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a b s t r a c t

We study derived equivalences of Abelian varieties in terms of their associated symplectic
data. For simple Abelian varieties over an algebraically closed field of characteristic zero
we prove that the natural correspondence introduced by Orlov, which maps equivalences
to symplectic isomorphisms, is surjective.
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0. Introduction

Any Abelian variety A has associated to it in a natural way a symplectic Abelian variety A×Awhose symplectic structure
is built out of the normalized Poincaré line bundle P . Therefore we can associate to A the group Sp(A ×A) ⊂ Aut(A ×A)
of symplectic automorphisms. More generally if we have another Abelian variety B we have the space Sp(A ×A, B ×B) of
symplectic isomorphisms. It is remarkable that these spaces of symplectic isomorphisms are deeply related with the spaces
of derived equivalences between the Abelian varieties. The first connection was established by Polishchuk [1], who in the
case of an algebraically closed field proved that if there exists a symplectic isomorphism f ∈ Sp(A ×A, B ×B) then there
exists an equivalence Φ : Db

c(A) → Db
c(B); that is, A and B are Fourier–Mukai partners. After that, Orlov [2] showed that

there exists a natural correspondence that associates to any Fourier–Mukai functor ΦK•

: Db
c(A)

∼
→ Db

c(B) a symplectic
isomorphism fK• ∈ Sp(A × A, B × B). He claimed that this correspondence was surjective and with this hypothesis he
determined completely the group of derived equivalences of an Abelian variety as an extension of the symplectic group.
More precisely, he showed that for any Abelian variety A over an algebraically closed field of characteristic zero there is an
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exact sequence

0 → Z ⊕ (A × Â) → Aut(Db
c(A))

γA
−→ Sp(A × Â) → 1.

However, in order to prove that γA is surjective, given a symplectic isomorphism f ∈ Sp(A × Â, B × B) with matrix
representation f =


α β
γ δ


, one has to build out of it a kernel K•

∈ Db
c(A × B) such that ΦK•

: Db
c(A)

∼
→ Db

c(B) is a
derived equivalence and its associated symplectic automorphism fK• is f . Orlov proves the existence of such a kernel under
the assumption that β : A → B is an isogeny and claims that if f is such that β is not an isogeny, then it is easy to see that f
can bewritten as f = f2◦ f1 where f1 ∈ Sp(A×A), f2 ∈ Sp(A×A, B×B) and β1 : A → A, β2 : A → B are isogenies. As far as we
know there is no proof of this result in the literature. Themain result of this paper, Theorem 2.14, is a proof of the surjectivity
of Orlov’s correspondence for the building blocks of the category of Abelian varieties, namely simple Abelian varieties. We
achieve this goal by studying the structure of symplectic isomorphisms between Abelian varieties over an arbitrary base
field.

The paper is organized as follows. In Section 1 we study symplectic structures on Abelian varieties. We start by
motivating it with complex Abelian varieties and after that we do it in full generality following the ideas of Polishchuk
with some simplifications due to a result of Grothendieck that identifies biextensions of Abelian schemes with divisorial
correspondences. We also allow for fields that are not supposed to be algebraically closed. In Section 2 after recalling some
basic facts about Fourier–Mukai functors we describe the kernels of these functors for Abelian varieties and show that they
are semihomogeneous sheaves up to a shift. The final part of this section is devoted to the proof of the surjectivity of Orlov’s
correspondence for simple Abelian varieties.

Conventions

For any scheme X wedenote byD(X) the derived category of complexes ofOX -moduleswith quasi-coherent cohomology
sheaves. Analogously D+(X), D−(X) and Db(X) denote the derived categories of complexes which are respectively bounded
below, bounded above and bounded on both sides, and have quasi-coherent cohomology sheaves. The subscript c refers to
the corresponding subcategories of complexes with coherent cohomology sheaves.

1. The symplectic group of an Abelian variety

The study of exact equivalences between derived categories of coherent sheavesDb
c(A) andDb

c(B) of two Abelian varieties
A and B was carried out by Mukai [3], Polishchuk [1] and Orlov [2].

In [3], Mukai studied the group of derived equivalences Aut(Db
c(A)) and he defined a discrete group U(A × A) that he

called the unitary group of the Abelian variety A. Independently Polishchuk obtained in [1] the same group but deriving it
from a symplectic point of view.

We start by explaining the introduction of this group in the particular case of complex Abelian varieties.

