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Abstract. We study the group of relative Fourier-Mukai transforms for Weierstraß
fibrations, abelian schemes and Fano or anti-Fano fibrations. For Weierstraß and Fano
or anti-Fano fibrations we describe this group completely. For abelian schemes over
an arbitrary base we prove that if two of them are relative Fourier-Mukai partners
then there is an isometric isomorphism between the fibre products of each of them
and its dual abelian scheme. If the base is normal and the slope map is surjective
we show that these two conditions are equivalent. Moreover in this situation we
completely determine the group of relative Fourier-Mukai transforms and we prove
that the number of relative Fourier-Mukai partners of a given abelian scheme over a
normal base is finite.
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Introduction

In this paper we endeavour to determine, for several fibrations X → T , the group
FMT (Db

c(X)) of relative Fourier-Mukai transforms (i.e autoequivalences of the bounded
derived category of X representable by an object K• ∈ Db

c(X ×T X) supported on the
fibered product X ×T X).

In the absolute case, that is, when the base scheme T is the spectrum of a field k, if
X is projective, thanks to Orlov’s representation theorem [33] as extended by Ballard
[4], any (exact) autoequivalence of the bounded derived category of X is an integral
functor and thus the group FMk(Db

c(X)) coincides with the whole group AutkD
b
c(X) of

autoequivalences. The determination of this group is widely recognized as an important
problem and has been considered by several authors (see [8], [22], [35], [34], [24] and
[11]).
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In the relative setting of a fibration X → T , the analogous role of the group of
autoequivalences is played by the group AutTD

b
c(X) of T -linear autoequivalences of the

bounded derived category of X, a notion introduced for the first time by Kuznetsov in
[26]. Projection formula in the derived category implies that FMT (Db

c(X)) is a subgroup
of AutTD

b
c(X), but in contrast to the absolute case, it is still an open problem to prove

if both groups are equal or not (see [13] for a recent survey on the subject).
The characterization of all T -linear autoequivalences seems to be a hard problem.

As a first step in this direction one might try to determine the subgroup FMT (Db
c(X))

given by relative Fourier-Mukai transforms. Notice moreover that this subgroup is
interesting on its own since compatibility of relative Fourier-Mukai transforms with
base change make them a powerful tool with important applications in Geometry and
Physics. Let us cite here just three of them. The first one is that they allow one to
establish, in a very natural way, algebraic isomorphisms between relative moduli spaces
of sheaves, see [6, Section 6.4.2], [18]. The second is that one can use them to construct
stable vector bundles on fibered varieties, [21, 1, 2]. The last one is that they serve to
formulate in mathematical terms what physicists call fibrewise T -duality for D-branes
in mirror symmetry [3]. However, to the best of our knowledge, up to now nobody
has determined the group of relative Fourier-Mukai transforms FMT (Db

c(X)) for any
fibration. We propose to remedy here this situation.The main contribution of this
paper is the description of this group for Weierstraß fibrations, abelian schemes and
Fano or anti-Fano fibrations as an extension of groups. The group FMT (Db

c(X)) has
the natural subgroup FM0

T (Db
c(X)) = Aut(X/T ) o (Z × Pic(X)) generated by the so

called trivial autoequivalences: relative automorphisms, shifts of complexes and twists
by line bundles. Therefore one might try to describe the group of relative Fourier-
Mukai transforms as an extension whose kernel is this natural subgroup. However this
is not always possible, since, in general, FM0

T (Db
c(X)) is not a normal subgroup of

FMT (Db
c(X)). Hence, the best we can ask for is that the kernel of the extension be a

suitable subgroup of FM0
T (Db

c(X)) normal inside FMT (Db
c(X)).

Let us explain now our strategy for achieving this goal. In first place we make use
of a very useful result proved recently in a paper coauthored by one of the authors [20,
Proposition 2.15] namely that a relative integral functor between the derived category
of locally projective fibrations is a relative Fourier-Mukai transform if and only if its
restriction to every fibre is a Fourier-Mukai transform. Therefore we have a group
morphism

α : FMT (Db
c(X))→

∏
t∈T

FM(Db
c(Xt)) .

