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Modelizacion compartimental (MC)

(Donde queremos llegar?
(Como se modeliza un proceso
biocinético/farmacocinético? :
Modelos lineales y no lineales

(Como se pueden obtener los parametros del modelo
experimentalmente?

Qué es el disefo 6ptimo?
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Modelizacion compartimental (MC)

Sistema fisico o biologico que se descompone en un ntimero finito
de componentes llamados compartimentos que intercambian
materia (particulas o flujo) entre ellos y/o con el exterior

Algunos usos

Modelizacion del metabolismo de la incorporacion de particulas inhaladas, ingeridas
injectadas.

Modelizacion de la incorporacion por ingestion o inyeccion de compuestos a personas
y otros seres vivos en Medicina y en Farmacia.

La MC se aplica en otras areas como en el Transporte de particulas en estudios
medioambientales

http://diarium.usal.es/guillermo
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Ejemplo sencillos

La desintegracion radiactiva: A -> B

xHtL K -

&XO _ _kx(t)

Organo aislado

Supongamos un recipiente de volumen V lleno de agua con sal con un concentracion
g=o en t = 0. Hay una entrada agua salada, con caudal vy concentracién c, constantes.
Se va produciendo instantaneamente una mezcla de concentracién q(t) que va saliendo
también a un caudal v.

\'
Sal que habia ~ Sal que entra  sal que sale
Vq + cvdt —qudt  dg v(c—q)
q+ dq = q = g — g = q

\Y dt Vv

http://diarium.usal.es/guillermo



Modelo bicompartimental simple

Consideremos el modelo de la figura

Gl TractHIL

Flow from 1 to 2

Formulacion matematica

Elimination
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Blood H2L

Llamamos x,(t) y x,(t), t = 0, a la cantidad de la especie retenida en los compartimen-

tos 1y 2, respectivamente.

dx .
dtl = b(t) — tasa trasferenciasde 1a2

dx,

T flujo entrante desde 1 — salida hacia el exterior (elimination)

Esta ecuacion se conoce ecuacion de balance de masas. Si asumimos que la tasa de
trasferencia, ki, k,,, es proporcional ala masa (o concentracion ) existente en el

compartimento en t, entonces:

dx,

cﬂ); = b(t) -k, x,
dx

d: = kyx, — koo X,

En notacion matricial:

(xl'(t))_(—ku 0)+(b(t))
') \ ks ke 0

http://diarium.usal.es/guillermo
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Modelo bicompartimental generalizado

Formulacion matemadtica: Con entrada y salida al exterior desde los
compartimentos 1y 2

Llamamos x,(t) y x,(t) a las variables de estado (concentracion, cantidad, etc) y su
evolucion en el tiempo, entonces el sistema podemos describirlo por el sistema de
ecuaciones diferenciales siguientes

K12
dx, _ ——7—
E_ - (klz + klO) X1 + kzlxz + b1 (t)
K21
dx

2
W: k12)(1 _(k21 + kzo) X, + bz(t)

Podemos reformularlo en notacion matricial como sigue:

x'(t) = A x(t) + b(t)

'1(t) — Xl(t)
x.(t)_[x J Az{ Ko ka X(t):( ] b(t){bl(t)j
X'2 (t) k12 - K21 X2 (t) bz(t)

http://diarium.usal.es/guillermo



Generalizacion a n compartimentos

x(t) =Ax + b(t), t=o0

x(0) = X,
donde:
x(t) = {x,(t), x5(t), ..., xp(t)}T siendo x;(t) la cantidad (masa,

tracion, etc) en el compartimento i en funcién de t.
A es una matriz nxn conocida como matriz compartimental

dip dip 4di3

(paran=3) A= | ay a; ax; |;

d3; d32 ds33
air = - (kig + ki + ki3 + ) 5 a1 = Kogj @13 = kag;
a1 = Kizs @0 = - (kg + ko1 + Koz + ) 5 az3 =Kksy;
as; = K35 @3y = Ka3; a3z = - (ks + Kag + k3 + A);
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desintegraciones, concen-

b(t) = {by(t), b,(t), ..., by(t)}T donde {b;(t)} es la entrada hacia el compartimento i

desde el exterior del sistema

x(0) = {X,(0), x,(0), ..., x,(0)} Tson las condiciones iniciales, esto es x;(0), representa

la cantidad en el compartmentoient = o.

http://diarium.usal.es/guillermo
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Ejemplo: Modelo del iodo.

Ejemplos: Resolucién con BIOKMOD:
http://oed.usal.es/webMathematica/Biokmod/index.html

by(t)

1 (blood), 2 (thyroid), 3 ( rest of the body), 4 ( blader), "0o" ("out of the system") .
The rate transfer values (clearance), in days™ (ICRP 78) are kio = 1.9404, ki2= 0.8316,
k23 = Log[2]/80, k30 = 0.0155 and k31= 0.0462, k30 = 0.0155 and k40 = 12.

