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1. INTRODUCTION

The aim of this paper is to offer an algebraic construction of infinite-
dimensional Grassmannians and determinant bundles. As an applica-
tion we construct the 7-function and formal Baker-Akhiezer functions
over arbitrary fields, by proving the existence of a “formal geometry”
of local curves analogous to the geometry of global algebraic curves.

Recently G. Anderson ([A]) has constructed the infinite-dimensional
Grassmannians and 7-functions over p-adic fields; his constructions are
basically the same as in the Segal-Wilson paper ([SW]) but he replaces
the use of the theory of determinants of Fredholm operators over a
Hilbert space by the theory of p-adic infinite determinants (Serre [S]).

Our point of view is completely different and the formalism used is
valid for arbitrary base fields; for example, for global number fields
or fields of positive characteristic. We begin by defining the func-
tor of points, Gr(V,V™), of the Grassmannian of a k-vector space
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V' (with a fixed k-vector subspace V* C V') in such a way that the
points Gr(V, V*)(Spec(k)) are precisely the points of the Grassman-
nian defined by Segal-Wilson or Sato-Sato ([SW], [SS]) although the
points over an arbitrary k-scheme S have been not previously con-
sidered by other authors. This definition of the functor Gr(V, V™),
which is a sheaf in the category of k-schemes, allows us to prove that
it is representable by a separated k-scheme Gr(V, V™). The universal
property of the k-scheme Gr(V, V™) implies, as in finite-dimensional
Grassmannians, the existence of a universal submodule, Ly, of 7*V
(m : Gr(V,V*) — Spec(k) being the natural projection). These con-
structions allow us to use the theory of determinants of Knudsen and
Mumford ([KM]) to construct the determinant bundle over Gr(V, V™).
This is one of the main results of the paper because it implies that we
can define “infinite determinants” in a completely algebraic way. From
this definition of the determinant bundle, we show in §3 that global
sections of the dual determinant bundle can be computed in a very
natural form. The construction of 7-functions and Baker functions is
based on the algebraic version, given in §4, of the group I" of continuous
maps S' — C* defined by Segal-Wilson ([SW]) which acts as a group
of automorphisms of the Grassmannians. We replace the group I' by
the representant of the following functor over the category of k-schemes

S~ H'(8,05)((2))" = H'(S, Os)[[]][=]"

This is one of the points where our view differs essentially from other
known expositions ([A], [AD], [SW], [SS]). Usually, the elements of I
are described as developments, of the type f = Y72 \; 2* (\;, € C), but
in the present formalism the elements of I' with values in a k-algebra
A are developments f =Y. yAiz" € A((2)) such that A_q,...,A_n
are nilpotent elements of A.

In future papers we shall apply the formalism offered here to arith-
metic problems (Drinfeld moduli schemes and reprocity laws) and shall
give an algebraic formalism of the theory of KP-equations related to
the characterization of Jacobians and Prym varieties. We also hope
that this formalism might clarify the algebro-geometric aspects of con-
formal field theories over base fields different from R or C in the spirit
of the paper of E. Witten ([W]).

2. INFINITE GRASSMANNIANS

Let V' be a vector space over a field k.
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Definition 2.1. (Tate [T]) Two vector spaces A and B of V' are com-
mensurable if A+ B/AN B is a vector space over k of finite dimen-
sion. We shall use the symbol A ~ B to denote commensurable vector
subspaces.

Let us observe that commensurability is an equivalence relation be-
tween vector subspaces. The addition and intersection of two vector
subspaces commensurable with a vector subspace A is also commensu-
rable with A.

Let us fix a vector subspace Vt C V. The equivalence class of
vector subspaces commensurable with V' allows one to define on V' a
topology, which will be called V*-topology: a basis of neighbourhoods
of 0 in this topology is the set of vector subspaces of V' commensurable
with V.

V is a HaussdorfI topological space with respect to the V™-topology.
Definition 2.2. The completion of V' with respect to the VT -topology
is defined by: R

V= lim (V/A)
A~V

Analogously, given a vector subspace B C V we define the comple-

tions of B and V/ B with respect to BNV and B + V1 /B, respectively.

The homomorphism of completion V' LV s injective and V' is said
to be complete if V 4V is an isomorphism.
Ezample 1. o (V,V*t =0); V is complete.
o V==Fk((t), V* =E[[t]]; V is complete.
e Let (X, Ox) be a smooth, proper and irreducible curve over the
field k, and let V be the ring of adeles of the curve and V*+ = [JO,

p
( O, being the my-adic completion of the local ring of X in the
point p); V' is complete with respect the V*-topology.

Proposition 2.3. The following conditions are equivalent:

1. V is complete.
2. V't is complete.
3. Each vector subspace commensurable with VT is complete.

Proof. This follows easily from the following commutative diagram for
every A~ VT:

0 A % V/A —— 0
T
0 A 1% V/IA—— 0
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U

Definition 2.4. Given a k-scheme S and a vector subspace B C V,
we define:

1. Vs = lim (V/A® Os).

N A~f\1/+
2. Bg = lim (B/AN B) ® Og.
k
ANIL\XN
3. (V/B)g = lim ((V/A+ B) ® Os)
A
A~V

Proposition 2.5. I//; is a sheaf of Og-modules and given B ~ VT, we

have: . P
(V/B)s = Vs/Bs = (V/B) ® Os
Proof. This is an easy exercise of linear algebra. O

Let V be a k-vector space and VT a vector subspace determining a
class of commensurable vector subspaces.

Definition 2.6. A discrete vector subspace of V' is a vector subspace,
L CV, such that LONVY and V/L + VT are k-vector spaces of finite
dimension.

We aim to define a Grassmannian scheme Gr(V, V"), defining its
functor of points Gr(V, V™) and proving that it is representable in the
category of k-schemes.

If V is complete, the rational points of our Grassmannian will be
precisely the discrete vector spaces of V; that is, Gr(V, V)(Spec(k)) as
a set coincides with the usual infinite Grassmannian defined by Pressley
and Segal [PS] or M. and Y. Sato [SS].

Definition 2.7. Given a k-scheme S, a discrete submodule of\//g s a

sheaf of quasi-coherent Og-submodules L C Vg such that Eslfg Vg for

every morphism S — S and for each s € S, L @ k(s) C Vs ® k(s)
Os Os

and there exists an open neighbourhood Uy of s and a commensurable
k-vector subspace B ~ V' such that: Ly, N By, is free of finite type
and VUS/EUS + BUS =0.

Proposition 2.8. With the notations of the above definition, given
another commensurable k-vector space, B' ~ V*t, such that B C B’,

Ly, N L?; 1s locally free of finite type.
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Proof. This follows easily from the commutative diagram

0 — Bu, —— By —— ((B/B)®0y)=5y /By, — 0

| J |

0 — Vi /Ly, — Vi, /Ly, — 0 — 0
using the snake Lemma. O

Definition 2.9. Given a k-vector space V. and V* C V', the Grass-
mannian functor, Gr(V, V1), is the contravariant functor over the cal-
egory of k-schemes defined by

discrete sub-Og-modules of ‘//g}

Gr(V.VT)(S) =
with respect the V1 -topology

Remark 1. Note that if V' is a finite dimensional k-vector space and

V*t = (0), then Gr(V,(0)) is the usual Grassmannian functor defined

by Grothendieck [EGA].

Definition 2.10. Given a commensurable vector subspace A ~ VT,
the functor Fy over the category of k-schemes is defined by:

Fu(S) = { sub-Og-modules £ C Vg such that £ ® Ag = Vs }
(That is: LN Ag = (0) and £+ Ag = V).

Lemma 2.11. For every commensurable subspace B ~ VT, the con-
travariant functor Fp is representable by an affine and integral k-
scheme Fp.