Nevertheless, notice that even with this result at hand and knowing the precise descrip-
tion of the group of Fourier-Mukai transforms of the fibers, it is not a trivial problem
to describe the group of relative Fourier-Mukai transforms for the fibration since α
is not surjective. Thus, in order to be able to describe this group we need more
information regarding the behavior of restrictions of kernels to fibers. We get the
additional information from two key results. The first one is

Proposition (Proposition 1.11). Let K• be an object in Db
c(X ×T Y ). Suppose X is

connected and that for every closed point t ∈ T , the restriction Lj∗tK• ' Kt[nt] where
Kt is a sheaf on Xt × Yt flat over Xt and nt ∈ Z. Then, K• ' K[n] for some sheaf K
on X ×T Y flat over X and some n ∈ Z.
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We prove that the kernels for relative Fourier-Mukai transforms for the fibrations
considered in this paper satisfy the conditions of this Proposition. For Weierstraß
fibrations this follows from the fact that all Fourier-Mukai kernels of the fibres are
shifted universal sheaves, see Proposition 2.4. In the case of abelian schemes we prove
it in Proposition 3.2. For Fano and anti-Fano fibrations this is immediate since in this
case all Fourier-Mukai transforms of the fibres are trivial.

The second key result that we need is the generalization to the relative setting of
the well known fact which states that a integral functor that sends skyscraper sheaves
to skyscraper sheaves is a trivial equivalence:

Proposition (Proposition 1.12). Let K• be an object in Db
c(X ×T Y ) of finite homo-

logical dimension over X and let ΦK
•

X→Y be the corresponding integral functor. Assume
that for every closed point x ∈ X one has ΦK

•
X→Y (Ox) ' Oy for some closed point y ∈ Y .

Then, there exists a relative morphism f : X → Y and a line bundle L on X such that
ΦK

•
X→Y (E•) ' Rf∗(L ⊗ E•) for any object E• in Db

c(X).

By means of these two key results we obtain the following descriptions of the groups
of relative Fourier-Mukai transforms:

Theorem (Theorem 2.8). Let X → T be a Weierstraß fibration over a connected base
scheme. There exists an exact sequence

1 −→ Aut0
TD

b
c(X) −→ FMT (Db

c(X))
ech−→ SL2(Z) −→ 1 ,

with Aut0
TD

b
c(X) = Aut(X/T ) o (2Z× Pic0(X)), where

Pic0(X) = {L ∈ Pic(X); deg(Lt) = 0, for any t ∈ T}.

For abelian schemes, among other results, we prove

Theorem (Theorem 3.26). Let X → T be an abelian scheme over a connected normal
base such that the slope map µ : Vecsh(X×TX/T )→ NS(X×TX/T )⊗Z Q is surjective.
Then there is a short exact sequence of groups:

0→ Z⊕ (X(T )× X̂(T )× Pic(T ))→ FMT (Db
c(X))→ U(X ×T X̂)→ 1 .

Finally for Fano and anti-Fano fibrations, we get

Theorem (Theorem 4.2). Let X → T be a Fano or anti-Fano fibration.Then, the
group FMT (Db

c(X)) of relative Fourier-Mukai transforms is generated by relative auto-
morphisms of X, twists by line bundles and shifts. That is

FMT (Db
c(X)) ' Aut(X/T ) n (Pic(X)⊕ Z) .

Let us now explain in more detail the contents of the paper and its organization.
In Section 1 we briefly recall some facts about the theory of relative integral func-

tors and relative Fourier-Mukai transforms. This section also contains the key results
mentioned before and that we use all along the article. In Section 2, we give the
description (Theorem 2.8) of the group of relative Fourier-Mukai transforms for any
relatively integral elliptic fibration over a connected base scheme as an extension of
the subgroup of even shift trivial transforms by SL2(Z). In Section 3, we study the
case of a projective abelian scheme, first over a connected base scheme and then we
pass to analyse the particular case of a connected normal base scheme. For an arbi-
trary connected base T , we prove (Theorem 3.15) that if two abelian schemes X → T ,
Y → T are relative Fourier-Mukai partners, then there is an isometric isomorphism
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f : X ×T X̂
∼−→ Y ×T Ŷ . We also show (Corollary 3.17) that the group of relative

