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Abstract. An explicit basis of the space of global vector fields
on the Sato Grassmannian is computed and the vanishing of the
first cohomology group of the sheaf of derivations is shown.

1. Introduction

In this paper we compute explicitly the zero-th and first cohomol-
ogy group of the sheaf of derivations on the Sato Grassmannian. It
continues with the study of the properties of the Sato Grassmannian,
Gr(C((z))), started in [P].

We exhibit a basis of the vector space of global holomorphic vec-
tor fields on the Sato Grassmannian (Theorem 3.2) and show that
the first cohomology group vanishes (Theorem 4.2). Our technique,
although requires cumbersome notation, consists of performing com-
putations with Čech cocycles with the help of an extension result of
Hartogs type (Lemma 3.1).

Let us describe our results in a more detailed way. In the third
section it is proved that any vector field on Gr(C((z))) is induced by an
endomorphism of C((z)) and the expressions of these fields with respect
to the coordinates on the charts of the covering are given. Our results
will allow one to perform explicit computations with those vector fields
associated to the action of subgroups of Gl(C((z))). The study of such
vector fields and group actions are specially relevant when studying the
Sato Grassmannian from the point of view of dynamical systems and
integrable systems ([DJKM, SS]). It deserves a special mention the
relation with the characterization of Jacobian varieties ([M, Sh]) and
with the infinitesimal structure of the moduli space of curves ([MP]).
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Furthermore, in this section it is also proved that vector fields are
(essentially) induced by differential operators of C((z)). Roughly speak-
ing, this means that the differential operators generate infinitesimally
the Grassmannian. This fact should have further consequences in the
study of the moduli of opers in terms of infinite Grassmannian ([BF]).

In the last section it is proved that the first cohomology group van-
ishes. Naively, this would mean that the scheme Gr(V ) could not admit
non-trivial infinitesimal deformations.

I wish to thanks the referees for pointing me out some inaccuracies
in the original manuscript.

2. Background

Let us begin by recalling some basic facts on the scheme structure
of the Sato Grassmannian of C((z)) following [SS, P] (for an analytical
approach to the infinite Grassmannian, see [SW]).

Let V := C((z)) and V + := C[[z]]. Let S be the set of strictly
increasing sequences of integers S = {s0, s1, . . .} such that si+1 = si +1
for all i >> 0. For S ∈ S, let V S ⊂ V be the z-adic completion of
< zs0 , zs1 , . . . >. Then, V will be endowed with the linear topology
induced by {V S}S∈S .

For a C-scheme T , we define V̂T := V ⊗̂COT = lim←−(V ⊗COT )/(V S⊗C
OT ) where S ∈ S. Similarly, we introduce analogous notations for the
completions of subspaces and quotients of V .

The infinite Grassmannian is the C-scheme Gr(V ) whose set of T -
valued points is given by:

Gr(V )(T ) =





submodules L ⊆ V̂T such that for every
t ∈ T there exist a neighborhood U

and S ∈ S such that L̂U ⊕ V̂ S
U ' V̂U





In particular, the set of C-valued points is

Gr(V )(C) =

{
subspaces L ⊆ V , such that L ∩ V +

and V/L + V + are of finite dimension

}

We know that Gr(V ) has an affine covering given by {GrS}S∈S where
GrS represents the open subfunctor of Gr(V ) given by

GrS(T ) := { sub-OT -modules L ⊂ V̂T such that L ⊕ V̂ S
T = V̂T}

The connected components of Gr(V ) are labelled by the integers
and are all isomorphic. From now on, Gr(V ) will denote the connected
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component containing the point z−1C[z−1]. It is easy to check that this
component is covered by the open affine subschemes {GrS}S∈S0 where

S0 := {S ∈ S |#(Z<0 ∩ S) = #(Z≥0 − S)}
or, equivalently, those S ∈ S such that dim LS∩V + = dim V/(LS+V +)
where LS :=<{zr|r /∈ S}>.

Note that there is an isomorphism of functors

Hom(LS, V S)
∼−→ GrS

φ 7−→ Graph(φ) :=<l + φ(l) | l ∈ LS >

Observe that there is an isomorphism of Hom(LS, V S) with an infi-
nite dimensional affine space

(2.1) SpecC[{xij | i /∈ S, j ∈ S}] ' Hom(LS, V S)

induced by the linear map that sends zi to
∑

j∈S xijz
j.

Proposition 2.2. Let S1, S2 ∈ S0 be two elements such that S1 6= S2.
Then, the restriction homomorphism associated to GrS1 ∩GrS2 ↪→ GrS1

is the localization by an irreducible element.

