariant
derivations ofL.

Proof. Leti{, be the open subset of' M, whereL has maximal rank. By hypothesis
we haver < dimJ¢M. For eachp’ € Uy, let us choose an open neighborh@dof p = p°
in M and a coordinate system, ..., y, € C°°(M) which represents it as an open subset
U’ x U”, whereU’ is an open subset &f, y1, ..., yu € C*(X), andJ*(U’, U) contains
an open neighborhood ¢f in ;.

A sufficient condition for@ to be an invariant derivation af is that{D, @} = 0 for
everyD < L; if we write this equation in local coordinates we obtain

DY (®y) —d(Dy)=0, i=1....m

To solve this system of partial differential equations we introdB€eas a space of
parameters, with coordinatés, ..., A,,. On the manifold/¢(U’, U) x R™ we take the
formal derivationsp = >"" ; A;(9/dy;), and the vector spac&, generated by the vector
fields

m
DO 4 Zq)(Dy,)— with D e L.
i=1

The Lie bracket of two vector fields o is

m m
9 y 9
[DW +_ Dy D'V ) :cD(D/yj)—M]
l P— J
j=1

i=1

m
=0, D1+ DO(@(D'y))

P A ;
0 0
_ D’ d(Dv:))—
j=1
m
3D (D'y;)) , dd(D'y))\ @
& (Dy;))——L — (D' y;) ———L2 ) — .
+,-,-Z:1( (Dyi) = e TV FTY

From (2.6) it follows that

m
p® (<1>(D’yj)) — D(Z)(Z)‘kalgg)(D,yl ) Z)\kD(e) 8(5)(D yj ))

k=1

=> h (a,ﬁ“(D(D’yq) -~

k=1

m
a(“(Dy,»)a“)(D’y,-)>
i=1
m
oD (D’
—Zxka (D(D'y))) Z 7( y))

l
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and therefore

9 " 9

DY § ®(D D'V oDy

[ + (Dy;) an +. . ( y-’)axj
j:

i=1

m
d

— [D(D, D/(Z)] + Zé([D’ D/]yj)K

j=1 !

that is to say/’ is involutive onJ¢(U’, U) x R™.
If D1,...,D, is a basis ofL, each vector fieldD € L is a linear span, with scalar
coefficients,D =, a; D, then

d
DY +;¢(Dy, Za,<D“> +Zq>(1),y, 7 )
Consequentlyf’ is regular with rank:.

The ring of first integrals of’ is locally generated by the differential invariantslofn
JEM andm functionsJy, ..., J,, whose Jacobian determinant with respectio..., A,,
does notvanish. If we solve the systdfn=1, J; =0,k # i, we obtaimy = ¢;1, ..., A, =
©im, Whereg;1, ..., p;m are smooth functions in an open subset/é#/; in this open
subset, then formal derivationspy, ..., @, defined by

are a local basis of DRKC>®(X), C*®(J*M)) and eachd; satisfies|D, ®;} =0. O

Remark 23. Let I be the ideal of a closed submanifgRf of J¢M invariant by L. If

the open subset of* M, whereL has rank- = dim L is not empty, around each point of

it we can choose some differential invariaifis ..., Fy of L on J*M, as local genera-
tors of the system of partial differential equatiohsThe prolongation of the idedl to
C>®(J“S M) is not, in general, a regular ideal. However, according to Proposition 22 there
is in Derg (C*®(X), C*®(J¢M)) alocal basis of invariant derivatiods, . . ., &,, of L, and

by Proposition 4 theth prolongation of the ideadl is locally generated by, ..., F; and

their derivatives up to orderwith respect taby, ..., &,,, that is, by differential invariants

of L in C®(JtM).

Remark 24. In the proof of Proposition 22’ is involutive sinceL is involutive. How-
ever, the equality rank’ = rankL follows from the fundamental fact thdt is a finite-
dimensional Lie algebra. Indeed,if = 3"";_; «; D;, where the coefficients; are non-
constant functions, then
m
D+ 3" b(Dy) -
i=1

_Za] (Dw) +Z¢(D,y, ) +Z<Z¢a,(D,y,)) ai

i=1\j=1

oA
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and the rank o’ can be greater than the rank bfon J¢M, contrary to Ovsiannikov’s
assertion in his Theorem of [16, p. 326]. With this method some invariant derivatidns of
can be obtained, but in general it does not provide a local basis of formal derivations.