Fourier-Mukai autoequivalences forms part of a short exact sequence whose quotient
term is contained in the group of isometric automorphisms. We prove that they coin-
cide (Theorem 3.19) if the abelian scheme has minimal endomorphisms and admits a
line bundle which induces a polarization. When the base is normal, we prove a finite-
ness result (Theorem 3.23) for relative Fourier-Mukai partners. If in addition the slope
map is surjective we show (Theorem 3.24) that the property of being relative Fourier-
Mukai partners is equivalent to the existence of an isometric isomorphism. Moreover,
under the same conditions we are able to complete (Theorem 3.26) the description of
the group of relative Fourier-Mukai autoequivalences, proving that it is an extension of
the group of isometric isomorphisms. Section 4 contains the description of the group
of relative Fourier-Mukai transforms for Fano and anti-Fano fibrations. In this case,
we prove (Theorem 4.2) that the group of relative Fourier-Mukai autoequivalences co-
incides with the trivial transforms and moreover that every T -linear equivalence is a
relative Fourier-Mukai transform.

Conventions. In this paper, scheme means separated scheme of finite type over an
algebraically closed field k of characteristic zero and unless otherwise stated a point
means a closed point. By a Gorenstein morphism, we understand a flat morphism
of schemes whose fibres are Gorenstein. For any scheme X we denote by D(X) the
derived category of complexes of OX-modules with quasi-coherent cohomology sheaves.
Analogously D+(X), D−(X) and Db(X) denote the derived categories of complexes
which are respectively bounded below, bounded above and bounded on both sides, and
have quasi-coherent cohomology sheaves. The subscript c refers to the corresponding
subcategories of complexes with coherent cohomology sheaves. For abelian schemes we
always assume that the base scheme is connected. For any relative scheme p : X → T ,
we denote by PicX/T the relative Picard functor and if it is representable then PicX/T
denotes the representing scheme. We also use the notation Pic(X/T ) := PicX/T (T ).

1. Relative Fourier-Mukai transforms

To start with we give a short review of some basic features of the theory of relative
integral functors and relative Fourier-Mukai transforms. For further details we refer to
[6, 23].

Let p : X → T and q : Y → T be proper morphisms. We denote by πi the projection
of the fibre product X ×T Y onto the i-factor and by ρ = p ◦ π1 = q ◦ π2 the projection
of X ×T Y onto the base T . We have the diagram

X ×T Y
π1

zzvvvvvvvvv

ρ

��

π2

$$HHHHHHHHH

X

p
$$IIIIIIIIII Y

q
zzuuuuuuuuuu

T

Let K• be an object in D−(X ×T Y ), the relative integral functor defined by K• is the
functor ΦK

•
X→Y : D−(X)→ D−(Y ) given by

ΦK
•

X→Y (E•) = Rπ2∗(Lπ
∗
1E•

L
⊗K•) .
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The complex K• is said to be the kernel of the integral functor. Note that any relative
integral functor can be considered as an absolute integral functor. One just considers
the immersion ι : X×T Y ↪→ X×Y and then ΦK

•
X→Y coincides with the absolute integral

functor with kernel ι∗K•.
As in the absolute situation, the composition of two relative integral functors is

obtained by convolving the corresponding kernels. That is, given two kernels K• ∈
D−(X ×T Y ) and H• ∈ D−(Y ×T Z) corresponding to the relative integral functors Φ
and Ψ, the kernel of the composition Ψ ◦ Φ is given by the formula

(1.1) H• ∗T K• = RπXZ∗(Lπ
∗
XYK•

L
⊗Lπ∗Y ZH•) ,

where πXZ , πXY and πY Z are the projections from X×T Y ×T Z onto X×T Z, X×T Y
and Y ×T Z respectively.

In order to determine when integral functors map bounded complexes to bounded
complexes, the following notion was introduced in [19].

