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Abstract

In this paper we show how Weil’s theory of near points yields a new light on the classic
proaches to the study of the differential invariants of a sheaf of tangent vector fields. W
conditions for the existence of invariant derivations for a sheaf of tangent vector fields, which
to apply Lie’s algorithm to obtain new differential invariants as quotients of Jacobian determ
of known ones. We give sufficient conditions for the asymptotic stability of the symbol of a sh
tangent vector fields and prove our main result, a finiteness theorem for the differential invari
a sheaf of Lie algebras which simplifies and improves on the treatment given in J. Differential G
10 (1975) 249–416.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

A jet of a smooth manifoldM can be defined as an idealp of C∞(M); namely, the jets
of M are the kernels of the WeilA-points ofM, whereA is a Weil algebra. The advantag
of this definition is that prolongations, tangent structures, and all related process
be defined in terms of the ring of smooth functions ofM, which makes them much mo
simple and natural. This presentation of the theory of jets was made in [18] for the cla
higher order Grassmann bundles and in [1,10,14] for the general case.
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As tests to investigate how this point of view can be used in classical problems
have been treated usually from Ehresman’s theory of jets, we applied it to some topic
as Lie pseudogroups [11,12], formal integrability [13] and the problem of the reducti
some systems of partial differential equations to first order systems with only one unk
function [3]. The present paper is another test of our theory, and the main result is a
ness theorem for the differential invariants of a sheaf of Lie algebras (Theorem 19
result simplifies and improves on the corresponding theorem in [4].

In order to fix the notations we begin by summarizing, without proofs, some o
relevant material on [10].

A Weil algebrais a finite-dimensional local rationalR-algebra. For example,

R
�
m = R[x1, . . . , xm]/(x1, . . . , xm)�+1,

the ring of Taylor expansions inm variables, truncated at the order�, is a Weil algebra.
Let A be a Weil algebra; anA-point of the smooth manifoldM is a morphism ofR-

algebraspA :C∞(M) → A [19]. The set of allA-points ofM is a manifoldMA. The
tangent space toMA at pA can be identified canonically with the set of derivations fr
C∞(M) into A, whereA is aC∞(M)-module via the morphismpA.

WhenpA is an epimorphism, it is said to beproperor regular; the set of all the regula
A-points ofM is an open subseťMA of MA.

The kernel of each morphismpA ∈ M̌A is an idealpA of C∞(M), called thejet of
pA; the set of all these kernels is a new manifold,JAM. There is a canonical projectio
ker :M̌A → JAM which makes ofM̌A a principal fibre bundle overJAM whose structure
group is Aut(A) (see [1]).

In this paper we restrict ourselves to Weil algebras of the typeA = R
�
m; we will write

M�
m instead ofMR

�
m , andJ �

mM for the corresponding space of jets. In order to simplify
writing, we will suppose thatM is fibred over anm-dimensional manifoldX, and we will
replace the whole jet spaceJ �

mM by the open subsetJ �M of the “jets of sections” of the
fibre bundleπ :M → X. The cases� = 0 and� = −1 will correspond toM andX, respec-
tively. If � � r, π�

r :J �M → J rM is the natural projection, and the�th source projection
will be denoted byπ�. If p� ∈ J �M, for eachr � � we will write pr instead ofπ�

r (p
�),

when no confusion can arise.
In [10] we show that each jetp� ∈ J �M can be understood as an algebra homom

phism fromC∞(M) ontoC∞(X)/m�+1
x , wherex = π�(p�), whose restriction toC∞(X)

is the natural homomorphism ontoC∞(X)/m�+1
x . There is a canonical bijection betwe

such morphisms andJ �M. Thus, the Taylor imbeddingJ �+rM → J r(J �M) allows us to
consider each jetp�+r ∈ J r(J �M) as a morphism fromC∞(J �M) ontoC∞(X)/mr+1

x ;
this fact will be used along the whole paper. We will use the same notationp� when we un-
derstand this jet as an ideal ofC∞(M), namely, the kernel of the algebra homomorph
p� :C∞(M) → C∞(X)/m�+1

x .
A jet p� ∈ J �M is regular with respect to a subringA of C∞(M) if its restriction toA

remains surjective; obviously, each jet is regular with respect toC∞(X).
Let p� ∈ J �M; the kernel of the projectionTp�J �M → TxX induced by the source ma

is calledvertical tangent spaceand denoted byVp�J �M. In [10] this space is canonicall
identified with theC∞(M)-module

DerC∞(X)

(
C∞(M),C∞(X)/m�+1

x

);
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the spaceQp�J �M, kernel of the projectionVp�J �M → Vp�−1J �−1M, is canonically iso-
morphic to the submodule of the derivations with values inm�

x/m
�+1
x ; from here in a

straightforward way follows the isomorphism

Qp�J
�M ≈ S�T ∗

x (X) ⊗R Vp0M.

2. Formal derivations

Definition 1. By a formal derivation over a fibre bundleπ :M → X we mean anR-
derivation fromC∞(X) into C∞(J �M), � � −1.

Each R-derivation Φ :C∞(X) → C∞(J �M) can be understood as a smooth m
Φ̃ :J �M → TX whose value atp� ∈ J �M is the vectorΦ̃(p�) ∈ Tπ(p0)X such that(

Φ̃(p�)
)
g = (Φg)(p�)

for each functiong ∈ C∞(X).
Given a formal derivationΦ :C∞(X) → C∞(J �M), for eachs � −1 we can define a

mapping

Φ(�+s+1) :C∞(J �+sM) → C∞(J �+s+1M)

by

(Φ(�+s+1)f )(p�+s+1) = Φ̃(p�)
(
f (p�+s+1)

)
for eachf ∈ C∞(J �+sM), wherep�+s+1 is considered as an algebra homomorphism fr
C∞(J �+sM) onto C∞(X)/m2

π(p0)
via the Taylor imbeddingJ �+s+1M ↪→ J 1(J �+sM)

and Φ̃(p�) as a derivation fromC∞(X)/m2
π(p0)

into R. Each formal derivationΦ ∈
DerR(C∞(X),C∞(J �M)) defines, in this way, a derivation fromC∞(J �+sM) into
C∞(J �+s+1M).