1.1. A motivating example: the unitary group of a complex Abelian variety

Let A be a complex Abelian variety. We denote an endomorphism f ∈ End(A ×A) as a matrix

f =


α β
γ δ


,

where α ∈ End(A), β ∈ Hom(A, A), γ ∈ Hom(A,A), δ ∈ End(A). Each f ∈ End(A ×A) determines another endomorphism
f Ď ∈ End(A ×A)whose matrix is

f Ď =


δ̂ −β̂

−γ̂ α̂


,

where α̂, β̂ , γ̂ , δ̂ denote the transposedmorphisms induced between the dual Abelian varieties and we are using the natural
identification kA : A

∼
−→

A induced by the normalized Poincaré line bundle P on A ×A.
In connection with the study of the group of autoequivalences of the derived category of an Abelian variety, Mukai

introduced in [3] the unitary group associated to an Abelian variety, whose definition we recall now.

Definition 1.1. The unitary group associated to the Abelian variety A is the group U(A×A) consisting of all automorphisms
f ∈ Aut(A ×A) that satisfy

f Ď ◦ f = f ◦ f Ď = IdA×A .
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Remark 1.2. The unitary group has a natural involution

Ě : U(A ×A) → U(A ×A)
that maps f =


α β
γ δ


to f Ě =


α −β

−γ δ


. We will explain later the geometric origin of this involution. △

In his paper Mukai did not explain the reason for calling this a ‘‘unitary’’ group. Wewill show now that in fact U(A×A) is
the unitary group of a certain Hermitian metric naturally associated to the Abelian variety. We will also see that it also can
be understood in terms of symplectic geometry. In order to do this we need first to introduce some basic definitions that
will also serve to fix our notation.

A complex torus A of dimension g is defined by the following data: a free Z-moduleΛ of rank 2g and a complex structure
J ∈ EndR(V ), J2 = − IdV , where V = R ⊗Z Λ. Then

A = (V/Λ, J)

is a g-dimensional complex torus. Notice that we have the canonical isomorphisms

Λ = H1(A,Z), V = H1(A,R).

We will add the subscript ‘‘A’’ toΛ, V , J when we need to distinguish between different complex tori.
Given another complex torus B = (VB/ΛB, JB) a homomorphism f ∈ Hom(A, B) is defined by aZ-module homomorphism

T : ΛA → ΛB such that

JB ◦ TR = TR ◦ JA : VA → VB.

Therefore the Abelian group Hom(A, B) can be considered as a subgroup of HomZ(ΛA,ΛB) giving rise to the rational
representation

ρr : Hom(A, B) ↩→ HomZ(ΛA,ΛB)

which maps f ∈ Hom(A, B) to ρr(f ) = fr = T ∈ HomZ(ΛA,ΛB). In the same way, we have the analytic representation

ρa : Hom(A, B) ↩→ HomC((VA, JA), (VB, JB))

which maps f ∈ Hom(A, B) to ρa(f ) = fa = TR ∈ HomR(VA, VB). Notice that the rational representation is the restriction
(f )a|ΛA = (f )r .

The dual torusA is defined as follows. We set V = HomC((V , J),C), the complex vector space of C-antilinear forms
endowed with its natural complex structureJ and we put Λ := {θ ∈ V : Imθ(Λ) ⊆ Z}. Then we haveA = (V/Λ,J).
Notice that the underlying real vector space of V is naturally isomorphic to the real dual vector space V ∗

= HomR(V ,R).
The isomorphism is given by sending θ ∈ V to Imθ ∈ V ∗. This gives an identification ofJ with −J∗ and of Λ with
Λ∗

= HomZ(Λ,Z). ThereforeA ≃ (V ∗/Λ∗,−J∗).

Given a morphism of complex tori f : A → B, one easily checks that the transposed homomorphismf : B → A has an
analytic representation (f )a : VB → VA given by

(f )a = ((f )a)∗.

In a similar way one shows that the natural isomorphism kA : A
∼
−→

A has an analytic representation (kA)a : V
∼
−→

V that
maps v ∈ V to the complex antilinear form ηv = (kA)a(v) ∈ HomC(

V ,C) defined by ηv(θ) := θ(v) for everyθ ∈ V .
By means of the natural isomorphisms kA : A

∼
−→

A, kB : B
∼
−→

B, one easily checks that the analytic representation of the
doubly transposed morphismf :

A →
B gets identified with (f )a : VA → VB.

On A × A we have the normalized Poincaré bundle P which can be described in terms of its Appell–Humbert data
P = L(H, χ), where H is the non-degenerate Hermitian form defined on the complex vector space V × V by

H((v1,θ1), (v2,θ2)) = θ1(v2)+θ2(v1)
and χ : Λ× Λ → U(1) is the semicharacter χ((λ,λ)) = exp(π i Im(λ)(λ)).

Let us recall that for any Hermitian form H on a complex vector space (V , J), its real part g = ReH is a symmetric real
bilinear formon V and its imaginary partω = ImH is an alternating real 2-formon V . Moreover, both of them are J-invariant
and they determine each other by the following formulae:

g(v1, v2) = ω(J(v1), v2), ω(v1, v2) = g(v1, J(v2)), for any v1, v2 ∈ V .