Proof. Let Lgy be a discrete k-subspace of V' such that Lo ® B = V; we
then have:

Fp(S) = Home, ((Lo)s, Bs) = lim Home,((La)s, B/BNA® Os))

A
A~V+

If we denote by Fp/pna(S) the set Home ((Lo)s, B/B N A%Os)),

it is obvious that the functor Fi,pna(S) is representable by an affine
and integral k-scheme since B/B N A is a finite dimensional k-vector
space. But Fp is now a projective limit of functors representable by
affine schemes, so we conclude that Fp is representable by an affine
k-scheme. O
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Lemma 2.12. Let £ be an element in Gry(V)(S) and A and B are
two k-subspaces of V commensurable with V*. It holds that:

a) if Vs/L+ Ag = 0, then LN Ag is a finite type locally free of Og-
module.

b) Vs/L + Bs is an Os-module locally of finite presentation.

Proof.

a) By proposition R.§, for each point s € S there exists an open neigh-
bourhood U, and a commensurable k subspace A" ~ V* such that:
ACA, Vy, /Ly, + Ay, = 0 and Ly, N Ay is free of finite type. From
the exact sequence:

0— LNAs— L — (Vs/As) = (V/A)s — 0
one deduces that £ N 25 is quasicoherent and
0 — (LN Ag)y, = Lu, = (Vi /Au,) = (V/A)y, = 0

Let us consider the commutative diagram:

0 — LDAg —— LDAg — (AJA)g — 0

| |

0 —— ‘//E — 1//; — % — 0
By using the snake lemma we have an exact sequence:
0 — (LsNAg) — LsNAy — (A'JA)s — Vs/Ls+ Ag — Vs/Ls+ Alg — 0
In our conditions for A and A’ we have:

0— (Ly, N Av,) = Ly, N Ay, — (A/A)y, = 0

Then, (LN 25)(]5 =Ly, N gUS is the kernel of a surjective homomor-
phism between two free Oy -modules of finite type, and we conclude
the proof.

b) For a given s € S, let us take B C B’ such that B ~ V7

is a commensurable subspace, Ly, N §US is free of finite type and
Vu./Lu, + B'y, = 0. We then have the exact sequence:

EUS QE\/US — B,/B(%)OUS — VUS/[,US +‘/B\Us — 0

and so we conclude. O

Theorem 2.13. The functor Gr(V, V™) is representable by a k-scheme
Gr(V, V).
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Proof. The proof is modeled on the Grothendieck construction of finite
Grassmannians [EGA]; that is:

It is sufficient to prove that {F4, A ~ V*} is a covering of Gr(V, V™)
by open subfunctors:
1)For every A ~ V™, the morphism of functors Fy — Gr(V,V*) is
representable by an open immersion:
That is, given morphism of functors X" — Gr(V, V™) (where X is a
k-scheme), the functor

X' x Fy—X
Gr(V,VH) 7

is represented by an open subscheme of X. This is equivalent to proving
that given £ € Gr(V,V1)(X), the set :

U(AL)={r € X suchthat L,=L 8 k(z) € Fa(Spec(k(x)))}

is open in X.
If £, € Fa(Spec(k(x)), then:

Vk(m)/ﬁx + A\k(m) =0

but Vy /L4 A/;g is a Ox-module of finite presentation and, applying
the lemma of Nakayama, there exists an open neighbourhood U, of z,
such that R R

Vu./Lu, + Ay, =0

By lemma B.13, £i, N Ay, is a Op,-module coherent. However, bearing
in mind that £, N Ay = 0, there exists another open neighbourhood
of x, U, C U,, such that Ly, N Ay, = 0 and therefore Ly € F4(U',).
2) For every k-scheme X and every morphism of functors

X' — Gr(V,V™T)

the open subschemes {U(A, L), A ~ V*} defined above are a covering
of X.

That is, given £ € Gr(V,V*)(X) and a point # € X, there exists an
open neighbourhood, U,, of x and a commensurable subspace A ~ V'
such that:

EUZ c FA(Um)
Let A be a commensurable subspace such that:

LN Ape) =0

since ‘71@(:(;) /L + % is a k(x)-vector space of finite dimension, we can
choose a basis (e; ®1,...,e;, ® 1) of Vi) /Lo + Ak(z) where e¢; € V.
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Defining
B=A+(e,...,ep)
obviously B ~ V*. One can easily prove that there exists an open

subset U’, C U such that Ly, € Fg(U',) and this completes the proof
of the theorem. O

Lemma 2.14. Let A, B be two k-vector spaces of V' commensurable
with V. A necessary and suﬁiczent condztwn fm’ the existence of L €

Gr(V,V)(S) such that L & Ag = L & Bg = Vs, is that there should
exist an isomorphism of k-vector spaces

7:B/ANB = A/JANB
Proof. Let us consider the decomposition:
Vs=(ANB)s® (B/ANB)s® (AJANB) & (V/A+ B)g
If the isomorphism 7 exists, we take:
L={(a,b7(b), ac(V/A+B)y, be(B/BNA)g}
Conversely, assume that £ & ;1; =L & étq = 1//; We then have:

®(B/BNA)® (B/m\A>S ~ L&Bg ~ LOAg ~ LB(A/AN B) 4@ (B/m\A>S

from which we deduce that:

(BJANB)g~ (AJAN B)q

Theorem 2.15. Gr(V, V") is a separated scheme.

Proof. Let Fg = Spec(Ag) = (Up) be the affine open subschemes of
the Grassmannian constructed in lemma P.17]. It suffices to prove that
given two commensurable subspaces B’ and B such that Fg N Fp # ()
then g N Fp is affine.
By lemma .14
FgNFp #0

implies the existence of Ly € Fp(Spec(k)) N Fg/(Spec(k)) and bearing
in mind that
FgNFp =Fg x Fpy

Fpip

we conclude the proof. O
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Definition 2.16. The discrete submodule corresponding to the identity
Id € Gr(V, V™) (Gr(V, V+))
will be called the universal module and will be denoted by

Ly C ‘A/Gr(V,Vﬂ

Remark 2. In this section we have constructed infinite-dimensional
Grassmannian schemes in an abstract way. Since we select particu-
lar vector spaces (V, V1) we obtain different classes of Grassmannians.
Two examples are relevant:

1.V = k((t)), VT = K[[t]]. In this case, Gr(k((t)), k[[t]]) is the
algebraic version of the Grassmannian constructed by Pressley,
Segal, and M. and Y. Sato ([PS], [SS]) and this Grassmannian is
particularly suitable for studying problems related to the moduli
of curves (over arbitrary fields) and KP-equations.

2. Let (X,Ox) be a smooth, proper and irreducible curve over the

field k and let V be the adeles ring over the curve and V+ = []O,
p

(Example 1.3.3). In this case Gr(V, V") is an adelic Grassmannian
which will be useful for studying arithmetic problems over the
curve X or problems related to the classification of vector bundles
over a curve (non abelian theta functions...).

Instead of adelic Grassmanians, we could define Grassmanians
associated with a fixed divisor on X in an analogous way.

These adelic Grassmanians will be also of interest in the study
of conformal field theories over Riemann surfaces in the sense of
Witten ([W]).

Remark 3. From the universal properties satisfied by the Grassman-
nian one easily deduces the well known fact that given a geometric
point W € Gr(V)(Spec(K)) (k — K being an extension of fields), the
Zariski tangent space to Gr(V') at the point W is the K-vector space:

T Gr(V) = Hom(W, Vig /W)

3. DETERMINANT BUNDLES

In this section we construct the determinant bundle over the Grass-
mannian following the idea of Knudsen and Mumford ([KM]). This
allow us to define determinants algebraically and over arbitrary fields
(for example for k = Q or k =F,).

Let us set a pair of vector spaces, V™ C V. As in section P}, we will
denote the Grassmannian Gr(V, V™) simply by Gr(V).
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Definition 3.1. For each A ~ V' and each L € Gr(V')(S) we define
a complex, C4(L), of Og-modules by:

CUL)=--—0— L& Ag Vs —0— ...

0 being the addition homomorphism.

Theorem 3.2. C%(L) is a perfect complex of Og-modules.

Proof. We have to prove that the complex of C%(L) is locally quasi-
isomorphic to a bounded complex of free finitely-generated modules.