Definition 1.1. Let f : Z → T be a morphism of schemes. An object E• in Db
c(Z) is

said to be of finite homological dimension over T if E•
L
⊗Lf ∗G• is bounded for any G•

in Db
c(T ).

Under the assumption that X → T is locally projective, it is known [20, Proposition
2.7] that a relative integral functor ΦK

•
X→Y given by an object K• in Db

c(X ×T Y ) can
be extended to a functor ΦK

•
X→Y : D(X)→ D(Y ), mapping Db

c(X) to Db
c(Y ) if and only

if K• is of finite homological dimension over X. Moreover if X → T and Y → T are
projective morphisms and ΦK

•
X→Y : Db

c(X)→ Db
c(Y ) is an equivalence of categories, then

it is also known [20, Proposition 2.10] that its kernel K• ∈ Db
c(X ×T Y ) has to be of

finite homological dimension over both X and Y .
A functor F : Db

c(X)→ Db
c(Y ) is said to be T -linear if for any E• ∈ Db

c(X) and any
N • ∈ Db

c(T ), one has

F (E•
L
⊗Lp∗N •) ' F (E•)

L
⊗Lq∗N • .

The projection formula shows that any relative integral functor ΦK
•

X→Y is T -linear. A
relative integral functor ΦK

•
X→Y is said to be a relative Fourier-Mukai transform if it is

an equivalence. From now on we will denote by AutTD
b
c(X) the group of all T -linear

autoequivalences of Db
c(X) and by FMT (Db

c(X)) the subgroup consisting of relative
Fourier-Mukai transforms, that is, the group of autoequivalences ΦK

•
of Db

c(X) whose
kernel is an object, not just of Db

c(X ×X), but also of Db
c(X ×T X).

Remark 1.2. (1) As we have mentioned above, when the morphism X → T is pro-
jective, the kernel of any ΦK

• ∈ FMT (Db
c(X)) has finite homological dimension

over X.
(2) In the case that X is a projective scheme itself, recent results by Ballard [4]

(see also [28]), prove that any autoequivalence of Db
c(X) is a (absolute) Fourier-

Mukai transform, so that we are studying the subgroup of AutDb
c(X) consisting

of those Fourier-Mukai transforms whose kernel is supported on the fibred prod-
uct X ×T X.

4

For the sake of simplicity we will fix the following notations. For each closed point
x ∈ X, we denote by jx : {x}×Yt ↪→ X×T Y the inclusion of the fibre {x}×Yt = π−1

1 (x),
and ix : {x} × Yt ↪→ Y denotes the composition π2 ◦ jx, with t = p(x). Furthermore,
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for any sheaf K on X ×T Y flat over X we denote by Kx the sheaf on Yt obtained by
restricting K to the fibre {x}×Yt of π1 : X×T Y → X. If K• is an object in Db

c(X×T Y )
and Φ = ΦK

•
X→Y , for any closed point t ∈ B we denote by Φt : D

−(Xt) → D−(Yt) the
integral functor defined by Lj∗tK•, with jt : Xt × Yt ↪→ X ×T Y the closed immersion
of the fibre of ρ : X ×T Y → T over t ∈ T .

Assume that the morphisms p : X → T and q : Y → T are both proper and flat.
From the base change formula (see [6]) we obtain that

(1.2) Li∗tΦ(F •) ' Φt(Li
∗
tF •) ,

for every F • ∈ D(X), where it : Xt ↪→ X and it : Yt ↪→ Y are the natural embeddings.
In this situation, the base change formula also gives that

(1.3) it∗Φt(G•) ' Φ(it∗G•) ,
for every G• ∈ D(Xs). Using this formula, the following result (see [20, Proposition
2.15]) proves, in great generality, that a relative integral functor is a Fourier-Mukai
transform if and only if the absolute integral functors induced on the fibres are Fourier-
Mukai transforms.