It assumed a continuouos input "1.2 Exp[-0.2 t]" in compartment 1

Also it is supossed as initial contition {1, o, o, o}.

It is applied to I-131 Radioactive decay constant = Log[2]/8.0 (days™).
http://www3.enusa.es/webMathematica/Public/biokmodi.jsp

Solucion

http://diarium.usal.es/guillermo



SeminarioModelizacionBiocinetica.nb | 9

Enter the compartmental matrix:

({1, 2, 0.83}), {1, 4, 1.94},
(2, 3, Log[2]1/80}, {3, 0, 0.01155}, {3, 1, 0.0462}, {4, 0, 12}}

Number of compartments: Decay constant: |Log[2]/8 Initial conditions at time t = 0: [{1,0,0,0}

Input function in each compartment : |{1 .2Exp[-0.21],0,0, 0} ‘
All values of this field must be {0,.., 0} if it is an impulsive single-input, because the inputs are the initial conditions.

Time t to evaluate the content in each compartment (i.e.: tor {5, 20, 30}) : |l |

Range of t to be plotted: From t-min D to t-max
Time t, in days (kij mush be in days), to compute the acumulated disintegrations in each compartment : | 50*365

Solution

110 = 0543312728966 4 0 46161427027 — 00197996 £ 01467767 | ) nNORT2R2 @0 0929699

X () = 0164814728396 _ 3 65068 7021 4 () 3193 g~ 01467702 4 3 50510 p 009296592

23 = 000052651 e285661 1.0 57023227027 — 1 16135 01467762 4 () Sp050 o~009296992

x4 () » —0.188965 ¢~ 1208661 4 () 115246 -253667 4 007533937027 —0.00321706 e~0146776 7 4 0 00159695 0929699 ¢

Plot
-1
10
2
08 =
06 4
04
Ulz \_‘—‘—-\\\
e ereee——
' 2 4 6 8 10

Us (disintegrations in each compartment during a time t)

{213522, 185948 x 10°, 111 578, 342719}

http://diarium.usal.es/guillermo
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Regresion. Ajuste de modelos

(Solo disponible en Biokmod)Usamos el paquete:

Needs [ "Biokmod™ SysModel™ "]

SysModel, version 1.5.1 2013-11-12
We have the model of the below figure. The rate transfer from compartment 2 to envi-
ronment is known and its value is k,,= 0.05 d".The experiment consists of an instanta-

neous injection b,=1in compartment 1and b,= 0.5 in compartment 2 at t = o. It sup-
posed that in t = o the amount of substance in all compartment is “o0”.

The transfer coefficients k,, and k,;, are unknown.

The amount in compartment 2 in different times (in days) was measured. Here are the

data {t, x} (These data are been obtained by simulation)

listl= {{@, 0.5}, {10, 0.30}, {20, 0.26}, {30, 0.24}, {40, 0.21},
{50, .19}, {60, 0.17}, {70, 0.15}, {80, 0.135}, {90, 0.12}, {100, 0.11}};

We intend to estimate the parameters k;, and k,, by adjusting our model to the experi-
mental data given in listi.. We will proceed as follows

Step 1: The compartmental matrix of the model is defined as a function of parameters
to be fitted

modelTwoCompart = CompartMatrix[2, {{1, 2, k12}, {2, 1, k21}, {2, 9, ©0.05}}]

{{-k12, @. + k21}, {@. + k12, -0.05 - k21}}
Step 2: The model is built by choosing the function of retention in compartment 2. In
this case, how is a single-impulsive input, Acutelnput is used.

x2[t_, k12_, k21_] =x,[t] /. AcuteInput[modelTwoCompart, {1, 0.5}, t, x];
Step 3: Now it is fitted the coefficients k,, and k,, with the experimental data. Because
x2[t,k12,k21] is an analytic expression NonlinearRegress can used.

http://diarium.usal.es/guillermo



SeminarioModelizacionBiocinetica.nb | 11

We will need the Mathematica package NonlinearFit.
nlm = NonlinearModelFit[list1, x2[t, k12, k21], {{k12, @0.01, 0.5}, {k21, 1, 5}}, {t}]

FittedModel [ -0.230443 (0. +1.6703%021) 4 0230443 (<) + 0.5 (0.801291 (0. + 1.6032) 4 0198709 (0. + 1. &™) ]

To get the functional form of the FittedModel object, use Normal:

Normal[nlm] // ExpandAll // Chop
e 1782@2 670.3630821: + e 329798 670.0111678‘t

The result is returned as a FittedModel object, of which properties can be returned:
nlm[ {"ParameterTable", "ANOVATable"}]