Proof. Consider a subspace L ∈ GrS1 . Take f 1 ∈ Hom(LS1 , V
S1

) such
that L = Graph(f 1). Writing f 1 as a map

LS1∪S2 ⊕ LS1/LS1∪S2 → LS2/LS1∪S2 ⊕ V S1∩S2

where LS1/LS1∩S2 and LS2/LS1∪S2 are finite dimensional and LS1∪S2

and V S1∩S2 are infinite dimensional. One then has

f 1 =

(
f 1

11 f 1
12

f 1
21 f 1

22

)

where the block f 1
12 has a finite number of columns and rows. Observe

that the condition L ∈ GrS1 ∩GrS2 is equivalent to say that

f 1
12 : LS1/LS1∪S2 → LS2/LS1∪S2

is invertible. This means that GrS1 ∩GrS2 = SpecC[{xij}]det(f1
12)

. Note

that det(f 1
12) is the determinant of the matrix (xij)i∈S2−S1

j∈S1−S2

, which is

irreducible in C[{xij | i /∈ S1, j ∈ S1}]. ¤

For our purposes we need an explicit relation between the coordinates
of a given point with respect to two different charts of the covering. For
f i ∈ Hom(LSi

, V Si) (i = 1, 2) the condition Graph(f 1) = Graph(f 2) is
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equivalent to say that the subspaces generated by the columns of

(2.3)




Id 0
0 Id

f 1
11 f 1

12

f 1
21 f 1

22


 and




Id 0
f 2

11 f 2
12

0 Id
f 2

21 f 2
22




coincide (the columns of these matrices are the vectors of the corre-
sponding subspaces and are written w.r.t. the decomposition LS1∪S2 ⊕
LS1/LS1∪S2 ⊕ LS2/LS1∪S2 ⊕ V S1∩S2).

Since f 1
12 is invertible

(2.4)
〈 Id 0

0 Id
f1
11 f1

12

f1
21 f1

22

〉
=

〈 Id 0
0 (f1

12)
−1

f1
11 Id

f1
21 f1

22(f
1
12)

−1

〉
=

〈 Id 0
−(f1

12)
−1f1

11 (f1
12)

−1

0 Id
f1
21 − f1

22(f
1
12)

−1f1
11 f1

22(f
1
12)

−1

〉

(here angular brackets denote the linear span of the columns). Com-
paring (2.3) and (2.4) we obtain

(2.5)

f 2
11 = −(f 1

12)
−1f 1

11

f 2
12 = (f 1

12)
−1

f 2
21 = f 1

21 − f 1
22(f

1
12)

−1f 1
11

f 2
22 = f 1

22(f
1
12)

−1

3. Global Vector Fields

Lemma 3.1. Let S1, S2 ∈ S0 such that S1 6= S2. Let M be a locally
free OGr(V )-module. Then, there exists an canonical isomorphism

H0(Gr(V ),M) ' H0(GrS1 ∪GrS2 ,M)

Proof. Let Zi be the closed subscheme given by Gr(V ) − GrSi (for
1 ≤ i ≤ 2).

Let Si, Sj be in S0. Recalling that OGrSi is a ring of polynomials
and that the restriction homomorphism associated to GrSi ∩GrSj ↪→
GrSi is the localization by an irreducible element, one shows that the
restriction homomorphisms

H0(GrSi ,M) ' H0(GrSi −Z1 ∩ Z2,M)

H0(GrSi ∩GrSj ,M) ' H0(GrSi ∩GrSj −Z1 ∩ Z2,M)

are isomorphisms.
Noting that the group H0(Gr(V ),M) (resp. H0(GrS1 ∪GrS2 ,M))

can be computed using Čech cohomology and that {GrSi}Si∈S0 (resp.
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{GrSi −Z1∩Z2}Si∈S0) covers Gr(V ) (resp. Gr(V )−Z1∩Z2 = GrS1 ∪GrS2)
the result follows. ¤

Let D be the sheaf of derivations on Gr(V ). From (2.1) one has that

H0(GrS ,D) = DerC
(
C[{xij}],C[{xij}]

)
= C[{xij}] << { ∂

∂xij
} >>

where << {ei} >> denotes the completion of the vector space < {ei} >
w.r.t. the topology given by the subspaces of finite codimension.