Let us note that the homomorphism of complexes given by the dia-
gram:

0 LAy 2 Vs 0
pll l
0 L —— (V/A), 0

(p1 being the natural projection) is a quasi-isomorphism. The problem
is local on S, and hence for each s € S we can assume the existence of
an open neighbourhood, U, and a commensurable subspace B ~ VT
such that A C B and:

Vi /(Ly, BU) =0 , Ly N By is free and finitely-generated
We then have the exact sequence:
0— LUﬁAU —>LUQBU — (B/A)U —>VU/(LU—|—AU) — 0

from which we deduce that the homomorphism of complexes given by
the following diagram is a quasi-isomorphism:

0 Ly N By —— (B/A), 0
0 Ly — (V/A), 0

That is, C%(L)|y is quasi-isomorphic to the complex 0 — Ly N By —
(B/A)y — 0, which is a complex of free and finitely-generated modules.
U

Definition 3.3. The index of a point L € Gr(V')(S) is the locally con-
stant function i : S — 7Z defined by:

ir(s) = Euler-Poincaré characteristic of Cy+ (L) ® k(s)

k(s) being the residual field of the point s € S. (For the definition of
the Euler-Poincaré characteristic of a perfect complex see [KM] ).
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Remark 4. The following properties of the index are easy to verify:

1. Let f : T — S be a morphism of schemes and L € Gr(V)(S5);
then: if*L = f (ZL)

2. The function 7 is constantly zero over the open subset Fy +.

3.If B~ VT Vt C B and VU/LU+BU = 0 over an open sub-
scheme U C S, then iz (s) = dimyg)(Ls N BS) dimy, ) (Bs/V,F).

4. If V is a finite-dimensional k-vector space and VT =V and L €
Gr(V)(S), then iy = rank(L).

5. For any rational point L € Gr(V')(Spec(k)) one has:

iy, = dimy(LN V) = dimy(V/L+ V™)

Theorem 3.4. Let Gr"(V') be the subset over which the index takes
values equal ton € Z. Gr" (V') are open connected subschemes of Gr(V)
and the decomposition of Gr(V') in connected components is:

= H Gr"(V
nez
Proof. This is obvious from the properties of the index. O
Given a point L € Gr(V)(S) and A ~ VT, we denote by Det C%(L)

the determinant sheaf of the perfect complex C%(L) in the sense of

Theorem 3.5. With the above notations the invertible sheaf over S,
Det C4 (L), does not depend on A (up to isomorphisms).

Proof. Let A and A’ be two commensurable subspaces. It suffices to
prove that:

Det C%(L) = Det C% (L)
in the case A C A’. In this case we have a diagram:

6 A~

0 L& Ag Vs 0
| a
0 LA, 2 Vs 0

and by the additivity of the functor Det(—) we obtain:
Det C% (L) ® Det(A’/A)s — Det C%/ (L)

However A’/A is free and we conclude the proof. O
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Definition 3.6. The determinant bundle over Gr(V'), Dety, is the in-
vertible sheaf:
Det C\./Jr (EV)

Ly being the universal submodule over Gr(V').

Proposition 3.7. (Functoriality) Let L € Gr(V)(S) be a point given
by a morphism fr : S — Gr(V'). There exists a functorial isomorphism:
/7 Dety — Det C%(L)

We shall denote this sheaf by Dety (L).
Proof. The functor Det(—) is stable under base changes. O

Remark 5. Let L € Gr(V)(Spec(K)) be a rational point and let A ~
V* such that L N A and Vi /L + Ai are K-vector spaces of finite
dimension. In this case we have an isomorphism:

Dety (L) ~ A™ (LN Ag) @ A" (Ve /(L + Ag))*

That is, our determinant coincides, over the geometric points, with the
determinant bundles of Pressley, Segal, Wilson and M. and Y. Sato
([PS], [SW], [SS]).

We shall now state with precision the connection between the deter-
minant bundle Dety and the determinant bundle over the finite Grass-
mannianns.

Let L, L' € Gr(V)(Spec(k)) such that L C L'. In these conditions,
L'/L is a k-vector space of finite dimension. The natural projection
m: L' — L'/L induces an injective morphism of functors:

Gr(L'/L) < Gr(V)
defined by:
J(M) =71(M) for each M € Gr(L'/L)(S)
We then have a morphism of schemes:
J: Gr(L'/L) — Gr(V)
It is not difficult to prove that j is a closed immersion.

Theorem 3.8. With the above notations, there exists a natural iso-
morphism:

j* Detv = DetL//L
Detyr//r, being the determinant bundle over the finite Grassmannian

Gr(L'/L).
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Proof. Let £/ be the universal submodule over Gr(L’/L). By definition
Detys/;, = Det(L£/ — L'/L), which is isomorphic to Det(r7~ 'L — L').
By the definition of j, one has j*£y — 77 '£/ and hence:

j*Dety ~ Det(n LI & VY - V)
and from the exact sequence of complexes:

aigf — s itV —— VT

| ! |

r — 1% — V)L
we deduce that j* Dety ~ Dety/ . Ol

Corollary 3.9. Let i be the index function over Gr(V'). For each ra-
tional point M € Gr(L'/L) one has:

i(j(M)) =i(L") + dimg(L'/M + L)
Proof. Obvious. O

3.1. Global sections of the determinant bundles and Pliicker
morphisms . It is well known that the determinant bundle have no
global sections. We shall therefore explicitly construct global sections
of the dual of the determinant bundle over the connected component
Gr%(V) of index zero.

We use the following notations: A®FE is the exterior algebra of a
k-vector space E; A"E its component of degree r, and AE' is the com-
ponent of higher degree when E is finite-dimensional.

Given a perfect complex C® over k-scheme X, we shall write Det* C*®
to denote the dual of the invertible sheaf Det C®.

To explain how global sections of the invertible sheaf Det™ C*® can be
constructed, let us begin with a very simple example:

Let f : E — F be a homomorphism between finite-dimensional k-
vector spaces of equal dimension. This homomorphism induces:

A(f) : N\E — AF

and A(f) #0 <= f is an isomorphism. A(f) can be expressed as a
homomorphism:
Af) k= AF® (AE)"

Thus, if we consider L Fasa perfect complex, C®, over Spec(k), we
have defined a canonical section A(f) € H°(Spec(k), Det* C*).

Let us now consider a perfect complex C* = (E ER F) of sheaves
of Ox-modules over a k-scheme X, with Euler-Poincaré characteris-
tic X(C*) = 0. Let U be an open subscheme of X over which C*
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is quasi-isomorphic to a complex of finitely-generated free modules.
By the above argument, we construct a canonical section det(f|y) €
H°(U,Det* C*®) and for other open subset, V, there is a canonical iso-
morphism det(f|v)|vnv =~ det(f|v)|uny and we therefore have a canon-
ical section Det(f) € H°(X,Det*C®). If the complex C* is acyclic, one
has an isomorphism:
O X = Det*C*
1+ det(f)

(for details see [KM]).

Let 0 - H* — C; — C3 — 0 be an exact sequence of perfect
complexes. There exists a functorial isomorphism

Det* C; — Det* H®* ®0,, Det* C5
If H® is acyclic, we obtain an isomorphism
H°(X,Det*C3) = H°(X,Det*C})

In the case H®* = (F 14, E), C = (V ER V), Cs = (F EiN F), and
X(C?) =0 (i = 1,2), we obtain the following commutative diagram:

~

OX I Det*H'®OX:OX

| |

Det*C —— Det* H®* ® Det* C$ ~ Det* C3
from which we deduce that det(f) = det(f"). Moreover, if F' is locally
free of finite rank, this means that computation of det(f) is reduced to
computation of det(f’), as mentioned above.

Let V be a k-vector space and VT C V and A ~ VT a commen-
surable vector subspace. Let us consider the perfect complex C§ =
(Lo A 24, V) over Gr(V) defined in B (£ being the universal discrete
submodule over Gr(V)).

Lemma 3.10. F, C G1°(V) if and only if

dimy(A/AN V) — dimg(VF /AN VF) = 0
Proof. Obvious. O
Corollary 3.11. The open subschemes Fu with dimy(A/ANV™T) —
dim,(VT/ANV*) = 0 are a covering of Gr°(V). Given A,B ~ V+

under the assumption Fy,Fg C Gr°(V) one has dimy(A/ANB) —
dimg(B/AN B) =0.