For each jetp�+s+1 ∈ J �+s+1M we denote byΦp�+s+1 the vector of the tangent spa
Tp�+s J �+sM defined as

Φp�+s+1 = Φ̃(p�) ◦ p
�+s+1,

where the jetp�+s+1 is considered as a morphism fromC∞(J �+sM) ontoC∞(X)/m2
π(p0)

via the Taylor imbedding. It is obvious that for eachk � s the surjective submersio
π�+s
�+k :J �+sM → J �+kM mapsΦp�+s+1 into Φp�+k+1, wherep�+k+1 = π�+s+1

�+k+1(p
�+s+1).

Remark 2. We will use the same notationΦ for the derivationsΦ(�+s+1); this way we
simplify the writing. The context will show which one of those mappings we deal with

Remark 3. For eachp�+1 ∈ J �+1M the mapping

C∞(J �M) → C∞(X)/m2
π(p0)

, f → f (p�+1) − f (p�),

is a derivation with values inmπ(p0)/m
2

0 .

π(p )
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Let U ′ be an open subset ofX and U = π−1(U ′), with coordinatesy1, . . . , ym ∈
C∞(X), y1, . . . , ym, ym+1, . . . , yn ∈ C∞(M), respectively. The partial derivatives

∂

∂yi
:C∞(U ′) → C∞(U ′), i = 1, . . . ,m,

span DerR(C∞(U ′),C∞(J �+1(U ′,U))); when considered as derivations fromC∞(J �(U ′,
U)) into C∞(J �+1(U ′,U)) they will be denoted by∂(�+1)

1 , . . . , ∂
(�+1)
m , as usual. Thus,

(
∂
(�+1)
i f

)
(p�+1) = ∂

∂yi

(
f (p�+1)

)
, i = 1, . . . ,m,

for each functionf ∈ C∞(J �M). Hence the value off atp�+1 can be written as

f (p�+1) = f (p�) +
m∑
i=1

(
∂
(�+1)
i f

)
(p�+1)

(
yi(p

�+1) − yi0(p
�)
)
,

whereyi0(p�) = yi(π(p0)) ∈ R (i = 1, . . . ,m), that is to say, eachyi0 is yi itself, consid-
ered as belonging toC∞(J �+1M) via (π�+1)∗. In a similar way, we will use the notatio
f0 for each functionf ∈ C∞(J �M) when it is considered as belonging toC∞(J �+1M)

via (π�+1
� )∗.

Proposition 4. The set DerR(C∞(X),C∞(J �+1M)) is a locally free module ove
C∞(J �+1M) whose rank equalsm = dimX. If Φ1, . . . ,Φm is a local basis, the pro
longation of the ideal(f ) of the ringC∞(J �M) to C∞(J �+1M) is locally generated by
f0,Φ1f, . . . ,Φmf , wheref0 = (π�+1

� )∗(f ).

Proof. In the notations of the above remark, ifΦ1 . . .Φm is a local basis of the modu
DerR(C∞(X),C∞(J �+1M)), then

∂

∂yi
=

m∑
j=1

bijΦj , i = 1, . . . ,m, bij ∈ C∞(J �+1M).

The prolongation of the ideal(f ) of C∞(J �M) to C∞(J �+1M) is locally generated
by f0, ∂

(�+1)
1 f, . . . , ∂

(�+1)
m f ; it is clear thatf0,Φ1f, . . . ,Φmf is another generator syste

for this prolongation. ✷
Definition 5. If Φ1 . . .Φm is a local basis of DerR(C∞(X),C∞(J �+1M)) and f ∈
C∞(J �M), the functionsf0,Φ1f, . . . ,Φmf are called thereal componentsof the pro-
longation off to C∞(J �+1M) with respect toΦ1, . . . ,Φm.

Proposition 6. A jet p�+1 ∈ J �+1M is regular over the subringR[f1, . . . , fm] of
C∞(J �M) if and only if for any coordinate systemy1, . . . , ym ∈ C∞(X) on an open neigh
borhood ofπ(p0) the following condition holds:

det
(
∂
(�+1)
i fj

)
(p�+1) �= 0.
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Proof. When we consider the jetp�+1 as a homomorphism fromC∞(J �M) onto
C∞(X)/m2

π(p0)
, the image of each functionf1, . . . , fm can be written in the form

fj (p
�+1) = fj (p

�) +
m∑
i=1

(
∂
(�+1)
i fj

)
(p�+1)

(
yi(p

�+1) − yi0(p
�)
)
, j = 1, . . . ,m.

Thenf1(p
�+1)− f1(p

�), . . . , fm(p�+1)− fm(p�) is a basis ofmπ(p0)/m
2
π(p0)

if and only if

det
(
∂
(�+1)
i fj

)
(p�+1) �= 0,

which is our assertion. ✷
Proposition 7. If f1, . . . , fm are functions ofC∞(J �M) such that the open subsetU ⊂
J �+1M of regular points overR[f1, . . . , fm] is not empty, then a local basisΦ1, . . . ,Φm

of DerR(C∞(X),C∞(J �+1M)), with

Φifj = δij ,

can be chosen without any integration.