Theorem 3.2. Let D be the sheaf of derivations on Gr(V ). Let S ∈ S0.
Then the restriction map

H0(Gr(V ),D) ↪→ H0(GrS,D)

is injective and its image is the completion of the C-vector space

〈




∂

∂xαβ

,
∑

β∈S

xα1β
∂

∂xα2β

,
∑

α/∈S

xαβ1

∂

∂xαβ2

,
∑

α/∈S
β∈S

xα1βxαβ1

∂

∂xαβ





〉

where α1, α2 /∈ S, β1, β2 ∈ S.

Proof. The previous lemma says that its suffices to compute H0(GrS1 ∪GrS2 ,D)
for any particular choice of S1 and S2. Therefore, let us take S1 = S
and S2 ∈ S0 with #(S1 − S2) = #(S2 − S1) = 1. The proof is reduced
to compute the kernel of the map

(3.3)
H0(GrS1 ,D)×H0(GrS2 ,D)

δ−→ H0(GrS1 ∩GrS2 ,D)

(P,Q) 7−→ P |GrS1 ∩GrS2 −Q|GrS1 ∩GrS2

Recalling the expression (2.1) write

GrS1 = SpecC[{xsr | s /∈ S1, r ∈ S1}]
GrS2 = SpecC[{ysr | s /∈ S2, r ∈ S2}]

Let introduce the following notation. Define integers i, j by the re-
lations S1 − S2 = {i} and S2 − S1 = {j}. Note that GrS1 ∩GrS2 '
SpecC[xrs]xji

. Let s denote any element in the complement of S1 ∪ S2

and r and any element in S1 ∩ S2.
Writing equations (2.5) for this case, we obtain the identities relating

x’s and y’s

(3.4)





yir = −x−1
ji xjr

yij = x−1
ji

ysr = xsr − xsix
−1
ji xjr

ysj = xsix
−1
ji





xjr = −yiry
−1
ij

xji = y−1
ij

xsr = ysr − ysjy
−1
ij yir

xsi = ysjy
−1
ij
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Taking differentials, and computing the corresponding vector fields, it
turns out that the restriction homomorphism

H0(GrS2 ,D) −→ H0(GrS1 ∩GrS2 ,D)

is explicitly given by

∂

∂yir
7→ −xij

∂

∂xjr
−

∑
s

xsi
∂

∂xsr

∂

∂yij
7→ −x2

ji

∂

∂xji
−

∑
r

xjixjr
∂

∂xjr
−

∑
r,s

xsixjr
∂

∂xsr
−

∑
s

xsixji
∂

∂xsi

∂

∂ysj
7→ xji

∂

∂xsi
+

∑
r

xjr
∂

∂xsr

∂

∂ysr
7→ ∂

∂xsr

Now, let us compute the kernel of the map (3.3). A pair (P, Q) with
P =

∑
α,β Pαβ(x) ∂

∂xαβ
and Q =

∑
α,β Qαβ(y) ∂

∂yαβ
lies in Ker δ if an only

if

(3.5)

0 = Pji(x) + x2
jiQij(y)

0 = Pjr(x) + xjiQir(y) + xjixjrQij(y)

0 = Psi(x) + xsixjiQij(y)− xjiQsj(y)

0 = Psr(x)−Qsr(y) + xsiQir(y) + xsixjrQij(y)− xjrQsj(y)

Now one has to solve this system; that is, to find those fields P that
extend to Gr(V ).

The first equation and (3.4) imply that y2
ijPji(x) is a polynomial in

y. Recalling the explicit expressions (3.4) one gets that Pαβ(x) is a
polynomial of degree less or equal than 2. Expressing y’s in terms of
x’s, eliminating Q¦ and solving the system, one gets the fields of the
statement. ¤

From the theorem, it follows that if H0(Gr(V ),D) is endowed with
the initial topology w.r.t. the inclusion in H0(GrS,D), then it is com-
plete.

For a, b ∈ Z, let Eab denote the endomorphism of V defined by
Eab(z

γ) := zb if a = γ and 0 otherwise. Let End′(V ) denote the C-
vector field generated by {Eab|a, b ∈ Z}.
Theorem 3.6. The canonical morphism

End′(V ) −→ H0(Gr(V ),D)

has dense image.
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Proof. For a, b ∈ Z, the map Id +εEab : V ⊗ C[ε]/ε2 → V ⊗ C[ε]/ε2,
where ε2 = 0, gives rise to an automorphism of Gr(V )× Spec(C[ε]/ε2)
and, in particular, of the set of C[ε]/ε2-valued points of Gr(V ); that is,
to a vector field.