Proof. Obvious. O
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Given A ~ V7 with Fy C G1°(V), let us note that C%|r, is an acyclic
complex. One then has an isomorphism:
OX‘FA % Det” C,.4|FA

1 SA = d€t(5A)|FA

We shall prove that the section sy € H(F4, Det* C%) can be extended
in a canonical way to a global section of Det” C% over the Grassmannian
Gr(V).

Let B ~ V7t be such that Fz € Gr°(V) and let us consider the
complex:

Chy= (Lo A Lab)

where 45 = 05" 0 d4. Obviously 5AB|(0,AnB) = Id ;g and 64B|(c0) =
Id,, we then have an exact sequence of complexes:

AJANB
0 — L&ANB) — LA — LB A)/LBH(ANDB) — 0
Idl 5,431 PAB
0 — L&ANB) — L&B —— (L®B)/LB(ANB) —— 0

B/ANB

and from the discussion at the beginning of this section we have that
det(pap) = det(0ap) € H°(Fp,Det*C%p) and det(dap) satisfies the
cocycle condition:

det(dAA) =1
det(dap) - det(dpc) = det(dac) over FgN Fg for any C ~ V™
Over F'y N Fg we have canonical isomorphisms:

~ * e
OFAmFB — Det CA‘FAQFB

1 sy

~ * e
OFAOFB — Det CB|FA0FB

1HSB

Oranry — Det* Chplranr,
11— det(dAB)
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which are compatible, therefore:
(sp - det(0ap))|Fanrs = Salpanrs
sp - det(dap) being the image of sp ® det(dap) by the homomorphism:
HY(Fp,Det*Cy) ® HY(Fg,Det* C%3) — H°(Fp,Det*C%)
defined by the isomorphism of sheaves:

DetC} ~ DetCp, @ AN(A/JAN B) @ A(B/AN B)* ~ DetCy, ® DetCl 5

Definition 3.12. The global section wy € H°(Gr(V),Det*C%) de-
fined by:

{sp - det(dan)}p~v+
will be called the canonical section of Det” C§.

This result allows us to compute many global sections of Detj, =
Det Cy,, over Gr°(V):
Given A ~ V7 such that F4 C Gr%(V) the isomorphism Det*C% —
Dety, is not canonical, and in fact we have a canonical isomorphism:

Det* €y = Dety, @ \(A/ANVH) @ A(VH/AnVT)

Therefore to give an isomorphism Det*C% — Det}, depends on the
choice of bases for the vector spaces A/ANVT and VT/ANVT.

3.2. Computations for finite-dimensional Grassmannians. Let
V' be a d-dimensional k-vector space with a basis {e1,...,eq}, let
{e},..., €5} be its dual basis, and V' =< egiq,...,e4 >C V. In this
case Gr’(V, V™) is the Grassmannian of V classifying k-dimensional
vector subspaces of V. Given a family of indexes 1 <14, < --- <4, <d
(1 <1 < d), let A(iy,...,4) be the vector subspace generated by
{ei,,...,e;,}. One has that Fy C Gr°(V) is equivalent to saying that
l=d—k.

Let us set A = A(iy,...,iq-r). Now, the canonical section wy €
H°(Gr°(V),Det*C%) is the section whose value at the point L =<
l,..., 0, >€ Gr°(V) is given by:

wa(L) =ma(l) AN Ama(lp) G AN € NVJARAL™ = (Det™ CY) 1

{ly, ..., ;} being the dual basis of {ly,...,lx} and m4: L — V/A the
natural projection. Note that {e;,...,e;, } is a basis of V/A where
{j1,-- g} = {1,...,d} — {i1,... 04—}, and that its dual basis is
{er,, ... e ) in (V/A)* C V*. We have now:

wa(L) = (e, Ao Neg A Nlg)-ejy Ao Nej, @A N
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Observe that the k-vector space
ANA/ANVTY @ AN(VT/ANVT)
is generated by:
ea=cep N Nep @ep N Ney,

where . _
{iv, .. yigx} —{k+1,...,d} ={my,...,m,}

{k+1,...,d} —{i1,...,igx} ={n1,...,n}
And tensorializing by e4 gives an isomorphism:
HO(Gr(V), Det* C%) =4 HO(Gr%(V), Det?)
Let Q4 be the image of the canonical section wy. The explicit expres-
sion of 24 is:
Qa(L) = (€5, A -Nej )N Al)-er A Neq QT A+ Al € (Dety, )
Let £ C V001 be the universal submodule. One has a canonical
epimorphism:
ky/* k px
N VGrO(V) — AL
and bearing in mind the canonical isomorphism Det], ~ A(V/VT) ®
AEL* one obtains a canonical homomorphism:

ANV* = HY(Gr®(V), AFV*) — HO(CGr%(V), Det},)
e;’fl A A e;k — QA(il,...,

(where {j1, .. je} [T{its .- ias} = {1....,d}).

It is well known that this homomorphism is in fact an isomorphism.

iq—1)

3.3. Computations for infinite-dimensional Grassmannians. In
B.2 we discussed well known facts about the determinants of finite-
dimensional Grassmannians but have stated these results in an intrinsic
language, which can easily be generalized to the infinite-dimensional
case.

Let V be a k-vector space. We shall assume that there exists a family
of linearly independent vectors {e;,i € Z} such that:

1. < {e;},i > 0> is dense in V* (with respect to the V*-topology),
2. <{e;},i €Z > isdensein V.

Remark 6. The above conditions are satisfied for example by V =
k((t)) and VT = k[[t]].

Definition 3.13. Let S be the set of sequences {so, s1,...} of integer
numbers satisfying the following conditions:

1. the sequence s strictly increasing,



18 A. ALVAREZ, J. M. MUNOZ, AND F. J. PLAZA

2. there exists s € Z such that {s,s+1,s+2,...} C {so,s1,...},
3. #({s0,s1,...}—40,1,...}) =#({0,1,...} — {s0,81,.--})-

The sequences of S are usually called Maya’s diagrams or Ferrer’s
diagrams of virtual cardinal zero (this is condition 3).

For each S € S, let Ag be the vector subspace of V' generated by
{es;,i > 0}. By the condition 3 one has:

dlmk(As/AS N V+) = dlmk(v+/A5 N V+)

and hence: Ag ~ V* and Fy, C G1°(V). Further, {Fa,,S € S} is a
covering of Gr(V).

Let {ef} be a dual basis of {e;}; that is, elements of V* given by
e;(ej) = bij.

For each finite set of increasing integers, J = {ji,...,J,}, let us
define ey = e, A---Aej and e =€ A+ N€j .

Given S € S, choose J,K C Z such that {e;};c; is a basis of
Ag/As N VT and {e}}rer of VT/AsNVT. We have seen that ten-
sorializing by e; ® e}, defines an isomorphism:

®(es®ejk

HO(Gr”, Det” C3.) L, HO(Gr°, Det?,)

Definition 3.14. For each S € S, Qg is the global section of Dety,
defined by:

Qg:u)AS@eJ@e*K
We shall denote by Q4 the canonical section of Dety,.

Let ©(S) be the k-vector subspace of H°(Gr”, Det},) generated by
the global sections {Q2g, 5 € S}.
We define the Pliicker morphism:

Py : Gr°(V) — PQ(S)
L—{Qs(L)}
as the morphism of schemes defined by the homomorphism of sheaves:
(S)rr) — Detiy — 0
(by the universal property of P).

Remark 7. Given L,L' € Gr(V)(Spec(k)) such that L C L', let j :
Gr(L'/L) = G1°(V) be the natural closed immersion. Since j* Dety ~
Dety//r,, one can easily see that the composition:

Gr(L'/L) L Gi'(v) B PO(S)
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factors through the Pliicker immersion of the finite-dimensional Grass-
mannian Gr’(L'/L):

pryp: Gr°(L'/L) — Proj S"H®(Gr°(L' /L), Dety, 1)

Theorem 3.15. The Plicker morphism is a closed immersion.