Proof. If the open subsetU is not empty and we fix a point ofU , there exists a coordina
systemy1, . . . , yn ∈ C∞(M), in an open subsetU of M, which representsU as an open
subsetU ′ × U ′′, whereU ′ is an open subset ofX, with coordinatesy1, . . . , ym ∈ C∞(X),
andJ �+1(U ′,U) ∩U is an open neighborhood of the point considered.

For eachp�+1 ∈ J �+1(U ′,U) andf ∈ C∞(J �M) we have

f (p�+1) − f (p�) =
m∑

k=1

(Φjf )(p�+1)
(
fj (p

�+1) − fj (p
�)
)
, j = 1, . . . ,m,

where the(Φjf )(p�+1) are the coordinates off (p�+1) − f (p�) ∈ mπ(p0)/m
2
π(p0)

in the

basis{fj (p
�+1) − fj (p

�)}1�j�m.
Since

(f · h)(p�+1) − (f · h)(p�) = (
f (p�+1) − f (p�)

)
h(p�) + f (p�)

(
h(p�+1) − h(p�)

)
for eachf,h ∈ C∞(J �M), the mappings

C∞(U ′) → C∞(J �+1(U ′,U)
)
, g → Φjg, j = 1, . . . ,m,

are formal derivations. If we write

fj (p
�+1) − fj (p

�) =
m∑
i=1

(
∂
(�+1)
i fj

)
(p�+1)

(
yi(p

�+1) − yi0(p
�)
)
, j = 1, . . . ,m,

for the equations of change of basis onmπ(p0)/m
2
π(p0)

, then we have

(Φif )(p�+1) = detΛi
(p�+1), i = 1, . . . ,m,
detΛ
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whereΛ = (∂
(�+1)
i fj ) is the matrix whoseith row is∂(�+1)

1 fi, . . . , ∂
(�+1)
m fi andΛi is the

matrix obtained by replacing theith row of Λ by ∂
(�+1)
1 f, . . . , ∂

(�+1)
m f . It is obvious that

Φifi = 1 andΦifj = 0 wheni �= j . ✷
The idea of Lie [7, Vol. I] in order to get a recurrence formula for the�-jet prolongation

of a vector field tangent toM is that such a prolongation must leave invariant the con
system; essentially the same idea can be found in [2], and in [17] a particular case is t
In [15,16] the manifoldM is supposed to be a product manifoldX × Y , and the proof of
Lie is formalised after a previous study of the prolongations of one-parameter group
method supposes a notable simplification of the process. The main idea is to consi
derivation fromC∞(M�

m,R�
m) into C∞(M�

m,R�
m) given by the prolongationD(�) of the

vector fieldD from M to M�
m (note that each tangent vector fieldD in a manifoldV gives

rise, by derivation of each coordinate, a derivation fromC∞(V A) into C∞(V A), whereA
is an arbitrary Weil algebra); this derivation is completely determined by its restrictioD

to C∞(M), whenC∞(M) is understood as a subalgebra ofC∞(M�
m,R�

m). The derivation
D(�) is projected intoD(�−1) by definition.

In the notations of the proof of Proposition 7, letU�
m be the open subset of points ofU�

m

regular overR[y1, . . . , ym], andJ �(U ′,U) its image inJ �M. Eachf ∈ C∞(J �−1(U ′,U))

is an Aut(R�−1
m )-invariant function ofC∞(U�−1

m ); its prolongation off : (U�−1
m )1

m → R
1
m

to U�
m is the specialization toU�

m ⊆ (U�−1
m )1

m; then, we can write

f = f0 +
m∑
i=1

(
∂
(�)
i f

)
(yi − yi0), (2.1)

understood as an identity between functions fromU�
m into R

1
m, wheref0 andyi0 aref

andyi themselves, considered as functions ofC∞(J �(U ′,U)).
If D(�−1) is the prolongation toM�−1

m of a vector fieldD onM, then, by (2.1),D(�−1)

associates to eachf ∈ C∞(J �−1(U ′,U)) ⊂ C∞(U�−1
m ) the function (R1

m-valued)

D(�−1)f = D(�−1)f0 +
m∑
i=1

(
∂
(�)
i (D(�−1)f0)

)
(yi − yi0), (2.2)

where in the right-hand sideD(�−1)f0 is R-valued. On the other hand, if the second me
ber of (2.1) is derived byD(�) we have

D(�−1)f = D(�−1)f0 +
m∑
i=1

(
D(�)

(
∂
(�)
i f

)
(yi − yi0)

+ (
∂
(�)
i f

)
(D(�−1)yi − D(�−1)yi0)

)
, (2.3)

whereD(�−1)f0 = (D(�−1)f )0 andD(�−1)yi0 = (D(�−1)yi)0 by definition off0 andyi0,
and the functionD(�−1)yk ∈ C∞(U�−1

m ), understood as a function fromU�
m into R

1
m, can

be written as

D(�−1)yk = (Dyk)0 +
m∑(

∂
(�)
i (Dyk)

)
(yi − yi0). (2.4)
i=1
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Replacing eachD(�−1)yk in (2.3) by (2.4), it follows that

D(�−1)f = D(�−1)f0 +
m∑
i=1

(
D(�)

(
∂
(�)
i f

)+
m∑

k=1

∂
(�)
i (Dyk)∂

(�)
k f

)
(yi − yi0), (2.5)

and by comparing the expressions (2.5) and (2.2) we get a recurrence formula

∂
(�)
i (D(�−1)f0) = D(�)

(
∂
(�)
i f

)+
m∑

k=1

∂
(�)
i (Dyk)∂

(�)
k f,

which gives us the coordinates of the prolongation to jet spaces of a tangent vecto
onM. Summarizing, we have

Proposition 8. Let D be a tangent vector field onM, y1, . . . , ym ∈ C∞(X) functionally
independent functions on an open subsetU ′ ⊂ X; on the open subset of the points ofJ �M

regular overR[y1, . . . , ym], we have

D(�)
(
∂
(�)
i f

)= ∂
(�)
i (D(�−1)f0) −

m∑
k=1

∂
(�)
i (Dyk)∂

(�)
k f (2.6)

for eachf ∈ C∞(J �−1M) (the functionD(�−1)f0 in the right-hand side isR-valued, as
the other terms).