This shows that H is non-degenerate if and only if g is non degenerate if and only if ω is a symplectic form.
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The unitary group of a non degenerate Hermitian complex vector space (V ,H) is

U(V ,H) = {T ∈ EndC(V ) : T ∗H = H}.

In the same way we have the real orthogonal group

O(V , g) = {T ∈ EndR(V ) : T ∗g = g}

and the real symplectic group

Sp(V , ω) = {T ∈ EndR(V ) : T ∗ω = ω}.

It is well known that

U(V ,H) = O(V , g) ∩ Sp(V , ω) = O(V , g) ∩ AutC(V ) = Sp(V , ω) ∩ AutC(V ).

The analytic representation allows us to identify U(A ×A)with a subgroup of AutC(V × V ). More precisely one has:

Proposition 1.3. Let A be a complex Abelian variety and let P be the normalized Poincaré line bundle on A × A with
Appell–Humbert data P = L(H, χ). The analytic representation ρa : Aut(A ×A) ↩→ AutC(V × V ) identifies the unitary group
U(A ×A) associated to the Abelian variety A with the unitary group U(V × V ,H).
Proof. If H is the non-degenerate Hermitian form of the Apple–Humbert data of the normalized Poincaré bundle P =

L(H, χ), then its associated symplectic form ω is given by

ω((v1,θ1), (v2,θ2)) = Im(θ1)(v2)− Im(θ2)(v1). (1.1)

Given f ∈ U(A ×A) its analytic representation ρa(f ) ∈ AutC(V × V ) is complex linear. Therefore, it is enough to show that

ρa(U(A ×A)) ⊂ Sp(V × V , ω).
Using the identifications previously explained in this section, especially the analytic representation of the natural
isomorphism kA : A

∼
−→

A, a straightforward computation shows that (ρ)a(f ) ∈ Sp(V × V , ω) if and only if

(f Ď)a ◦ (f )a = (f )a ◦ (f Ď) = IdV×V ,
and so the claim follows. �

Notice that the symplectic form ω introduced in (1.1), defines a Z-valued alternating 2-form on the lattice Λ × Λ.
Therefore one has the following:

Corollary 1.4. The rational representation identifies the unitary group U(A × A) associated to the Abelian variety A with the
symplectic group

Sp(Λ× Λ, ω) ∩ ρr(Aut(A ×A)).
Therefore, we see that the unitary group of a complex Abelian variety is also a symplectic group and thus it is reasonable

to also denote it by Sp(A ×A) and call it the symplectic group of the Abelian variety A. Moreover, it is the symplectic point
of view, rather than the unitary, that is the correct one to generalize to other fields. We will explore this connection further
in the next section when we explain the approach followed by Polishchuk for introducing the symplectic group associated
to an Abelian variety over an arbitrary field.

Remark 1.5. Notice that the definition of the unitary or symplectic group can be given for any complex torus. The results
obtained above continue to hold in this more general setting. △

The above constructions can be extended to a pair of complex Abelian varieties A, B. As before, any isomorphism
f : A × Â

∼
→ B × B̂ can be written as a matrix


α β
γ δ


where α : A → B, β : Â → B, etc. are morphisms of Abelian varieties.

One defines the isomorphism

f Ď : B × B̂
∼
→ A × Â,

with matrix

δ̂ −β̂

−γ̂ α̂


. We denote by U(A × Â, B × B̂) the space formed by those isomorphisms f : A × Â

∼
→ B × B̂ that

are isometric, that is, such that f Ď = f −1. The reason for this terminology is explained in the following Proposition, whose
proof is similar to the case of a single Abelian variety.

Proposition 1.6. Let us consider two complex Abelian varieties A, B and let PA,PB be their normalized Poincaré line bundles with
Appell–Humbert dataPA = L(HA, χA),PB = L(HB, χB). The analytic representations identify the space of isometric isomorphisms
U(A ×A, B ×B) with the space of unitary isomorphisms

U((VA × VA,HA), (VB × VB,HB)).
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Remark 1.7. As in the case of a single Abelian variety, there is an involution

Ě : U(A × Â, B × B̂) → U(A × Â, B × B̂)

that maps f =


α β
γ δ


to f Ě =


α −β

−γ δ


. △

1.2. Abelian varieties over arbitrary fields: symplectic biextensions

For general Abelian varieties Polishchuk,motivated by the classical theory of Heisenberg groups, introduced a symplectic
formalism based on the notion of symplectic biextensions by the multiplicative group, see [1] and [4, Chapter 10]. The
notion of biextension was introduced by Mumford [5] in the context of formal groups and was later systematically studied
by Grothendieck [6] in the framework of sheaves of groups over a site. We recall now the definitions of these concepts
following [7].