Proof. Going on with the analogy with finite grassmannians, we will
show that this morphism is locally given as the graph of a suitable
morphism. Consider the morphism:

Fyu, — GIo(V) 5 PQ(s)
From the universal property of P, we deduce a epimorphism:
fs:QS)®B— B
k

(where Spec(B) = Flug, and Dety, |, is a line bundle). Note that it
has a section, since the image of (g is a everywhere non null function.
That is, there exists a subspace W C Q(S), and an isomorphism of
k-vector spaces:

< Qg > W = Q(9)
such that fg is the projection onto the first factor. In other words,
Plr,, is the graph of a morphism. O

Remark 8. Note that considering the chain of finite-dimensional Grass-
mannians Gr°(L,;/L_;) (L; being the subspaces < {e;};<; >), which are
closed subschemes of Gr®(V/), one easily deduces that H°(G1"(V), Og,o W) =
k from the fact that the homomorphism:

HO(GYO(V)v OGrO(V)> - @HO(GYO(Li/L—i)a OGrO(Li/L,i))
is injective.

4. AUTOMORPHISMS OF THE GRASSMANNIAN AND THE “FORMAL
GEOMETRY” OF LOCAL CURVES

Let (V,VT) be a pair of a k-vector space and a vector subspace
V+ C V and let Gr(V) denote the corresponding Grassmannian. We
shall define the algebraic analogue of the restricted linear group defined
by Pressley, Segal and Wilson ([PS], [SW]). This group is too large to
be representable by a k-scheme and we therefore define it as a sheaf of
groups in the category of k-schemes.

For each k-scheme S, let us denote by Aute,(Vs) the group of auto-
morphisms of the Og-module Vs.

Definition 4.1.
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a) A sub-Og-module B C Vs 15 said to be locally commensurable with
V't if for each s € S there exists an open neighbourhood Uy of s and a
commensurable vector subspace B ~ V* such that B|y, = By, .

b) An automorphism g € Aute,(Vs) is called bicontinuous with respect
to the V*-topology if g(V§) and g~ (V§) are Og-modules of Vs locally
commensurable with V.

¢) The linear group, GL(V'), of (V, V') is the contravariant functor over
the category of k-schemes defined by:

S~ GL(V)(S) = {g € Auto,(Vs) such that g is bicontinuous }

Theorem 4.2. There exists a natural action of GI(V') over the functor
of points of the Grassmannian Gr(V):

GL(V)xGr(V) & Gr(V)
(9.L) +—g(L)

Proof. Let g € GI(V)(S) and L € Gr(V)(S). We have:

Vs/g(L) + Vi = Vs/L+g7'V§

and by definition of bicontinuous automorphisms, for each s € S there
exist an open neighbourhood U, and a commensurable A ~ V' such
that g7V |y, = Ap,. Then:

Vi, /9(L)o, + Vi, = Vi, /Lu, + Af,
from which we deduce that g(L) € Gr(V)(95). O

Theorem 4.3. There exists a canonical central extension of functors
of groups over the category of k-schemes:

0— Gy, —>@JI(V) - Gl(V)—0

and a natural action i of /(ﬁ(V) over the vector bundle V(Dety ) de-
fined by the determinant bundle, such that the following diagram is
commutative:

GI(V) x V(Detl,) —2— V(Det?)

l |

Gl(V) x Gr(V) —£— Gr(V)
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Proof. Let us define /(?l(V)(S ) as the set of commutative diagrams:
V(Detl,) —L— V(Det?)

J |

Gr(V) —— Gr(V)

for each g € GI(V)(S), and the homomorphism GI(V) — GI(V) given
by g — g. The rest of the proof follows immediately from the fact that
HO(GIO(V),OGrO(V)) = k (remark f) and ¢g*Det], ~ Detj, for every
g € GLV). O

Remark 9. Let G be a commutative subgroup of GI(V) (a subfunc-
tor of commutative groups). The central extension of GI(V') gives an
extension of G N
0—-G,—G5G—0

and the commutator of G:

é X é — é

(a,b) — aba~'b"
induces a pairing:
GxGLha,

(91,92) = [g1. 92) = G1G2G; "G5 " (@' € W_l(gi))

When V is a local field or a ring of adeles, this pairing will be of great
importance in the study of arithmetic problems because it is connected
with the formulation of reprocity laws. N

The same construction of the extensions G applied to the Lie algebra
of G gives an extension of Lie algebras (taking the points of G with
values in k[z]/z?):

0 — G, = Lie(Gy,) — Lie(G) <5 Lie(G) — 0
and a pairing:
Lie(G) x Lie(G) & G,
(Dl, DQ) — R((Dl, Dg)) = [51, 52] - 51152 — 5251

(D, being a preimage of D;).

The pairing R is an abstract generalization of the definition of Tate
[T] of the residue pairing. There are several subgroups of special rele-
vance in the application of this theory to the study of moduli problems
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and soliton equations. Firstly, we are concerned with the algebraic ana-
logue of the group I' ([SW] §2.3) of continuous maps S' — C* acting
as multiplication operators over the Grassmannian. The main differ-
ence between our definition of the group I' and the definitions offered
in the literature ([SW], [PS]) is that in the algebro-geometric setting
the elements Zfz g 2* with infinite positive and negative coefficients
do not make sense as multiplication operators over k((z)).

Let us now consider the case V = k((¢)),Vt = k[[t]]. The main
idea for defining the algebraic analogue of the group I' is to construct
a “scheme” whose set of rational points is precisely the multiplicative

group k((z))".
Definition 4.4. The contravariant functor, k((z))*, over the category

of k-schemes with values in the category of commutative groups is de-
fined by:

S~ k((2))"(8) = H’(S, 0s)((2))"

Where for a k-algebra A, A((z))* is the group of invertible elements of
the ring A((2)) = A[[z]][z7].

Lemma 4.5. For each k-scheme S and f € k((2))"(S), the function:
S—Z
s+ vs(f) = order of fs € k(s)((2))

1s locally constant.

Proof. We can assume that S = Spec(A), A being a k-algebra. Let f =
> i, @i 2" be an element of A((z))* (n € Z). There then exists another
element g = .. b2 (m € Z) such that f-g = 1. This implies
the following relations (from now on we assume n = 0 to simplify the
calculations):

0=>b_,,a
0=0b_pmay+b_pi1a0
) (4.6)
0=b_papm_1+---+b_q1a9
1= by m+ -+ byag
Let us distinguish two cases:
a) b_,, is not nilpotent in A: from [L.6 we obtain:
b_mag = bz_mal =...0" ap1 =0
That is, ag, . .., ay—1 are equal zero in the ring A(,_,,) and for each s €

Spec(A) — (b_,)o one has b_,,(s) a,,(s) = 1 and therefore vs(f) = m.
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We conclude by proving that in this case (b_,,)o is also an open subset
of Spec(A):

From the equations [L.g we deduce:

(b, @m—1, .-, a0)0 = (b_m)o N (@m-1)o N ---N (ag)o =
(b—m)O U (ai>0 = SpeC(A) , 1=0,...,n—1
and hence:
(b—m)o U (M7= (a;)0) = Spec(A)

b) Let us assume that b_,,,...,b_,._; are nilpotent elements of A and
that b_, is not nilpotent. The same argument as in case a) proves that

vs(f) is constant in the closed subscheme (b_,)o and that its comple-
mentary in Spec(A) is N/Z;(a;)o, from which we conclude the proof. [

Corollary 4.7. For an affine irreducible k-scheme S = Spec(A) one
has that:

1. vs is a constant function over S,
2.

{f € A(2) | o(f) =n} = {

3. If A is also a reduced k-algebra:

Al =1] {Zaizi wEeAya, € A*}

nezZ \ i>n

series Gn_p 2" +---4a, 2" + ... such that}

Qppy - .., 0y_1 are nilpotent and a, € A*

Proof. This is obvious from lemma [L.3. O

Theorem 4.8. The subfunctor k:((z))ied of k((2))" defined by:

S~ k(2)" (5 =1] {Z” + Zai 2 a; € H(S, Os)}

red
nez

is representable by a group k-scheme whose connected component of the
origin will be denote by I'y.