3. Invariant derivations of a sheaf of vector fields

Definition 9. Let D be a vector field onM and Φ a formal derivation belonging t
DerR(C∞(X),C∞(J �M)); the bracket{D,Φ} is the formal derivation fromC∞(X) into
C∞(J �M) defined by({D,Φ}g)(p�) = D

(�)

p� (Φg) − Φp� (Dg)

for eachp� ∈ J �M, g ∈ C∞(X), whereDg ∈ C∞(M) ⊆ C∞(J �−1M) with � � 1.

OverC∞(X) we have the bracket defined as{D,Φ} = D(�) ◦Φ −Φ ◦D; we claim that
an analogous equality holds over each algebraC∞(J rM), r � 0.

Proposition 10. Let D be a tangent vector field onM and Φ a formal derivation of
DerR(C∞(X),C∞(J �M)); then the equality

{D,Φ} = D(�+s) ◦ Φ − Φ ◦ D(�+s−1)

holds over each ringC∞(J �+s−1M) (s � 0).

Proof. In the above notations,{
D,

∂

∂yi

}
= −

m∑
∂
(�)
i (Dyk)

∂

∂yk

k=1
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a-
overC∞(X). By Proposition 8,{
D,

∂

∂yi

}
= −

m∑
k=1

∂
(�)
i (Dyk)∂

(�)
k = D(�) ◦ ∂

(�)
i − ∂

(�)
i ◦D(�−1)

as a derivation fromC∞(J �−1M) intoC∞(J �M). Each formal derivationΦ can be written
locally in the form

Φ =
m∑
i=1

ϕi
∂

∂yi
with ϕi ∈ C∞(J �M),

thus

D(�) ◦Φ − Φ ◦ D(�−1) =
m∑
i=1

(D(�)ϕi)∂
(�)
i +

m∑
i=1

ϕi

(
D(�) ◦ ∂

(�)
i − ∂

(�)
i ◦D(�−1))

=
m∑
i=1

(
D(�)ϕi −

m∑
k=1

ϕk

(
∂
(�)
k (Dyi)

))
∂
(�)
i

=
m∑
i=1

(
D(�)(Φyi) − Φ(Dyi)

)
∂
(�)
i ,

as a derivation fromC∞(J �−1M) intoC∞(J �M), which corresponds to the formal deriv
tion

{D,Φ} =
m∑
i=1

(
D(�)(Φyi) − Φ(Dyi)

) ∂

∂yi
.

If for eachs � 0,Φ is thought of as belonging to DerR(C∞(X),C∞(J �+sM)), we can
apply this argument again, which finishes the proof.✷
Definition 11. By an�th order differential invariant of a vector fieldD onM we will mean
a first integral of its prolongationD(�) to C∞(J �M).

LetΦ ∈ DerR(C∞(X),C∞(J �M)) such that{D,Φ} = 0 andf be a differential invari-
ant ofD onJ �−1M; then

0 = {D,Φ}f = D(�)(Φf ),

that is, the functionΦf is another differential invariant ofD onJ �M.

Definition 12. Let L be a sheaf of vector fields onM; a formal derivationΦ ∈
DerR(C∞(X),C∞(J �M)) is called an invariant derivation ofL if for each differential
invariantf of L the functionΦf is also a differential invariant ofL.

If f1, . . . , fm ∈ C∞(J �M) are functionally independent, then det(∂
(�+1)
i fj ) ∈

C∞(J �+1M) is a polynomial of degreem, in the local coordinatesYm+k,α (k = 1, . . . ,
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ection
n − m, 0 < |α| � � + 1), whose coefficients are linear combinations of Jacobian
terminants off1, . . . , fm with respect to the local coordinates inJ �M. When the func-
tion det(∂(�+1)

i fj ) does not vanish the open subset of points ofJ �+1M regular over
R[f1, . . . , fm] is not empty. Under this condition, Lie’s algorithm [6, p. 566], [8, p. 74
gives new differential invariants as quotients of Jacobian determinants of known dif
tial invariants.

Proposition 13. LetL be a sheaf of vector fields onM. If there is a pointp�+1 ∈ J �+1M

regular over the ring of differential invariants ofL on J �M, then there exists an ope
neighborhood ofp�+1 in J �+1M where it is possible to find, without any integration
basis ofDerR(C∞(X),C∞(J �+1M)) formed by invariant derivations ofL.

Proof. If p�+1 is regular over the ring of differential invariants ofL on J �M, then there
are some of them,f1, . . . , fm ∈ C∞(J �M), such thatp�+1 is regular overR[f1, . . . , fm].
Proposition 7 associates to the functionsf1, . . . , fm, without any integration, a bas
Φ1, . . . ,Φm of DerR(C∞(X),C∞(J �+1M)) on the open subset of points ofJ �+1M regu-
lar overR[f1, . . . , fm]. It remains to show thatΦ1f, . . . ,Φmf are differential invariants o
L onC∞(J �+1M), whenf is a differential invariant ofL onJ �M. Sincef is a differential
invariant ofL, for each local sectionD of L we have (by (2.6))

D(�+1)(∂(�+1)
i f

)= −
m∑

k=1

(
∂
(�+1)
i (Dyk)

)
∂
(�+1)
k f.