Definition 1.8. Let G1, G2, H be commutative group schemes over a base scheme S. A biextension of G1 ×S G2 by H is an
H-torsor E over G1 × G2 together with sections of the induced H-torsors

(mG1 × 1)∗E ∧ p∗

13E
−1

∧ p∗

23E
−1, and (1 × mG2)

∗E ∧ p∗

12E
−1

∧ p∗

13E
−1

over G1 × G1 × G2 and G1 × G2 × G2, respectively.

In addition these data must satisfy certain cocycle compatibility conditions, see [7] for the precise details. What is
important for us is the following result of Grothendieck [6, Corollaire 2.9.4, Example 2.9.5]:

Proposition 1.9. Let S be a scheme, A and B two Abelian schemes over S and GmS the multiplicative group scheme over S.
Then there is a bijective correspondence between the space Biext(A×S B; GmS) of biextensions of A×S B by GmS and the group
CorrS(A, B) of divisorial correspondences on A×S B.

Let us recall that given two Abelian schemes A, B over S, a divisorial correspondence from A → S to B → S is just a line
bundle L on A×S B together with rigidifications

φA : s∗AL
∼
−→ OA, φB : s∗BL

∼
−→ OB

that coincide along the unit section eA×S B of A×S B → S

e∗

A(φA) = e∗

B(φB) : e∗

A×S BL
∼
−→ OS

where sA = (IdA, eB) : A → A×S B, sB = (eA, IdB) : B → A×S B are the natural sections induced by the unit sections eA, eB
of A and B, respectively.

It is well known, see [8, Chapter 6, §2], that any divisorial correspondence L ∈ CorrS(A, B) induces amorphism of Abelian
schemes ψL : A →B.

The approach followed by Polishchuk relied heavily on the machinery of biextensions. Rather than using it, we will
use the equivalence result of Grothendieck to base our presentation in the much more concrete language of divisorial
correspondences.

We start by expressing the notion of symplectic biextension introduced by Polishchuk in terms of correspondences.

Definition 1.10. Let X be an Abelian variety over a field k. A skew-symmetric biextension of X × X is a correspondence
L ∈ Corrk(X, X) together with an isomorphism of correspondences

ϕ : σ ∗L
∼
−→ L−1

where σ : X × X → X × X is the automorphism defined by permutation of factors, and a rigidification δ∗L
∼
−→ OX over the

diagonal immersion δ : X → X × X compatible with ϕ. A skew-symmetric biextension L is called symplectic if the induced
morphism ψL : X → X is an isomorphism and in this case we call the pair (X, L) a symplectic Abelian variety.

Remark 1.11. If L ∈ Corrk(X, X) is skew-symmetric, then ψL = −ψL. Moreover, given another L′
∈ Corrk(X, X) it is easy to

see that one has ψL = ψL′ if and only if L and L′ are isomorphic line bundles. △

Once we have the notion of symplectic Abelian variety, we can mimic some of the definitions and constructions of
symplectic geometry.

Definition 1.12. Let (X, L) be a symplectic Abelian variety. We say that an Abelian subvariety Y ⊂ X is isotropic if there
exists an isomorphism of skew-symmetric biextensions L|Y×Y ≃ OY×Y .
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Remark 1.13. Notice that Y ⊂ X is isotropic if and only if the composition

Y
i

−→ X
ψL
−→ X i

−→ Y
is zero. △

Let us recall that for any Abelian subvariety i : A′ ↩→ A the theory of fppf quotients can be used to show that there exists
a quotient π : A → A/A′ such that A/A′ is an Abelian variety [9, Lemma 1.7.4.4]. Moreover, proceeding as in [4, Section 9.5]
one shows thati : A → A′ is surjective and A/A′ is contained in Keri. Therefore it makes sense to give the following:

Definition 1.14. Let (X, L) be a symplectic Abelian variety. We say that an Abelian subvariety i : Y ↩→ X is Lagrangian if it
is isotropic and the morphism Y → Keri defined by ψL induces an isomorphism Y

∼
−→ X/Y .

If A is an Abelian variety then X = A × A has a natural symplectic biextension that, as we will see in a moment,
allows us to generalize to any Abelian variety the symplectic structure (1.1) introduced for a complex Abelian variety. On
X × X = A ×A × A ×A we define

L = p∗

14P ⊗ p∗

32P
−1

where P is the normalized Poincaré line bundle on A ×A. It is well known that P is a divisorial correspondence on A ×A
and from this it follows easily that L ∈ Corrk(X × X). Taking into account Proposition 1.9 we get that L is a biextension of
X × X and it is straightforward to check that it is skew-symmetric. Moreover, using the natural identification kA : A

∼
−→

A
induced by the Poincaré line bundle, one easily gets that the morphism

ψL : A ×A → A × A

is given by ψL(a, â) = (−â, a). Therefore we conclude that L is a symplectic biextension.