Proof. 1t suffices to observe that the functor:

S s {z”+zaizi a; € HO(S,OS)}

i>n
is representable by the scheme:

Spec(lim kfzs, ..., 21]) = lim AL

l !
and the group law is given by the multiplication of series. O
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Theorem 4.9. Let k((z))"  be the subfunctor of k((2))" defined by:

Swﬂﬁmﬁﬁzﬂ{

n>0

finite series a, 2~ + -+ +ay 2~' + 1 such that
a; € H°(S,Og) are nilpotent and n arbitrary

There exists a formal k-scheme I'_ representing k:((z));l, that is:

Homjor sen(S.T-) = k()" (S)

nil

for every k-scheme S.

Proof. Let us define the ring of “infinite” formal series in infinite vari-

ables (which is different from the ring of formal series in infinite vari-
ables) by:

F{z1, ... }} = lmk{fey, ..., )]

n

the morphisms of the projective system being:

ke, wna]]l = Kz, 2]
T T fori=1,...,n—1
$n+1H0

Note that:

E{{z1,...}} = li_k[xl, oo Tl /(T )"

n

It is therefore an admissible linearly topological ring ([EGA] 0.7.1)
and there therefore exists its formal spectrum Spf(k{{xy,...}}). Let
us denote by J,, the kernel of the natural projection k{{zi,...}} —
klzy, .. w0/ (2, 2n)™ and J = lim(zq, ..., 20).

Let us now prove that I'_ = Spf(k{{x1,...}}):
For every k-scheme S, considering over H°(S, Og) the discrete topology,
we have:

HOIIlfor_SCh(S, F_) = Homcont—k—alg«k{{xla . }}, H0<S, Os)) =
f € Homy_ag(k{{x1,...}}, H°(S, Og)) such that
there exists n € N satisfying .J, C f~((0))

However the condition J, C f~((0)) is equivalent to saying that
f(z1),..., f(xz,) are nilpotent and f(x;) = 0 for ¢ > n, from which
one concludes the proof. O
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Remark 10. Note that I'_ is the inductive limit in the category of for-
mal schemes ([EGA] 1.10.6.3) of the schemes which represent the sub-
functors:

an2 "4+ 4a; 27" + 1 such that
S~ T"(S) =< a; € H(S,Og) and the n™ power

of the ideal (ay,...,a,) is zero

Remark 11. Group laws of 'y and I'_ The group law of ', =
Spec(klxy,...]) is given by:

]f[l‘l,] Hl{?[l’l,]@k ]{Z[l’l,]

i1+ Z ;@ +1®w;
k=i

The group law of I'_ = Spf k{{x1,... }} is given by:
E{z1,...}} = k{{x, .. }}uk{{z1,... }}

T Q1+ Z T Qrp+1Qw;
k=i

Let be l{:((z)); be the connected component of the origin in the func-

*

tor of groups k((2))

Theorem 4.10. The natural morphism of functors of groups over the
category of k-schemes:

I X G x Ty — k((2)"

is injective and for char(k) = 0 gives an isomorphism with k((z))z

l{:((z)); is therefore representable by the (formal) k-scheme:
'=r_xG,xI'y

Proof. The morphism from G, to k((z))" is the one induced by the
natural inclusion H%(S, Og)* — H°(S,0s)((2))*.

The injectivity of I < k((z))" follows from the fact that T_NT, =
{1}. The rest of the proof is trivial from the above results and from
the properties of the exponential map we shall see below. O

Remark 12. Our group scheme I is the algebraic analogue of the group
[’ of Segal-Wilson [SW]. Note that the indexes “” and “4” do not
coincide with the Segal-Wilson notations. Replacing k((2)), by k((271))
we obtain the same notation as in the paper of Segal-Wilson.
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Let us define the exponential maps for the groups I'_ and I',. Let
A,, be the n dimensional affine space over Spec(k) with the additive
group law, and A,, the formal group obtained as the completion of A,
at the origin. We define A, as the formal group h_I)IlAn Obviously

n

A is the formal scheme:

~

As = Spfk{{ys,... }}
with group law:

v, 3 = k- roek{{yr, . 3}

Yr— v Q1+ 1Ry

Definition 4.11. If the characteristic of k is zero, the exponential map
for I'_ is the following isomorphism of formal group schemes:
exp

Aoo —I'_
{aitiso — eXP(Z a;z"")

1>0

This is the morphism induced by the ring homomorphism:

iz, ) —2— k{{yr,... 1}

x; — coefficient of 2" in the series eXp(Z y; 277)
>0

Definition 4.12. If the characteristic of k is p > 0, the exponential
map for I'_ is the following isomorphism of formal schemes:

~

A, —T_
{aitizo — H(1 —a; 27"
i>0

which is the morphism induced by the ring homomorphism:

{25 k{0 3D

x; — coefficient of 2" in the series H(l —a; 27"
i>0
Note that this latter exponential map is not a isomorphism of groups.
Considering over A, the law group induced by the isomorphism, exp,

of formal schemes, we obtain the Witt formal group law.
Analogously, we define the exponential maps for the group I';:



THE ALGEBRAIC FORMALISM OF SOLITON EQUATIONS 27

Definition 4.13. Let A* be the group scheme over k defined by lim A,,

(where A, 1 = Specklzy,...,x,11] — A, = Speck|xy,...,x,] is the
morphism defined by forgetting the last coordinate) with its additive
group law. The exponential map when char(k) = 0 is the isomorphism
of group schemes:

A*® — F+
{aitizo — eXP(Z a; 2')

i>0
If char(k) = p # 0, the exponential map is the isomorphism of schemes:
AOO — F+
{ai}tizo — H(l —a;2")
i>0

which is not a morphism of groups.
(See [B] for the connection of these definitions and the Cartier-
Dieudonné theory).

It should be noted that the formal group scheme I'_ has properties
formally analogous to the Jacobians of the algebraic curves: one can
define formal Abel maps and prove formal analogues of the Albanese
property of the Jacobians of smooth curves (see [KSU,C]).

Let C' = Spf(k[[t]]) be a formal curve. We define the Abel morphism
of degree 1 as the morphism of formal schemes:

¢1:é—>F_

given by ¢1 () = (1-4)"' =1+, z—zﬂ that is, the morphism induced
by the ring homomorphism:

k{1, 1y — K]

ZT; — "

Note that the Abel morphism is the algebro-geometric version of the
function g¢(2) used by Segal and Wilson ([SW] page 32) to study the
Baker function.

Let us explain further why we call ¢; the “Abel morphism” of degree
1. If char(k) = 0, composing ¢; with the inverse of the exponential
map, we have:
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and since (1 — £)' = exp(Y,, i) (see [SW] page 33), ¢; is the

izt

morphism defined by the ring homomorphism:

{yi, ... }} — k‘[[t]]

or in terms of the functor of points:
6k,
e
— =, ...}
273
Observe that given the basis w; = t* dt of the differentials Q4 = k[[t]]dt,

¢ can be interpreted as the morphism defined by the “abelian inte-
grals” over the formal curve:

Bult) </w/w/w>

which coincides precisely with the local equations of the Abel morphism
for smooth algebraic curves over the field of complex numbers. In
general, for each integer number n > 0, we define the Abel morphism
of degree n as the morphism of formal schemes:

q@nzé’xﬂ.xé:é"ﬁf_

given by @, (t1,... . t,) = [11, (1 — t—zi)_l; that is, the morphism in-
duced by the ring homomorphism:

E{{z1,...}} = k[[t1]]®.".Qk[[t.]

t— {t,

t;

n
x; +— coefficient of 27" in the series H(l —
z

i=1

)—1

Note that ¢, factorizes through a morphism, ¢, from the n'*-symmetric
product of C' to I'_, which is the true Abel morphism; moreover ¢,, is
an immersion.

Theorem 4.14. (I'_, ¢1) satisfies the Albanese property for C': that is,
every morphism ¢ : C — X in a commutative group scheme (which

sends the unique rational point ofC' to the 0 € X ) factors through the
Abel morphism and a homomorphism of groups I'_ — X.