Consider S ∈ S0. For L ∈ GrS consider a basis of L of the type
{zr +

∑
s λrsz

s|r /∈ S, s ∈ S}. Then, the coordinates {xab} in the open
subscheme GrS are given as follows

xab(L) := λab

Then, the computation of the vector field consists essentially of writing
down the coefficient of ε in the expression xab

(
(Id +εEab)(L)

)
.

One gets the following cases

• if a, b /∈ S, then the field is −∑
β∈S xbβ

∂
∂xaβ

;

• if a /∈ S, b ∈ S, it is ∂
∂xab

;

• if a ∈ S, b /∈ S, it is −∑
α/∈S,,β∈S xαaxbβ

∂
∂xαβ

;

• if a, b ∈ S, it is
∑

α/∈S xαa
∂

∂xαb
.

The conclusion now follows from the Theorem 3.2. ¤
Remark 3.7. One can study the the extension of the above map to a
suitable completion of End′(V ), in that case the identity map generates
the kernel. We refer the reader to [SW] for the relation with the re-
stricted linear group and to [P] for the relation with the automorphisms
group of Gr(V ).

Recall that there exists the Plücker embedding Gr(V ) ↪→ PΩ(S)∗

that identifies the Grassmannian with a closed subscheme of that pro-
jective space ([P]). The previous theorems allows us to compute global
sections of the tangent bundles in both cases. In particular, we obtain
the following

Corollary 3.8. A vector field on PΩ(S)∗ induces a vector field on
Gr(V ) if and only if it is induced by an endomorphism of V .

Remark 3.9 (Finite dimensional case). Our arguments also work for
“standard” Grassmannians of a quasicoherent sheaf of modules; in par-
ticular, Grassmannians of finite dimensional vector spaces, projective
spaces and relative Grassmannians. When V is a finite dimensional
vector space our claims coincide with the known results; for instance,
the kernel of the map of Theorem 3.6 is generated by the identity and
dim H0(Gr(V ),D) = (dim V )2 − 1 (see also [K]).

Theorem 3.10. The canonical map

Diff(C((z))) ↪→ H0(Gr(V ),D)



8 FRANCISCO J. PLAZA MARTÍN

is injective and dense.

Proof. Observe that Diff(C((z))) is generated by the multiplication by
z, which shifts the degree by 1, and by ∂

∂z
, which shifts the degree by

1. Note that every differential operator can be expressed as a sum of
homogeneous differential operators.

Following [SS], we introduce the operators Λ, which is the multipli-
cation by z−1, and K = z◦ ∂

∂z
◦z. Since ΛK−KΛ = Id, a homogeneous

differential operator of degree n (where n ∈ Z) is of the type p(KΛ)Λ−n

where p is a polynomial.
Note that the identity (as endomorphisms of V )

p(KΛ)Λ−n =
∑

l∈Z
p(l + n)El,l+n

implies the injectivity of the map of the statement. From the definition
of the topology of H0(Gr(V ),D), it follows that the closure of the image
of Diff(C((z))) contains the vector fields induced by the operators Eab.
One concludes from Theorem 3.6. ¤

Remark 3.11. The methods of this section can be adapted for other
computations. For instance, in the case of a relative Grassmannian
Gr(V ) → S one can show that H0(Gr(V ),O) = H0(S,OS).

4. Vanishing of the first cohomology group

Lemma 4.1. Let S1, S2, S3 ∈ S0 be pairwise distinct. Let M be a lo-
cally free OGr(V )-module. Then, there exists an canonical isomorphism

H1(Gr(V ),M) ' H1(GrS1 ∪GrS2 ∪GrS3 ,M)

Proof. From Proposition 1.4.1 of Chapter III of [EGA], the group H1(Gr(V ),M)
can be computed from the covering {GrS} using Čech cohomology.
Since GrS1 ∪GrS2 ∪GrS3 = Gr(V )−Z1 ∩Z2∩Z3, it is enough to check
that the restriction homomorphisms

H0(GrSi ,M) ' H0(GrSi −Z1 ∩ Z2 ∩ Z3,M)

H0(GrSi ∩GrSj ,M) ' H0(GrSi ∩GrSj −Z1 ∩ Z2 ∩ Z3,M)

H0(GrSi ∩GrSj ∩GrSk ,M) ' H0(GrSi ∩GrSj ∩GrSk −Z1 ∩ Z2 ∩ Z3,M)

are isomorphisms for any Si, Sj, Sk ∈ S0. This fact follows from argu-
ments similar to those of the proof of Lemma 3.1. ¤

Theorem 4.2. The following holds

H1(Gr(V ),D) = 0
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Proof. It is enough to show that H1(GrS1 ∪GrS2 ∪GrS3 ,D) = 0 for a
particular choice of S1, S2, S3 ∈ S0 (pairwise distinct). Take S1, S2, S3

such that #(Sα − Sβ) = 1 for α 6= β. Introduce i, j, k by the relations
{i, k} = S1−(S2∩S3), {j, k} = S2−(S1∩S3) and {i, j} = S3−(S1∩S2).