Definition 1.15. Let A be an Abelian variety with Poincaré line bundle P over X = A ×A and let L = p∗

14P ⊗ p∗

32P
−1. We

say that the pair (X, L) is the natural symplectic data associated to A.

Remark 1.16. Let A = (V/Λ, J) be a complex Abelian variety. Let us setW = V ×V , then W = V ×V andwe have a natural
duality pairing

⟨ , ⟩ : W × W → C

defined by ⟨(v1,θ1), (θ2, v2)⟩ = θ1(v2)+θ2(v1) for v1, v2 ∈ V ,θ1,θ2 ∈ V . Then the symplectic form ω defined in (1.1) can
be expressed as

ω = Im(⟨ , ⟩ ◦ (IdW ×(ψL)a)).

Since according to Remark 1.11, ψL is completely determined by L, we can think of the symplectic biextension L =

p∗

14P ⊗ p∗

32P
−1 as an abstract incarnation of the symplectic form ω valid for any Abelian variety defined over an arbitrary

field. △

Now we are ready to generalize the symplectic group introduced in Section 1.1 for complex Abelian varieties to Abelian
varieties over an arbitrary field.

Definition 1.17. Let A be an Abelian variety with symplectic data (X, L). We say that an automorphism f ∈ Aut(A ×A) is
symplectic if (f × f )∗L ≃ L. We denote by Sp(A ×A) the group formed by the symplectic automorphisms.

As in Section 1.1, any endomorphism f ∈ End(A × A) with matrix f =


α β
γ δ


, determines another endomorphism

f Ď ∈ End(A ×A)whose matrix is f Ď =


δ̂ −β̂

−γ̂ α̂


.

Proposition 1.18. An automorphism f ∈ End(A ×A) is symplectic, f ∈ Sp(A ×A), if and only if

f Ď ◦ f = f ◦ f Ď = IdA×A .
Proof. According to Remark 1.11, f is symplectic if and only if

ψ(f×f )∗L = ψL.

A straightforward computation shows that ψ(f×f )∗L =f ◦ ψL ◦ f . Therefore, f is symplectic if and only if

ψ−1
L ◦f ◦ ψL ◦ f = IdA×A .

One easily shows that f Ď = ψ−1
L ◦f ◦ ψL and so the proof is finished. �
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Definition 1.19. Let A be an Abelian variety. The group Sp(A ×A) is called the symplectic group associated to the Abelian
variety A.

Remark 1.20. Due to theway inwhich this groupwas originally introduced, it is usually denotedU(A×A) and one says that
it is the unitary group of the Abelian variety A although strictly speaking what generalizes to an arbitrary Abelian variety is
the symplectic construction. △

The above ideas can be extended to a pair of Abelian varieties.

Definition 1.21. Let us consider two Abelian varieties A, B with symplectic data (XA, LA), (XB, LB). We say that an
isomorphism of Abelian varieties f : A × A → B × B is symplectic if (f × f )∗LB ≃ LA. We denote by Sp(A × A, B × B)
the set formed by the symplectic isomorphisms.

As in the case of a single Abelian variety, if we have a morphism f : A × Â
∼
→ B × B̂, we define a new morphism

f Ď : B × B̂
∼
→ A × Â. Their matrices are related as before and in a similar way as above one shows that f is symplectic

if and only if it satisfies

f Ď ◦ f = IdA×A, f ◦ f Ď = IdB×B .
We can explain now the geometric origin of the involution

Ě : Sp(A ×A, B ×B) → Sp(A ×A, B ×B).
Given f ∈ Sp(A × A, B × B), by swapping every Abelian variety with its dual we can think of it as an element f s ∈

Sp(A × A,B × B). A straightforward computation proves the following result.

Lemma 1.22. For every f ∈ Sp(A ×A, B ×B) one has a commutative diagram

A ×A ψLA

∼
//

f Ě

��

A × A

f s

��
B ×B B × B

ψ−1
LB

∼
oo

That is f Ě = ψ−1
LB

◦ f s ◦ ψLA .

2. Derived equivalences of Abelian varieties

Let us consider a pair of Abelian varieties A and B. Due to Orlov’s Representability Theorem [10], for any exact equivalence
of derived categories (we will simply say a derived equivalence)

Φ : Db
c(A)

∼
→ Db

c(B)

there exists a unique object (up to isomorphism) K•
∈ Db

c(A × B) such that Φ is isomorphic to the integral functor
ΦK•

A→B : Db
c(A)

∼
→ Db

c(B) defined by the kernel K• as

ΦK•

A→B(E
•) = Rπ2∗

(Lπ∗

1 E•
L
⊗ K•),

where π1 : A× B → A and π2 : A× B → B are the natural projections. Let us recall that an integral functorΦK•

A→B : Db
c(A)

∼
→

Db
c(B) is called a Fourier–Mukai functor if it is a derived equivalence. If in addition the Kernel is a concentrated complex, that

is a sheaf up to a shift, the functor is called a Fourier–Mukai transform.We can rephrase Orlov’s representability theorem by
saying that all derived equivalences between Abelian varieties are Fourier–Mukai functors. Finally, we recall that one says
that two Abelian varieties A and B are Fourier–Mukai partners if there exists a Fourier–Mukai functorΦK•

A→B : Db
c(A)

∼
→ Db

c(B)
or equivalently if they are derived equivalent.