In the notations of the proof of Proposition 7, differentiating by columns the determi
we have

D(�+1)(Φif ) = D(�+1) detΛi

detΛ

= 1

detΛ2

[
D(�+1)(detΛi)detΛ − detΛiD

(�+1)(detΛ)
]

= 1

detΛ2

(
−

m∑
k=1

(
∂
(�+1)
k (Dyk)

))[detΛi detΛ − detΛi detΛ] = 0.

This completes the proof.✷
Remark 14. The conditions of Proposition 13 are satisfied whenL is a sheaf of verti-
cal vector fields forπ :M → X, since all points ofJ �M are regular overC∞(X) and
the functions of this ring are first integrals ofL. This is the case for the sheaf of infi
itesimal transformations of a Lie pseudogroup, vertical sheaf for the source proj
α :M × M → M .

4. Theorem on finiteness

Definition 15. The symbol atp� ∈ J �M of a sheaf of vector fieldsL on M is the vector
spaceG�

� = Lp� ∩ Qp�J �M, whereLp� is the value ofL atp�.

p
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Theprolongationof a subspaceE� of S�T ∗
x (X) ⊗ VpM is

E�(1) = [
T ∗
x (X) ⊗E�

]∩ [S�+1T ∗
x (X) ⊗ VpM

]
,

which can be understood as the space of polynomials belonging toS�+1T ∗
x (X) ⊗ VpM

whose first derivatives lie inE�; thes-prolongation ofE� is defined to be the prolongatio
of E�(s−1). Following Kuranishi [5], if a subspaceE� of S�T ∗

x (X)⊗VpM is given for each
� � 0 andE�+1 ⊆ E�(1) for each�, then there is an integerk � 0 such thatE�+1 = E�(1)

for � > k (in other words, the family{E�} is asymptotically stable). The following resu
gives sufficient conditions for the asymptotic stability of the symbol of a sheaf of v
fields.

Remark 16. If G�
p� is the symbol atp� of a sheafL of vector fields onM, we will de-

note itss-prolongation byG�(s)

p� ; for each jetp�+s in the fibre ofp� this is a subspace o

Qp�+s J �+sM ≈ S�+sT ∗
x (X) ⊗ VpM which does not depend onp�+s , but only onp�.

Proposition 17. LetL be a sheaf of vector fields onM, which defines onJ �M an involutive
distribution regular with constant rank in a neighborhood ofp� ∈ J �M, andI the ideal of
a germ of maximal integral submanifold ofL throughp�. If p�+s is an integral jet of the
s-prolongationI s of I in the fibre ofp�, then we have

G�+s

p�+s ⊆ G
�(s)

p� .

Proof. According to the definitions, the spaceG�(s)

p� is thes-symbol atp� of the system

of partial differential equationsI , that is,G�(s)

p� is the subspace ofQp�+s J �+sM whose el-

ements, considered as derivations fromC∞(J �M) into C∞(X)/ms+1
x , kill the ideal I .

If p�+s is an integral jet of the idealI s , then each functionf ∈ I vanishes atp�+s ,
when p�+s is thought of as a jet ofJ s(J �M), that it to say, anR-algebra homomor
phism fromC∞(J �M) ontoC∞(X)/m�+1

x . SinceD(�)I ⊆ I for all D ∈ L(M), we have
(D(�)f )(p�+s) = 0 for all f ∈ I .

Each vectorD(�+s)

p�+s ∈ G�+s

p�+s is the value atp�+s of a vector fieldD ∈ L(M), namely, it
is a residue class of the derivation

p�+s ◦ D(�) :C∞(J �M) → C∞(X)/ms+1
x , f → (D(�)f )(p�+s),

with respect to the submodule of derivations which annihilate the idealp�+s , the kernel
of the homomorphismp�+s , whereD(�) is the prolongation ofD to J �M and p�+s ∈
J s(J �M). Each derivation fromC∞(J �M) into C∞(X)/ms+1

x whose residue class

D
(�+s)

p�+s differs fromp�+s ◦D(�) in a derivation which annihilates the idealp�+s ∈ J s(J �M),

hence it kills the idealI since p�+s is an integral point ofI s ; and we conclude tha
D

(�+r)

p�+s ∈ G
�(s)

p� . ✷
Remark 18. Proposition 17 holds, in particular, whenL is a sheaf of Lie algebras onM,
on the open subset ofJ �M, whereL has maximal rank.
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The differential invariants of a sheaf of Lie algebras form a sheaf of regular ring
the open subset ofJ �M, whereL has maximal rank. If there exists an integer�0 � 0
such that this sheaf has nonconstant sections for� = �0, then the same holds for� � �0,
becauseC∞(J �0M) ⊆ C∞(J �M) and the first integrals ofL in J �0M are first integrals o
L in J �M, too. In general, the dimensions of the regular rings of differential invarian
not get stationary; our next result provides local basis of these rings from a local ba
differential invariants of a certain order and their invariant derivatives.

The finiteness theorem for a sheaf of vector fields onM depends only on the fact th
L verifies the conditions of Frobenius’ theorem and the existence of a basis of f
derivations which are invariant derivations forL, because the stability of the symbols
higher orders is granted by Proposition 17. For simplicity we state it for a sheaf o
algebras.

Theorem 19 (Theorem on finiteness).Let L be a sheaf of Lie algebras onM such that
there exists an open neighborhood ofp� ∈ J �M, whereL is regular with constant rank
dimJ �M − s� > 0, and let{p�+s}s�0 be a family of jets overp�, where the symbol ofL
at p�+s is G�+s

p�+s = G
�(s)

p� . If the moduleDerR(C∞(X),C∞(J �M)) has a basis of invarian

derivations ofL on an open neighborhood ofp�, thenL is regular with constant rank
in an open neighborhood of eachp�+s and the ring of differential invariants ofL in this
neighborhood is generated by the real components, with respect to a basis of inv
derivations ofL, of the prolongation toC∞(J �+sM) of a basis of differential invariants o
L onJ �M.