Let

GrS1 = SpecC[{xsr | s /∈ S1, r ∈ S1}]
GrS2 = SpecC[{ysr | s /∈ S2, r ∈ S2}]
GrS3 = SpecC[{zsr | s /∈ S3, r ∈ S3}]

where x’s and z’s are related as follows (similarly to (3.4))

(4.3)

zir = −x−1
ki xkr

zik = x−1
ki

zsr = xsr − xsix
−1
ki xkr

zsk = xsix
−1
ki

It follows that

H12 := H0(GrS1 ∩GrS2 ,D) = C[{xsr}]xji
<< { ∂

∂xsr

} >>

H13 := H0(GrS1 ∩GrS3 ,D) = C[{xsr}]xki
<< { ∂

∂xsr

} >>

H23 := H0(GrS2 ∩GrS3 ,D) = C[{ysr}]ykj
<< { ∂

∂ysr

} >>

H123 := H0(GrS1 ∩GrS2 ∩GrS3 ,D) = C[{xsr}]xjixki
<< { ∂

∂xsr

} >>

Then, to prove the statement one has to check that the kernel of

H12 ×H13 ×H23
Z−→ H123

(A,B, C) 7−→ A−B + C

is contained into the image of

H0(GrS1 ,D)×H0(GrS2 ,D)×H0(GrS3 ,D) B−→ H12 ×H13 ×H23

(P,Q, R) 7→ (P −Q,P −R,Q−R)

Let us consider (A,B, C) ∈ KerZ. One has to show that its class in
the quotient KerZ/ ImB vanishes.

Let us write down the condition (A,B,C) ∈ KerZ. For A =∑
α,β Aαβ

∂
∂xαβ

∈ H12 and similarly for B ∈ H13 and C ∈ H23, the
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condition reads
(4.4)

0 = Aji(x)−Bji(x)− x2
jiCij(y)

0 = Ajr(x)−Bjr(x)− xjiCir(y)− xjixjrCij(y)

0 = Asi(x)−Bsi(x)− xsixjiCij(y) + xjiCsj(y)

0 = Asr(x)−Bsr(x) + Csr(y)− xsiCir(y)− xsixjrCij(y) + xjrCsj(y)

The identity B(0, Q, 0) = (−Q, 0, Q) means that there is an element
(Ā, B̄, C̄) in the class of (A,B,C) such that the coefficients of ∂

∂yαβ
in

C̄, C̄αβ =
∑

l C̄
l
αβ(y)yl

kj, are polynomials in y−1
kj with coefficients in

C[{ysr|s 6= k, r 6= j}] and with C̄0
αβ(y) = 0; or, what amounts to the

same, we may assume that C l
αβ(y) = 0 for l ≥ 0.

Observe that B(P, 0, 0) = (P, P, 0) and, thus, we can assume that
A =

∑
α,β,l A

l
αβ(x)xl

ji
∂

∂xαβ
∈ H12 with Al

αβ(x) ∈ C[{xsr|s 6= j, r 6= i}]
satisfies Al

αβ(x) = 0 for all l ≥ 0.
Bearing in mind the first equation of (4.4), the expressions of Aji

and Cij, the identity y−1
kj = x−1

ki xji and the fact that B is a polynomial
in xji it follows that Aji = 0. Similar arguments show that Aαβ = 0
for all α, β; and, therefore, A = 0.

Now, the conditions (4.4) mean that B,C glue together and give
rise to a vector field in (GrS1 ∩GrS3)∪ (GrS2 ∩GrS3) and, using similar
arguments as in Lemma 3.1, a vector field R ∈ H0(Gr(V )S3 ,D). That
is, there exists R such that B(0, 0, R) = (0, B, C). And the conclusion
follows. ¤
Remark 4.5 (Picard group). Similar arguments can be used to get an-
other proof of the known fact H1(Gr(V ),O∗) ' Z. In the relative case
Gr(V ) → S, one gets H1(Gr(V ),O∗) ' Z×H1(S,O∗).
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