The first connection between the symplectic data of Abelian varieties over an algebraically closed field and their
equivalences was obtained by Polishchuk [1]:

Theorem 2.1. Let A and B be Abelian varieties over an algebraically closed field. If there exists a symplectic isomorphism
f : A ×A ∼

−→ B ×B, that is f ∈ Sp(A ×A, B ×B), then A and B are Fourier–Mukai partners.
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The proof of this result given by Polishchuk is based on a theory of representations of the Heisenberg groupoid, which is
a stack of monoidal groupoids naturally associated to the symplectic data of the Abelian varieties. The proceduremimics the
classical theory of representations of the Heisenberg group. However the proof does not give precise information neither on
the nature of the kernels of the Fourier–Mukai functors nor on the relationship between symplectic isomorphisms and the
corresponding Fourier–Mukai functors.

On the other hand, Polishchuk also conjectured in [1] that for Abelian varieties over an algebraically closed field the
converse statement of Theorem 2.1 is also true.

This question was studied immediately after by Orlov. He proved [2, Theorem 2.10, Proposition 2.18]:

Theorem 2.2. Let A, B be Abelian varieties over an arbitrary field. There is a natural correspondence

γA,B : Eq(Db
c(A),D

b
c(B)) → Sp(A ×A, B ×B)

that associates to any Fourier–Mukai functor ΦK•

A→B : Db
c(A)

∼
→ Db

c(B) a symplectic isomorphism fK• ∈ Sp(A ×A, B ×B).
As a consequence he got [2, Theorem 2.19] the following stronger version of Polishchuk’s conjecture:

Theorem 2.3. Let A, B be Abelian varieties over an arbitrary field k. If A and B are Fourier–Mukai partners then there exists a
symplectic isomorphism f : A ×A ∼

−→ B ×B.
Thus, Theorem 2.1 together with Theorem 2.3 give the following:

Theorem 2.4. Two Abelian varieties A, B over an algebraically closed field are Fourier–Mukai partners if and only if there exists
a symplectic isomorphism f : A ×A ∼

−→ B ×B, that is f ∈ Sp(A ×A, B ×B).
Moreover, Orlov [2, Corollary 2.16] also proved:

Proposition 2.5. Let A be an Abelian variety over an arbitrary field k. The map

γA : Aut(Db
c(A)) → Sp(A ×A)
ΦK•

→ fK•

is a group morphism. �

2.1. Kernels of Fourier–Mukai functors and semihomogeneous sheaves

As wementioned above, Polishchuk’s proof of Theorem 2.1 does not give information on the structure of the kernels that
give Fourier–Mukai functors. The following result is due to Orlov [2, Proposition 3.2].

Proposition 2.6. Let A, B be Abelian varieties over an arbitrary field, and let K• be an object of Db
c(A × B) such that the

integral functor ΦK•

: Db
c(A)

∼
→ Db

c(B) is a Fourier–Mukai functor. Then K• has only one non-trivial cohomology sheaf, that
is, K•

≃ K[n] where K is a sheaf on A × B and n ∈ Z.

Remark 2.7. As a consequence we get that all derived equivalences between Abelian varieties are Fourier–Mukai
transforms. △

If A is an Abelian variety, following Mukai [11,3], for a coherent sheaf E on A we consider the subgroup

Υ (E) = {(a, α) ∈ A × Â such that T ∗

a E ≃ E ⊗ Pα} ⊂ A × Â,

where Ta : A → A denotes the translation by a ∈ A. The sheaf F is said to be semihomogeneous if dimΥ (E) = dim A.
In a previous paper [12, Proposition 3.2] we have made more precise the nature of the kernels that induce derived

equivalences.

Proposition 2.8. Let A, B be Abelian varieties over an arbitrary field. The sheaf K associated to an equivalence

ΦK•

: Db
c(A)

∼
→ Db

c(B)

is a semihomogeneous sheaf and it is flat over both factors.

Therefore, every derived equivalence between Abelian varieties over an arbitrary field is induced by a Fourier–Mukai
transform whose kernel is, up to a shift, a semihomogeneous sheaf. Taking into account the compatibility of Fourier–Mukai
functors with moduli problems, it follows that under suitable circumstances semihomogeneous sheaves should correspond
to universal families.