Remark 25. Let L be anr-dimensional Lie algebra, and> 0 the first integer such that
L has maximal rank < dimJ¢M on J*M. The symbol ofL is G‘T*+1 = G100 =0

at each jetp‘ 1 ¢ J“*+1M (k > 0) over a jetp € J°M, where dimL,c = r. From
Proposition 22 and Theorem 19 it follows that each differential invariaitigfa function

of differential invariants of ordet + 1 and those which are obtained by invariant deriva-
tions. A basis of differential invariants of ordérand their invariant derivations give all
differential invariants of a basis of ordér- 1, except those belonging to a regular ring of
dimension dinG*®,

6. Examples
To illustrate our general theory we include two examples.

6.1. A finite-dimensional Lie algebra

Let us consider the canonical projectimﬁx_u) — R¢) and use the notation; for

the coordinate i/ ‘R? which corresponds to the derivativéu/dx¥. Let L be the three-
dimensional Lie algebra generated by the vector fields

D d D ad D d n d
= —, = —, =x— +u—.
YU TP hw TP e T
Using formula (2.6) we have that the prolongatioriofo J1R? is generated by
@_ 9 @w_ 39 w_ 9 9
pP==. pP=— DP=x—tu_
1 ax 2 ou 3 * 9x tu ou

hence its rank equals 2 on the open suligetwherexu # 0; for £ > 2, the prolongation
to J¢R? is generated by the vector fields

ad d
D' =gt DY =L Y- u
ax ou ax u i ou
hence its rank is 3 on the open subgktgiven by the conditiorxu...u; # 0. Conse-
quently,G“;K =0 for eachp’ € U, if £ #2, Whereast_2 is the vector space spanned by

(9/9u2),2 for eachp? e Us. Thus, the symba;¢ is stable fort > 3.

From the form of the generators of the prolongationiofo J‘R? it follows that u1
generates the rings of differential invariants of orders 1 and 2,:ands that of or-
der 3. If¢£ > 2, Proposition 13 guarantees the existence of a basis of the module of formal
derivations Deg(C°°(R), C*®(J¢R?)) formed by invariant derivations fak, hence the
differential invariants of order 3 are a basis of the ring of differential invarianfs. &fs-
ing the formulas from the proof of Proposition 13, we have that£far2, 9 /u; is an
invariant derivation of., whered®) denotes the total derivative with respecito
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Remark 26. Observe thaG1™® # G2; according to the dimension count which appears in
the proof of Theorem 19, does not have any differential invariant of second order.

6.2. The classical example

The following example, due to Lie [9], was treated by Tresse, Kumpera, and other au-
thors (see [4] and references therein).

Let us consider the trivial bundl[@f’ o~ RZ ) defined by the natural projection.
In order to simplify the writing we will use the classical notations for the coordinates in
the corresponding jet spaces, that{is, v, z, p, ¢} in J1R3 and those and, s, 7 in J2R3.
When we deal with jets of higher ordeZy,, ) will be the coordinate corresponding to
3 tkz /(ax"9yk). Finally, aﬁ“ and aﬁ‘) will denote the total derivatives with respectto
andy.

Consider the sheaf of Lie algebrddocally generated ifR3 by the vector fields of the
form D = f(x)(8/9x) — zf'(x)(9/8z), where f is any smooth function of. According
to formula (2.6), we have

9 9 a9 9
D(l): g e 2n— I — 1,
Tox f(za T +qaq> ! <Zap>
9 9 9 9 9 9
D@ = —fz—+2p—4+g—+3r—+2 —
I ox f(a+pa+qa+ra+as+at

0 0 0 0
_ 1 . 3 e e _ " e .
f (Z8p+ p8r+q8s) ! <Z8r)

The ¢th prolongation ofD has the form

41
14 k
DY — £~ Z f( )Dk’
whereD{, .. k+1 do not depend orf and the first term oD‘ is z(3/0Zk-1,0)); con-

sequently, in the open subskt of J¢R3, wherez # 0, £ is regular with ranke + 2.
Furthermore, if¢ > 1 the expression of the field®) shows that, for each’ € Uy, the
symbolGﬁl is spanned by the value pt of 9/90Z,0), which guarantees the stability of

Glfore>1

An easy calculus shows that=y, v = g/z generate the ring of differential invariants
of order 1; there are points dii; regular overR[u, v], because the determinant of the
matrix

8(2),u 8(2)
B <a§2>u 82y )
is different from zero at each point of an open subsa/afThus, according to Proposi-
tion 13 there exists a basis of the module P& (R?), C*°(J2R3)) formed by invariant
derivations of£ and, according to Theorem 19, the differential invariants of order 2 are a
basis of differential invariants af. But in this case we can omit this argument and obtain,

by a simple calculus, a basis of invariant derivations of first order. In fact, a sufficient con-
dition for a formal derivationd : C*®(R?) — C*°(J2R3) to be an invariant derivation for
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L is that{D, ®#} = 0 for each sectioD of L; if we write D = f(98/0x) — f'z(9/9z) and
® = 11(9/3x) + A2(8/9y), we have

d d
{D, @} =(DPr1 = rf)— + DPro—,
ax dy
and one can see easily that
d 10
=—, Py =——
ay z 0x
is the basis we were looking for. Thus, Theorem 19 gives that the differential invariants of
first order ofL are a basis.

Dq
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