Proof. Let J
(�)
1 , . . . , J

(�)
s� be a local basis of the ring of differential invariants ofL

in an open neighborhood ofp� ∈ J �M and Φ1, . . . ,Φm a local basis of the modul
DerR(C∞(X),C∞(J �M)), whereΦi are invariant derivations forL. We first show that

J
(�)
1 , . . . , J (�)

s�
,Φ1J

(�)
1 , . . . ,Φ1J

(�)
s�

, . . . ,ΦmJ
(�)
1 , . . . ,ΦmJ (�)

s�

generate the ring of differential invariants ofL in an open neighborhood ofp�+1 ∈ J �+1M.
Between the functionsJ (�)

1 , . . . , J
(�)
s� ,Φ1J

(�)
1 , . . . ,Φ1J

(�)
s� , . . . ,ΦmJ

(�)
1 , . . . ,ΦmJ

(�)
s�

there are dimJ �+1M − dimLp�+1 functionally independent in an open neighborhoodU
of p�+1, since

rank
∂(Φ1J

(�)
1 , . . . ,ΦmJ

(�)
s� )

∂(Ym+1,αm+1, . . . , Yn,αn)
(p�+1) = dimQp�+1J

�+1M − dimG
�(1)
p�+1

for |αi | = � + 1 (becauseG�(1)
p�+1 is the symbol of(J (�)

1 , . . . , J
(�)
s� ) at p�+1), and

dimJ �+1M − dimLp�+1 = dimJ �M + dimQp�+1J
�+1M − dimLp� − dimG

�(1)
p�+1

by hypothesis.
ChoosingU smaller if necessary, we can suppose that dimLq�+1 � dimLp�+1 for each

q�+1 ∈ U . The canonical projection maps the vector subspace ofTp�+1J �+1M annihilated
by

dp�+1J
(�)

, . . . , dp�+1J
(�)
s , dp�+1Φ1J

(�)
, . . . , dp�+1ΦmJ (�)

s
1 � 1 �
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ontoLp� with kernelG�(1)
p� ; since the sequence

0 → G
�(1)
p� → Lp�+1 → Lp� → 0

is exact, this subspace equalsLp�+1. For eachq�+1 the subspace ofTq�+1J �+1M anni-

hilated by the 1-formsdq�+1J
(�)
1 , . . . , dq�+1J

(�)
s� , dq�+1Φ1J

(�)
1 , . . . , dq�+1ΦmJ

(�)
s� contains

Lq�+1 and its dimension equals dimLp�+1 hence

dimLq�+1 = dimLp�+1,

that is to say,L is regular with constant rank inU and the functions

J
(�)
1 , . . . , J (�)

s�
,Φ1J

(�)
1 , . . . ,Φ1J

(�)
s�

, . . . ,ΦmJ
(�)
1 , . . . ,ΦmJ (�)

s�

generate the ring of differential invariants ofL in U . The proof is completed by recu
rence. ✷

We write I�(M) for the open subset of invertible jets ofJ �(M,M × M), that is to
say, the open subset of regular jets over the ringsα∗C∞(M) andβ∗C∞(M), whereα and
β are the source and target projection, respectively (see [11]). Each Lie pseudogr
transformations ofM is a solution of a nonlinear Lie equation onM, and its infinitesi-
mal transformations are vector fields onM which generate local one-parameter group
transformations belonging to a Lie pseudogroup. These infinitesimal transformation
a solution sheaf of a linear Lie equation; when this linear Lie equation is completely
grable the Lie pseudogroup is regular. From Theorem 19 it follows the finiteness of a
of differential invariants of a regular Lie pseudogroup, because the remark after Pr
tion 13 guarantees the existence of a local basis of invariant derivations for the shea
infinitesimal transformations.

Corollary 20 (Lie). Let L be the sheaf of infinitesimal transformations of a
pseudogroupP of transformations of a manifoldM, integral sheaf of a linear Lie equatio
H� ⊂ J �TM, whose prolongationsH�+s are subfibre bundles ofJ �+sTM for eachs > 0.
For eachϕ ∈ P andp ∈ Domϕ there exists an integer�0 = �0(j

�
pϕ) � � such that, for

eachs � 0, the real components of the prolongation toC∞(I�0+s(M)) of a basis of the
ring of differential invariants ofL in an open neighborhood ofj�0

p ϕ ∈ I�0(M)) form a
local basis of the ring of differential invariants ofL in I�0+s (M).

Remark 21. The study of differential invariants, on the manifoldsJ �M, of a regular Lie
pseudogroup is a particular case of the theory for a sheaf of Lie algebras developed

5. Finite-dimensional Lie algebras

In the following result we give conditions for the existence of a basis of invariant de
tions of a Lie algebra.
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Proposition 22. LetL be a finite Lie algebra of vector fields onM andJ �M a jet manifold,
whereL (prolongated to this jet space) has at some point maximal rankr = dimL. If
the ring of differential invariants ofL contains nonconstant functions, then in the op
subset ofJ �M, whereL has rankr, DerR(C∞(X),C∞(J �M)) has local basis of invarian
derivations ofL.

Proof. Let U� be the open subset ofJ �M, whereL has maximal rankr. By hypothesis
we haver < dimJ �M. For eachp� ∈ U�, let us choose an open neighborhoodU of p = p0

in M and a coordinate systemy1, . . . , yn ∈ C∞(M) which represents it as an open sub
U ′ × U ′′, whereU ′ is an open subset ofX, y1, . . . , ym ∈ C∞(X), andJ �(U ′,U) contains
an open neighborhood ofp� in U�.

A sufficient condition forΦ to be an invariant derivation ofL is that{D,Φ} = 0 for
everyD ∈ L; if we write this equation in local coordinates we obtain

D(�)(Φyi) −Φ(Dyi) = 0, i = 1, . . . ,m.