DF SS MS
Estimate  Standard Error t-Statistic P-Value Model 2 0.641483 0.320741
{ k12 1 0.0810964 0.0122265 6.63285  0.0000955992  Error 9 0.0000420101 4.66779 x 10°° }
k21 1 0.243154  0.0422701 5.75238  0.000275471 Uncorrected Total | 11 0.641525

Corrected Total 10 0.124414

Here the fitted function and the experimental data are shown:

Plot[x2[t, ©.081, ©.2431], {t, 0, 100},
Epilog-» {Hue[@], PointSize[0.02], Map[Point, listl]}]

. . . .
20 40 60 80 100

Clear["Global x"]

http://diarium.usal.es/guillermo
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° ~ 1 4 °
Diseno optimo

Needs [ "Biokmod™ Optdesign™"]

Optdesign, 1.0 2007-04-09

Optdes|[ inp (e 2:°%"®%P , @ ©-001%-0:2P) " ¢, ((inp, 100}, {p, 5}}, 0.5, 1, 2, 1]

(0.055815, {t,>0.5, t; > 3.95733})

http://diarium.usal.es/guillermo
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Modelo dinamico

Let's consider the iodine biokinetic model before describe. The coefficient transfer
values, in days™, taken from ICRP 78 are k,,=1.9404, k;o=0.01155 and k3= 0.0462. We

will suppose that k;, and k,; are unknown (ICRP gives for a standard man k= 0.8316,
ks = 0.0086625 )

We will refer to iodine 131 which has a radioactive half-life of 8.02 days, this meaning
that radioactive decay constant A = In 2/8.02 day™. Then the compartmental matrix is:

iodinel31imatrix = CompartMatrix[3, {{1, 2, ki12}, {1, 9, 1.94e4},
{2, 3, k23}, {3, @, 0.01155} , {3, 1, 0.0462}}, Log[2] /8.02] // Chop

{{-2.02683 - k12, @, 0.8462}, {k12, -0.0864273 - k23, @}, {0, k23, -0.144177} }
A input bi=27.13 e ?*%*% 1 27,1328 _0.02e %" 1 09.0194 ¢ %993 hap-
pens in compartment 1, and b=o in the others (This kind of input happens in real situa-
tions when there is an input from the GIT (Gastro Intestinal) to the blood, for instance
if the iodine is intaken by orally). Then:

binput = {-27.13 e+ 27.13e7>% " - 0.020e™° 'V + 0.0194 > %%, 0, 0};
The initial condition are { o, o, o}.

ic= {0, 0, 0};
The numerical solution of the system as function of the para metes {ki2, k23} can be
obtained using the package function ParametricSystemNDSolve,

{x1, x2, x3} = {X1, Xz, X3} /.

ParametricSystemNDSolve[iodinel31matrix, ic, binput, {t, 0, 100}, x, {k12, k23}];

Plot the solutions for different values of the parameter ki2 and k23 .

Manipulate[
LogLogPlot[{x1[k12, k23][t], x2[k12, k23][t] }, {t, 2, 160}, PlotLabels- {"x1", "x2"} ],
{{k12, 0.83, "k13"}, 0.5, 1.2}, {{k23, 0.0086625, "k23"}, 0.001, 0.02}]

http://diarium.usal.es/guillermo
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Modelos ICRP

Pueden resolverse con BiokmodWeb:
http://oed.usal.es/webMathematica/Biokmod/index.html ->ICRP Models ->Lung
http://oed.usal.es/webMathematica/Biokmod/index.html ->ICRP Models ->General

http://diarium.usal.es/guillermo
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Ejemplo: Modelos no lineales
Quit[]
Ejemplo 1

Here is solved 2 D Fick' s law of diffusion from the boundaries of a circle
Q = ImplicitRegion[ (x* +y*<10), {{x, -5, 5}, {y, -5, 5}}];

eql=D[u[x, y, t], t] ==0.0000072+ (D[u[X, y, t], X, x] +D[u[x, y, t], y, y]) -1.2;

sol = NDSolve[{eq1, DirichletCondition[u[x, y, t] == 100, X’ + y* == 18],
ulx, @, t] =10, u[oe, y, t] =10, u[x, y, 0] =10}, u, {t, 0, 18}, {x, y} €Q];

Animate[ContourPlot[u[x, y, t] /. sol, {x, y} € Q, PlotRange -» {0, 10}, ClippingStyle - Automatic,
ColorFunction - "DarkRainbow", PlotLegends -» Automatic], {t, 0, 100}]

o B EE =

[

L] 1 3 3
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Material adicional:
http://diarium.usal.es/guillermo

Parte del material de este notebook procede del libro Mathematica Beyond Mathematics:
The Wolfram Language in the Real World. Guillermo Sanchez. CRC Press. Disponible en
AMAZON

Tutoriales y presentaciones en youtube: http://diarium.usal.es/guillermo/mathemat-
ica/
BIOKMOD: http://diarium.usal.es/guillermo/biokmod/
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