The following result of Orlov [2, Theorem 4.14] gives a complete description of the group of autoequivalences of the
derived category Db

c(A) of an Abelian variety A over an algebraically closed field of characteristic zero.
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Theorem 2.9. Let A be an Abelian variety over an algebraically closed field k of characteristic zero. Then one has the following
exact sequence of groups

0 → Z ⊕ (A × Â) → Aut(Db
c(A))

γA
−→ Sp(A × Â) → 1,

where the autoequivalence defined by (n, a, L) ∈ Z ⊕ (A × Â) is

Φ(n,a,L)(E•) = Ta∗(E•)⊗ L[n].

However the proof of this theorem given by Orlov is incomplete. Let us explain why it is so. The problem arises with
proving the surjectivity of γA and it depends on the more general:

Claim. For any pair of Abelian varieties A, B over an algebraically closed field the map

γA,B : Eq(Db
c(A),D

b
c(B)) → Sp(A ×A, B ×B)

is surjective.

In order to prove it, given a symplectic isomorphism f ∈ Sp(A × Â, B × B) with matrix representation f =


α β
γ δ


,

one has to build out of it a concentrated kernel K•
∈ Db

c(A × B) such that ΦK•

: Db
c(A)

∼
→ Db

c(B) is a derived equivalence
and its associated symplectic automorphism fK• is f . Orlov proves the existence of such a kernel under the assumption that
β : A → B is an isogeny [2, Construction 4.10, Propositions 4.11, 4.12]. After doing this, he claims [2, pag. 591] that if f is such
that β is not an isogeny, then it is easy to see that f can be written as f = f2 ◦ f1 where f1 ∈ Sp(A×A), f2 ∈ Sp(A×A, B×B)
and β1 : A → A, β2 : A → B are isogenies. After quite some thought on this claim the authors convinced themselves that
this statement is by no means ‘‘easy to see’’. Therefore further ideas are needed for its proof.

One could argue that the Claim must follow from Polishchuk’s Theorem 2.1. However this is not the case since as we
have already mentioned, given f ∈ Sp(A ×A, B ×B) one does not know if the equivalence ΦK•

: Db
c(A) → Db

c(B), arising
from Theorem 2.1, verifies fK• = f . That is, we do not know if Polishchuk’s procedure does give a section of the map
γA,B : Eq(Db

c(A),D
b
c(B)) → Sp(A ×A, B ×B).

In order to partially remedy the situation in what follows we give a direct proof of the Claim for the building blocks
of the category of Abelian varieties, namely simple Abelian varieties. We achieve this goal by studying the structure of
symplectic isomorphisms between Abelian varieties over an arbitrary base field. For this we need first the following result
that is interesting on its own.

Proposition 2.10. Let A, B be Abelian varieties over an arbitrary field such that there exists a symplectic isomorphism f ∈

Sp(A ×A, B ×B), then A and B are isogenous A ∼ B.

Proof. It is well known that every Abelian variety A is isogenous to its dual Abelian varietyA. Therefore by the complete
reducibility theorem of Poincaré we have A ∼ Am1

1 ×· · ·×Amr
r for simple non isogenous Abelian varieties A1, . . . , Ar unique

up to isogenies and permutations. Since A ∼ Awe get A×A ∼ A2m1
1 × · · · × A2mr

r . Repeating the argument with Bwe obtain
B ×B ≃ B2n1

1 × · · · × B2ns
s . Since A ×A ≃ B ×B, once again by the complete reducibility theorem we obtain that r = s

and after a permutation we may assume A1 ∼ B1, . . . , Ar ∼ Br and m1 = n1, . . . ,mr = nr . This implies that A ∼ B and the
proof is finished. �

Given Abelian varieties A, B it is well known that Hom(A, B) is a torsion free Z-module under addition of morphisms.
Therefore we have a natural injection

Hom(A, B) ↩→ Hom0(A, B) := Q ⊗Z Hom(A, B).

An element ξ ∈ Hom0(A, B) is called a quasi-isogeny if there exists ζ ∈ Hom0(B, A) such that ζ ◦ ξ = IdA, ξ ◦ ζ = IdB. In
this case we say that A and B are quasi-isogenous.

Lemma 2.11. Let A, B be Abelian varieties over an arbitrary field. One has the following properties:

(1) A and B are isogenous if and only if they are quasi-isogenous.
(2) If A and B are isogenous then End0(A) ≃ End0(B).
(3) An endomorphism ϕ ∈ End(X) is an isogeny if and only if it is invertible in the ring End0(A).
(4) End0(A) is a division algebra if and only if every endomorphism α ∈ End(A) is zero or an isogeny.