To solve this system of partial differential equations we introduceR
m as a space o

parameters, with coordinatesλ1, . . . , λm. On the manifoldJ �(U ′,U) × R
m we take the

formal derivationsΦ =∑m
i=1λi(∂/∂yi), and the vector spaceL′, generated by the vecto

fields

D(�) +
m∑

i=1

Φ(Dyi)
∂

∂λi

with D ∈ L.

The Lie bracket of two vector fields ofL′ is[
D(�) +

m∑
i=1

Φ(Dyi)
∂

∂λi

,D′(�) +
m∑

j=1

Φ(D′yj )
∂

∂λj

]

= [D(�),D′(�)] +
m∑

j=1

D(�)
(
Φ(D′yj )

) ∂

∂λj

−
m∑

j=1

D′(�)(Φ(Dyj )
) ∂

∂λj

+
m∑

i,j=1

(
Φ(Dyi)

∂Φ(D′yj )
∂λi

− Φ(D′yi)
∂Φ(D′yj )

∂λi

)
∂

∂λj

.

From (2.6) it follows that

D(�)
(
Φ(D′yj )

)= D(�)

(
m∑

k=1

λk∂
(�)
k (D′yj )

)
=

m∑
k=1

λkD
(�)
(
∂
(�)
k (D′yj )

)

=
m∑

k=1

λk

(
∂
(�)
k

(
D(D′yj )

)−
m∑
i=1

∂
(�)
k (Dyi)∂

(�)
i (D′yj )

)

=
m∑

λk∂
(�)
k

(
D(D′yj )

)−
m∑

Φ(Dyi)
∂Φ(D′yj )

∂λi

,

k=1 i=1



J. Muñoz et al. / J. Math. Anal. Appl. 284 (2003) 266–282 279

r

of
-

there

s

and therefore[
D(�) +

m∑
i=1

Φ(Dyi)
∂

∂λi

,D′(�) +
m∑

j=1

Φ(D′yj )
∂

∂λj

]

= [D(�),D′(�)] +
m∑

j=1

Φ
([D,D′]yj

) ∂

∂λj

,

that is to say,L′ is involutive onJ �(U ′,U) × R
m.

If D1, . . . ,Dr is a basis ofL, each vector fieldD ∈ L is a linear span, with scala
coefficients,D =∑r

j=1αjDj , then

D(�) +
m∑

i=1

Φ(Dyi)
∂

∂λi

=
r∑

j=1

αj

(
D

(�)
j +

m∑
i=1

Φ(Djyi)
∂

∂λi

)
.

Consequently,L′ is regular with rankr.
The ring of first integrals ofL′ is locally generated by the differential invariants ofL in

J �M andm functionsJ ′
1, . . . , J

′
m whose Jacobian determinant with respect toλ1, . . . , λm

does not vanish. If we solve the systemJ ′
i = 1,J ′

k = 0,k �= i, we obtainλ1 = ϕi1, . . . , λm =
ϕim, whereϕi1, . . . , ϕim are smooth functions in an open subset ofJ �M; in this open
subset, them formal derivationsΦ1, . . . ,Φm defined by

Φi =
m∑

j=1

ϕij
∂

∂yj
, i = 1, . . . ,m,

are a local basis of DerR(C
∞(X),C∞(J �M)) and eachΦi satisfies{D,Φi} = 0. ✷

Remark 23. Let I be the ideal of a closed submanifoldR� of J �M invariant byL. If
the open subset ofJ �M, whereL has rankr = dimL is not empty, around each point
it we can choose some differential invariantsF1, . . . ,Fk of L on J �M, as local genera
tors of the system of partial differential equationsI . The prolongation of the idealI to
C∞(J �+sM) is not, in general, a regular ideal. However, according to Proposition 22
is in DerR(C∞(X),C∞(J �M)) a local basis of invariant derivationsΦ1, . . . ,Φm of L, and
by Proposition 4 thesth prolongation of the idealI is locally generated byF1, . . . ,Fk and
their derivatives up to orders with respect toΦ1, . . . ,Φm, that is, by differential invariant
of L in C∞(J �+sM).

Remark 24. In the proof of Proposition 22,L′ is involutive sinceL is involutive. How-
ever, the equality rankL′ = rankL follows from the fundamental fact thatL is a finite-
dimensional Lie algebra. Indeed, ifD =∑r

j=1αjDj , where the coefficientsαj are non-
constant functions, then

D(�) +
m∑

i=1

Φ(Dyi)
∂

∂λi

=
r∑

αj

(
D

(�)
j +

m∑
Φ(Djyi)

∂

∂λi

)
+

m∑(
r∑

Φαj (Djyi)

)
∂

∂λi

j=1 i=1 i=1 j=1
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and the rank ofL′ can be greater than the rank ofL on J �M, contrary to Ovsiannikov’s
assertion in his Theorem of [16, p. 326]. With this method some invariant derivationsL

can be obtained, but in general it does not provide a local basis of formal derivations

Remark 25. Let L be anr-dimensional Lie algebra, and� � 0 the first integer such tha
L has maximal rankr < dimJ �M on J �M. The symbol ofL is G�+k+1 = G�+1(k) = 0
at each jetp�+k+1 ∈ J �+k+1M (k � 0) over a jetp� ∈ J �M, where dimLp� = r. From
Proposition 22 and Theorem 19 it follows that each differential invariant ofL is a function
of differential invariants of order� + 1 and those which are obtained by invariant der
tions. A basis of differential invariants of order� and their invariant derivations give a
differential invariants of a basis of order� + 1, except those belonging to a regular ring
dimension dimG�(1).

6. Examples

To illustrate our general theory we include two examples.