Proof. Let 1 : C' — X be a morphism from the formal scheme C to a
group scheme X such that ¢ (rational point) = 0. For each n > 0, one
constructs a morphism:

cr i x
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which is the composition of ¥ x - - - xw:éx . xé’—>X>§ Tox X
and the addition morphism X x.7.x X — X. Observe that v,, factors
through a morphism:

snC 2 x
and bearing in mind that I'_ = MS"C (as formal group schemes)

n
we conclude the proof of the existence of a homomorphism of groups

¥ T'_ — X satisfying the desired condition. O

5. T-FUNCTIONS AND BAKER FUNCTIONS

This section is devoted to algebraically defining the 7-functions and
the Baker functions over an arbitrary base field k.

Following on with the analogy between the groups I' and I'_ and the
Jacobian of the smooth algebraic curves, we shall make the well known
constructions for the jacobians of the algebraic curves for the formal
curve C' and the group I': Poincaré bundle over the dual jacobian and
the universal line bundle over the jacobian. In the formal case these
constructions are essentially equivalent to defining the 7-functions and
the Baker functions.

Using the notations of section f, let us consider the Grassmannian
Gr(V) of V = k((z)) and the group

r=Tr_xaG,, xI'y

acting on Gr(V') by homotheties.
As we have shown in [, there exists a central extension of I':

0— G, — I =T =0
given by a pairing:

I'xT — G, (5.1)

Proposition 5.2. The extension f+ of I'y is trivial.

Proof. We will construct a section s (as groups) of f+ — I'y; that is,

for an element g € I'; we give s(g) € I'y such that s is a morphism of
groups.

Denote by p: I' x Gr(V) — Gr(V) the action of I" on Gr(V') and by
g the automorphism of Gr(V') induced by the homothety -g : V — V
forgel.
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Fix g € I';. Observe that there exists a quasi-isomorphism of com-

plexes:
L — V/VT

T

Hy(L) —— VU
since g - V* ~ V*. We have thus an isomorphism Dety, ~ u7 Dety, in
a canonical way, and hence a well-defined element s(g) € I';.. Since
this construction is canonical and p, o py = pg.4 it follows easily that

s(g') - s(g) = s(g" - g). O

Proposition 5.3. For a rational point U € Gr(V), let py be the
morphism I' x {U} — Gr(V) induced by p. Then, the line bundle

wi; Dety, |U_ s trivial, and the extension I'_ is thus trivial.

Proof. Assume U € Fy+ (the general case is anologous). It is no diffi-
cult to obtain the following equality for g € I'_:

() (9) = Q(g-U) = Qe (U) + Y xslg) - Qs(U)

where the sum is taken over the set of Young diagrams and yg is the
Schur polynomial (in the coefficients of g) corresponding to S. Since
Q. (U) # 0 and the coefficients of g are nilpotents, it follows that €
is a no-where vanishing section of x; Dety,, and this bundle is therefore
trivial. B

Observe now that since I'_ can be thought as the sheaf of automor-
phisms of uf; Detj, one has that I_ is a trivial extension. O

Corollary 5.4. The restrictions of the pairing to the subgroups I' _
and I'y are trivial.

We define the Poincaré bundle over I' x Gr(V') as the invertible sheaf:
B = 1" Dety,

For each point U € Gr(V), let us define the Poincaré bundle over
I' x I" associated with U by:

PBu = (1 X py)™ P =m"(u" Dety,)
where m : ' x I' — T" is the group law.

The sheaf of 7-functions of a point U € Gr(V), £,(U), is the invert-
ible sheaf over I' x {U} defined by:

L (U) = Blrxy
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Let us note that the sheaf £,(U) is defined for arbitrary points of
the Grassmannian and not only for geometric points.

The restriction homomorphism induces the following homomorphism
between global sections:

H (D x Gr(V), " Dety) — H° (r X {U},K(U)) (5.5)

Definition 5.6. The T-function of the point U over I is defined as the
image Ty of the section u*Qy by the homomorphism (24 being the
global section defined in [3.14).

Obviously 7 is not a function over I' x {U} since the invertible sheaf
L-(U) is not trivial.

The algebraic analogue of the 7-function defined by M. and Y. Sato,
Segal and Wilson ([SS], [SW]) is obtained by restricting the invertible
sheaf £.(U) to the formal subgroup I'_ C T".

To see this, fix a rational point U € Gr(V') and define:

L(U) = L(U)|r_xqy

which is a trivial invertible sheaf over I'_. To obtain a trivialization
of £,(U) which will allow us to identify global sections with functions
over I'_ we must fix a global section of £,(U) without zeroes in I'_.

Recall that I'_ is a trivial extension of I'_ and it has therefore a
section s. It follows that the group I'_ acts on £, (U) (through s) and
on I'_ by translations. One has easily that the morphism:

V(L (U)") — T

is equivariant with respect to these actions.
Note now that:

Homr __cquiv (I'-, V(£ (U)")) € Homr__esq (I, V(£-(U)")) = H(I'—, L(U))

Let § be an non-zero element in the fibre of V(L.(U)*) over the point
1 of I'_ (1 being the identity of I'_). Let oy be the unique morphism
I'" — V(L£,(U)*) I'_-equivariant such that oq(1) = ¢, and denote again
by o the corresponding section of L, (U).

Observe that oy is a constant section and since it has no zeros it gives
a trivialization of £,(U). Through this trivilization, the global section
of L.(U) defined by 7y is identified with the function 7y, € O(I'_) =
k{{x1,...}} given by Segal-Wilson [SW]:

_twlg)  pQ(g) Q4 (gU)
)=o) T ) 6

Finally, if U € Fy+ then one can choose § = Q. (U).
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Observe that the T-function 7, is not a series of infinite variables but
an element of the ring k{{z,...}}.

The subgroup I'y of I' acts freely over Gr(V'). Accordingly the orbits
of the rational points of Gr(V') under the action of I'; are isomorphic,
as schemes, to I';.

Let X be the orbit of V= = 27! - k[z7'] C V under T';. The restric-
tions of Dety and Det], to X are trivial invertible sheaves. Bearing in
mind that the points of X are k-vector subspaces of V' whose intersec-
tion with V' is zero, one has that the section Q. of Det], defines a
canonical trivialization of Detj, over X.

Theorem 5.7. The restriction homomorphism Detj, — Detj, |x in-
duces a homomorphism between global sections:

B : H (Gr(V), Det},) — H? (X, Det} |x) ~ O(Ty) = k[x1,...]

which is an isomorphism between the k-vector subspace U(S) defined
in and O(T'y). The isomorphism H°(X,Det}, |x) — O(T'y) is the
1somorphism induced by the trivialization defined by )y .

In the literature, the isomorphism B : Q(S) — O(I'}) is usually
called the bosonization isomorphism.

Proof. All one has to prove is that B(Q2s) = Fs(z), Qg being the
Pliicker sections of Dety, defined in B-I4 and Fg(z1,xa,...) being the
Schur functions. Proof of the identity B(§2s) = Fs(z) is essentially the
same as in the complex analytic case; see [SW] and [PS].

In some of the literature, the 7 function of a point U € Gr(V) is
defined as the Pliicker coordinates of the point U. Let us therefore
explain in which sense both definitions are equivalent.

The canonical homomorphism:

HO(Det*V) & OGr(V) — Det*V —0
induces a homomorphism:
Dety = Detif < H(Deti)* @ Oy
O

Definition 5.8. Given a point U € Dety in the fibre of U € Gr(V),
the T-function of U is defined as the element 7(U) € H° (Det},)* ®k(U)
(k(U) being the residual field of U). This is essentially the definition

of T-functions given in the papers of M. and Y. Sato, Arbarello and De
Concini, and Kawamoto and others ([SS], [AD], [KNTY]).