Proof. (1) Ifϕ : A → B is an isogeny of degree n, it iswell known that there exists an isogenyψ : B → A such thatψ◦ϕ = nA,
ϕ ◦ψ = nB, and therefore ϕ is a quasi-isogenywith inverse ψ

n ∈ Hom0(B, A). The converse direction follows just by clearing
denominators.
(2) If ξ ∈ Hom0(A, B) is a quasi isogeny with inverse ζ ∈ Hom0(B, A) then we define a ring morphism

c : End0(A) → End0(B)
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as c(f ) = ξ ◦ f ◦ ζ for any f ∈ End0(A). This is a ring isomorphism with inverse c−1
: End0(B) → End0(A) defined as

c−1(g) = ζ ◦ g ◦ ξ for any g ∈ End0(B).
(3) Follows from (1) and (4) is immediate from (3). �

Let us recall that a non zero Abelian variety A is simple if it has no proper Abelian subvarieties. It is well known that if A is
simple then End0(A) is a division algebra. More generally, if End0(A) is a division algebra then it follows from the complete
reducibility theorem of Poincaré that A is a simple Abelian variety.

Lemma 2.12. Let A, B be isogenous Abelian varieties over an arbitrary field. If End0(A) is a division algebra then End0(B) is also
a division algebra and any morphism α : A → B different from zero is an isogeny.

Proof. The first statement follows from part (2) of Lemma 2.11. Let us consider now the second one. By hypothesis there
exists an isogeny ψ : B → A. Given a morphism α : A → B then α ◦ ψ ∈ End0(B) is either 0 or an isogeny due to (4) of
Lemma 2.11. If α ◦ ψ = 0 then α = 0 as ψ is surjective. On the other hand if α ◦ ψ : B → B is an isogeny then it follows
that α is surjective since α ◦ ψ is surjective. We conclude that α is an isogeny because dim(A) = dim(B) since A and B are
isogenous. �

Now we can give the key result:

Proposition 2.13. Let A, B be Abelian varieties over an arbitrary field such that End0(A) is a division algebra. If f ∈ Sp(A ×

Â, B×B) is a symplectic isomorphismwith matrix representation f =


α β
γ δ


, then either β : A → B is an isogeny or α : A

∼
−→ B

and δ : A ∼
−→B are isomorphisms and δ = α−1.

Proof. By Proposition 2.10 we know that A and B are isogenous and thusA and B are also isogenous. Since by hypothesis
End0(A) is a division algebra, thanks to Lemma 2.12 it follows that if β is not an isogeny then it must be zero. If β = 0 then
one has

f =


α 0
γ δ


, f Ď =

 δ 0
−γ α


,

and the equalities f Ď ◦ f = IdA×A, f ◦ f Ď = IdB×B giveδ ◦α = IdA, α ◦δ = IdB. Therefore α and δ are isomorphisms such that
δ = α−1 and the proof is finished. �

As a consequence we can prove the Claim in the particular case announced above:

Theorem 2.14. If A, B are Abelian varieties over an algebraically closed field of characteristic zero, such that either End0(A) or
End0(B) is a division algebra, then the map

γA,B : Eq(Db
c(A),D

b
c(B)) → Sp(A ×A, B ×B)

is surjective.

Proof. Given f =


α β
γ δ


∈ Sp(A ×A, B ×B) by Proposition 2.13 either β is an isogeny or 0. In the first case we can apply

Orlov’s [2, Construction 4.10]. If β = 0 and γ ≠ 0 then γ is an isogeny. By considering f Ě and reversing the roles of A andA
and of B andBwe have (f Ě)s ∈ Sp(A× A,B× B). Nowwe can apply Orlov’s construction to (f Ě)s and conclude the existence
of a kernel K•

∈ Db
c(
A ×B) inducing an equivalence Φ K•A→B : Db

c(
A) → Db

c(
B) such that fK• = (f Ě)s. Now, we can use the

Poincaré line bundles PA, and PB as kernels to give equivalencesΦPA
A→A andΦPB

B→B. Now we consider the equivalence

ΦK•

:= (Φ
PB
B→B)−1

◦ Φ
K•A→B ◦ Φ

PA
A→A : Db

c(A) → Db
c(B)

and use the well known fact fPA = ψLA , fPB = ψLB to conclude that

fK• = ψ−1
LB

◦ (f Ě)s ◦ ψLA = (f Ě)Ě = f

where we have used Lemma 1.22. Therefore we are left with the case β = 0, γ = 0. Now by Proposition 2.13, α : A
∼
−→ B is

an isomorphism such that δ = α−1, thus f =


α 0
0 α−1


and this is well known to admit the kernel K•

= (α × IdB)
∗O∆B ,

where∆B is the diagonal∆B ↩→ B× B. A straightforward computation shows that fK• = f and so the proof is finished. �

We strongly believe that the key to prove the Claim for arbitrary Abelian varieties over an algebraically closed field of
characteristic zero lies in pursuing further the symplectic approach. We plan to address the general case in a future work.
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