6.1. A finite-dimensional Lie algebra

Let us consider the canonical projectionR
2
(x,u) → R(x) and use the notationuk for

the coordinate inJ �
R

2 which corresponds to the derivativedku/dxk. Let L be the three-
dimensional Lie algebra generated by the vector fields

D1 = ∂

∂x
, D2 = ∂

∂u
, D3 = x

∂

∂x
+ u

∂

∂u
.

Using formula (2.6) we have that the prolongation ofL to J 1
R

2 is generated by

D
(1)
1 = ∂

∂x
, D

(1)
2 = ∂

∂u
, D

(1)
3 = x

∂

∂x
+ u

∂

∂u
,

hence its rank equals 2 on the open subsetU1, wherexu �= 0; for � � 2, the prolongation
to J �

R
2 is generated by the vector fields

D
(�)
1 = ∂

∂x
, D

(�)
2 = ∂

∂u
, D

(�)
3 = x

∂

∂x
+ u

∂

∂u
−

[�/2]∑
k=1

u2k
∂

∂u2k
,

hence its rank is 3 on the open subsetU� given by the conditionxu . . .u� �= 0. Conse-
quently,G�

p� = 0 for eachp� ∈ U� if � �= 2, whereasG2
p2 is the vector space spanned

(∂/∂u2)p2 for eachp2 ∈ U2. Thus, the symbolG� is stable for� � 3.
From the form of the generators of the prolongation ofL to J �

R
2 it follows that u1

generates the rings of differential invariants of orders 1 and 2, andu1, u3 that of or-
der 3. If� � 2, Proposition 13 guarantees the existence of a basis of the module of f
derivations DerR(C∞(R),C∞(J �

R
2)) formed by invariant derivations forL, hence the

differential invariants of order 3 are a basis of the ring of differential invariants ofL. Us-
ing the formulas from the proof of Proposition 13, we have that, for� � 2, ∂(�)/u2 is an
invariant derivation ofL, where∂(�) denotes the total derivative with respect tox.
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Remark 26. Observe thatG1(1) �= G2; according to the dimension count which appear
the proof of Theorem 19,L does not have any differential invariant of second order.

6.2. The classical example

The following example, due to Lie [9], was treated by Tresse, Kumpera, and oth
thors (see [4] and references therein).

Let us consider the trivial bundleR3
(x,y,z) → R

2
(x,y) defined by the natural projectio

In order to simplify the writing we will use the classical notations for the coordinate
the corresponding jet spaces, that is,{x, y, z,p, q} in J 1

R
3 and those andr, s, t in J 2

R
3.

When we deal with jets of higher order,Z(h,k) will be the coordinate corresponding

∂h+kz/(∂xh∂yk). Finally, ∂(�)
x and∂

(�)
y will denote the total derivatives with respect tox

andy.
Consider the sheaf of Lie algebrasL locally generated inR3 by the vector fields of the

form D = f (x)(∂/∂x) − zf ′(x)(∂/∂z), wheref is any smooth function ofx. According
to formula (2.6), we have

D(1) = f
∂

∂x
− f ′

(
z
∂

∂z
+ 2p

∂

∂p
+ q

∂

∂q

)
− f ′′

(
z
∂

∂p

)
,

D(2) = f
∂

∂x
− f ′

(
z
∂

∂z
+ 2p

∂

∂p
+ q

∂

∂q
+ 3r

∂

∂r
+ 2s

∂

∂s
+ t

∂

∂t

)

− f ′′
(
z
∂

∂p
+ 3p

∂

∂r
+ q

∂

∂s

)
− f ′′′

(
z
∂

∂r

)
.

The�th prolongation ofD has the form

D(�) = f
∂

∂x
−

�+1∑
k=1

f (k)D�
k,

whereD�
1, . . . ,D

�
k+1 do not depend onf and the first term ofD�

k is z(∂/∂Z(k−1,0)); con-
sequently, in the open subsetU� of J �

R
3, wherez �= 0, L is regular with rank� + 2.

Furthermore, if� � 1 the expression of the fieldD(�) shows that, for eachp� ∈ U�, the
symbolG�

p� is spanned by the value atp� of ∂/∂Z(�,0), which guarantees the stability

G� for � � 1.
An easy calculus shows thatµ = y, ν = q/z generate the ring of differential invarian

of order 1; there are points onU2 regular overR[µ,ν], because the determinant of t
matrix

Λ =
(
∂
(2)
x µ ∂

(2)
x ν

∂
(2)
y µ ∂

(2)
y ν

)
is different from zero at each point of an open subset ofU2. Thus, according to Propos
tion 13 there exists a basis of the module DerR(C

∞(R2),C∞(J 2
R

3)) formed by invariant
derivations ofL and, according to Theorem 19, the differential invariants of order 2 a
basis of differential invariants ofL. But in this case we can omit this argument and obt
by a simple calculus, a basis of invariant derivations of first order. In fact, a sufficien
dition for a formal derivationΦ :C∞(R2) → C∞(J 2

R
3) to be an invariant derivation fo
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nts of

.

tions to
rence

ons of

289–

Ber. I

21–748.
Anal.

ymbols
ational
ersity,

Math.

manca,

ch, New

temas de

ntielle,
L is that{D,Φ} = 0 for each sectionD of L; if we write D = f (∂/∂x) − f ′z(∂/∂z) and
Φ = λ1(∂/∂x)+ λ2(∂/∂y), we have

{D,Φ} = (D(1)λ1 − λ1f
′) ∂

∂x
+ D(1)λ2

∂

∂y
,

and one can see easily that

Φ1 = ∂

∂y
, Φ2 = 1

z

∂

∂x

is the basis we were looking for. Thus, Theorem 19 gives that the differential invaria
first order ofL are a basis.
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