THE ALGEBRAIC FORMALISM OF SOLITON EQUATIONS 33

Lemma 5.9. There exists an isomorphism of k-vector spaces:
O,)" — o)

Proof. Recall that O(I'}.) = k[xy,...] and that O('_) = k{{x1, zo,... }}.
Now think that z; is the i-symmetric function of other variables, say
t1,ta,.... It is known that the Schur polynomials {Fgs} (where S is a
partition) of the ¢’s are polynomials in the z’s and are in fact a basis of
the k-vector space k[zi,...]. The isomorphism is the induced by the
pairing:
Oolry)xo(l-) —k
(Fs, Fsr) — 0557

(see [Mc]). O

The composition of the homomorphism B* (the dual homomorphism
of B) and the isomorphism of the above lemma gives an homomor-
phism:

B*: O )" = k{{r1,79,...}} — H"(Det},)"

The connection between 7 and 7(U) is the following:
B*(1u) = A~ (7(U))

A being a non-zero constant. (Of course, if U is not rational but a point
with values in a scheme S, A € H® (S, Og)").

The connection of the 7-functions with autoduality (in the sense of
group schemes) properties of the group I' = I'_ x G,,, x ' implicit in
the above discussion, is studied with detail in [C,P]. L. Breen in [B2)]
outlines also some of these properties from another point of view.

Once we have algebraically defined the 7-functions, we can define the
Baker functions using formula 5.14. of [SW]; this is the procedure used
by several authors. However, we prefer to continue with the analogy
with the classical theory of curves and jacobians and define the Baker
functions as a formal analogue of the universal invertible sheaf of the
Jacobian.

Let us consider the composition of morphisms:

oxId mxId

B:CxTxCr(V)ZST xT x Gr(V) 25T x Gr(V)

¢ : C' = Spfk[[z]] — T being the Abel morphism (taking values in
' cTl)and m: T x I' = T the group law.

Definition 5.10. The sheaf of Baker-Akhiezer functions is the invert-
ible sheaf over C' x I' x Gr(V') defined by:

Z,; = (¢ x Id)"(m x 1d)"B
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Let us define the sheaf of Baker functions at a point U € Gr(V) as
the invertible sheaf:

Lp(U) = £B|C’XFX{U} = v L:(U)
(where B;* is the following homomorphism between global sections:

HOT x (U}, Z(U)) 25 HO(C < T x (U}, Lo (U))

By the definitions, EB(U”éxr,x{U} = Lp(U) is a trivial invertible
sheaf over C' x T'_.

Observe that for each element v € T'_(S) C k((2))*(S) = H°(S, Os)((2))*

we can define a fractionary ideal of the formal curve C/Z\'s by:
I, =u-05((2))

in such a way that we can interpret the formal group I'_ as a kind of
Picard scheme over the formal curve. The universal element of I'_ is
the invertible element of k((2))*(I'_) given by:

v=1+ ZT; Z_i € k((z>)®k{{$1,$2,}}
i>1
This universal element will be the formal analogue of the universal
invertible sheaf for the formal curve C.

Definition 5.11. The Baker function of a point U € Gr(V) is ¥y =
vl B (Ty), where

5. HY (r x {U},E(U)) L HO (o T x {U},Z;(U))

1s the homomorphism induced by B\[_/]*

Observe that the Baker function of V= = 27! k[27!] is the universal
invertible element v,

Note that, analogously to the case of 7-function, we can choose a
trivialization of Lp(U) over C' x T'_ x {U} in such a way that the
function asociated to the section v 3% (1) is:

o (g 91)
Yy(z,9) =v . =2 5.12
(.9) v(9) ( )
which is the classical expression for the Baker function.
When the characteristic of the base ﬁAeld k is zero, we can iden-
tify I'_ with the additive group scheme A, through the exponential
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and expression p.19 is the classical expression for the Baker functions

([SW] 5.16):
Yy(z,t) = (%) exp(— Zt )

where [z] = (z,32%, 32%,...) and t = (t1,ts,...) and v = exp(D_t; 277)
through the exponential map.

For the general case, we obtain explicit expressions for vy as a func-
tion over C' x A, but considering in Ao, the group law induced by the

exponential [1.13:

V(2 g) = v(z, )t - LLE*OR)

TU(t)

(* being the group law of A.,).

The classical properties characterizing the Baker functions (for ex-
ample proposition 5.1 of [SW]) can be immediately generalized for the
Baker functions over arbitrary fields.

Remark 13. Note that our definitions of 7-functions and Baker func-
tions are valid over arbitrary base fields and that can be generalized
for Z. One then has the notion of 7-function and Baker functions for
families of elements of Gr(V) and, if we consider the Grassmannian
of Z((z)) one then has 7-functions and Baker functions of the ratio-
nal points of Gr(Z((z))) and the geometric properties studied in this
paper have a translation into arithmetic properties of the elements of
Gr(Z((z))). The results stated by Anderson in [A] are a particular
case of a much more general setting valid not only for p-adic fields but
also for arbitrary global field numbers. Our future aims are to study
the arithmetic properties related to these constructions.

REFERENCES

[A] Anderson, G., “ Torsion points on Jacobians of quotients of Fermat curves and
p-adic soliton theory”, Invent. Math. 118 (1994), pp. 475-492

[AD] Arbarello, E.; De Concini, C., “Abelian varieties, infinite-dimensional Lie
algebras, and the heat equation”, in Proceedings of Symposia in Pure Mathe-
matics 53 (1991), pp. 1-31

[B] Breen, L., “Rapport sur les théories de Dieudonné”, Astérisque 63 (1979), pp
39-66

[B2] Breen, L., “The cube structure of the determinant bundle”, in Proceedings of
Symposia in Pure Mathematics 49 (1989), pp. 663-673



36 A. ALVAREZ, J. M. MUNOZ, AND F. J. PLAZA

[C] Contou-Carrére, C., “Jacobienne locale, groupe de bivecteurs de Witt uni-
versel, et symbole modéré”, C. R. Acad. Sci. Paris, série I 318 (1994), pp.
743-746

[EGA] Grothendieck, A. and Dieudonné, J.A., “Eléments de géométrie algébrique
I”, Springer—Verlag (1971)

[KM] Knudsen, F. and Mumford, D., “The projectivity of the moduli space of
stable curves I: preliminaries on det and div”, Math. Scand.39 (1976), pp.
19-55

[KNTY] Kawamoto, N.; Namikawa, Y.; Tsuchiya, A.; Yamada, Y., “Geometric
realization of conformal field theory”, Comm. in Math Physics 116 (1988),
pp- 247-308

[KSU] Katsura, T.; Shimizu, Y.; Ueno, K., ‘Formal Groups and Conformal Field
theory”, Integrable Systems in Quantum Field Theory and Statistical Mechan-
ics, Advanced Studies in Pure Mathematics, 19 (1989) pp. 347-366

[Mc] MacDonald, I.G., “Symmetric functions and Hall polynomials”, Oxford Uni-
versity Press (1979)

[P] Pablos Romo, F., “Local symbol and Heisenberg groups”, Preprint Universidad
de Salamanca (1996)

[PS] Pressley, A.; Segal, G., “Loop Groups”, Oxford University Press

[S] Serre, J. P., “Endomorphismes complétement continus des espaces de Banach
p-adiques”, Publ. Math. LH.E.S. 12 (1962), pp. 69-85

[SW] Segal, G.; Wilson, G., “Loop groups and equations of KdV type”, Publ
Math. LH.E.S. 61 (1985), pp. 564

[SS] Sato, M.; Sato, Y., “Soliton equations as dynamical systems on infinite grass-
mann manifold”, Lecture Notes in Num. Appl. Anal. 5 (1982), pp. 259-271

[T] Tate, J, “Residues of differentials on curves”, Ann. Scient. Ec. Norm. Sup. 4!
s. 1 (1968), pp. 149-159

[W] Witten, E, “Quantum field theory and algebraic curves”, Comm. Math. Phys.
113 (1988), pp. 529-600

Alvarez Vazquez, Arturo
e-mail: aalvarez@Qgugu.usal.es

Munoz Porras, José Maria
e-mail: jmp@gugu.usal.es

Plaza Martin, Francisco José
e-mail: fplaza@Qgugu.usal.es Use this one to contact.

DEPARTAMENTO DE MATEMATICA PURA Y APLICADA, UNIVERSIDAD DE SALA-
MANCA, PLAZA DE LA MERCED 1-4, 37008 SALAMANCA. SPAIN.