Proposition 1.3. Let X → T and Y → T be proper and flat morphisms. Assume that
X → T is locally projective and let K• be an object in Db

c(X×T Y ) of finite homological
dimension over both X and Y . The relative integral functor Φ = ΦK

•
X→Y : Db

c(X) →
Db
c(Y ) is an equivalence if and only if Φt : D

b
c(Xt)→ Db

c(Yt) is an equivalence for every
closed point t ∈ T . �

Under the conditions of the above proposition, we consider for any morphism Z → T
the following base change diagram

Z ×T X ×T Y
πZY

''PPPPPPPPPPPP
πZX

wwnnnnnnnnnnnn

Z ×T X

π1

((PPPPPPPPPPPPPP
Z ×T Y

π1

vvnnnnnnnnnnnnnn

Z

where the morphisms are the natural projections. The complex K•Z = π∗XYK• gives rise
to a relative integral functor ΦZ : D−(Z ×T X)→ D−(Z ×T Y ) given by the formula

(1.4) ΦZ(E•) = RπZY ∗(π
∗
ZXE•

L
⊗K•Z) .

If the kernel K• is of finite homological dimension over X, then K•Z is of finite homo-
logical dimension over Z ×T X and therefore ΦZ maps Db

c(Z ×T X) to Db
c(Z ×T Y ). A

straightforward consequence of Proposition 1.3 is the following result.

Corollary 1.4. Let X → T and Y → T be proper and flat morphisms. Assume that
X → T is locally projective and let K• be an object in Db

c(X×T Y ) of finite homological
dimension over both X and Y such that the relative integral functor ΦK

•
X→Y : Db

c(X) →
Db
c(Y ) is an equivalence of categories. Then, for every morphism Z → T the relative

integral functor ΦZ : Db
c(Z×TX)→ Db

c(Z×TY ) is also an equivalence of categories. �

We shall be often interested in studying cases in which an integral functor applied
to a complex or a sheaf yields a concentrated complex.
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Definition 1.5. Given a (relative) integral functor Φ = ΦK
•

X→Y , an object E• on D−(X)
is said to be WITi-Φ, if the j-th cohomology sheaf Φj(E•) = 0 for all j 6= i. Equivalently

E• is WITi-Φ if there is a sheaf Ê• on Y such that Φ(E•) ' Ê•[−i]. In this case, the

sheaf Ê• is called the Fourier-Mukai transform of E•.

Proposition 1.6. Let X → T be a flat morphism and E be a sheaf on X flat over T .

(1) The restriction Et to the fibre Xt is WITi-Φt for every t ∈ T if and only if E
is WITi-Φ and Ê is flat over T . Moreover, restriction is compatible with base

change, that is, (Ê)t ' Êt for every t ∈ T .
(2) The set U of points in T such that the restriction Et of E to the fibre Xt is

WITi-Φt has a natural structure of open (possibly empty) subscheme of T .

Proof. See [6, Corollary 6.3 and Proposition 6.4] �

By applying Proposition 1.6 to the integral functor ΦX : Db
c(X×TX)→ Db

c(X×T Y )
and to the structure sheafO∆ of the relative diagonal in X×TX and taking into account
Equation (1.3), one has the following fact which we shall need later (see [6, Proposition
6.5]).

Corollary 1.7. Let p : X → T be a flat morphism. The set U of points x in X such
that the skyscraper sheaf Ox is WITi-Φ has a natural structure of open subscheme of
X. �

Recall that an object G• in Db
c(X) is said to be perfect if it is isomorphic to a bounded

complex of locally free sheaves of finite rank.

Lemma 1.8. Assume that X → T is a locally projective morphism. Let K• ∈ Db
c(X×T

Y ) be of finite homological dimension over X and Φ = ΦK
•

X→Y : Db
c(X) → Db

c(Y ) the
corresponding integral functor. If the kernel K• is of finite homological dimension
over Y , then ΦK

•
X→Y maps perfect objects of Db

c(X) to perfect objects of Db
c(Y ). If the

morphism X → T is projective, the converse is also true.

Proof. Suppose that K• is of finite homological dimension over Y and take F • a perfect
object in Db

c(X). By [19, Lemma 1.2], we have to prove that RHom•OY
(Φ(F •),G•) is

in Db(Y ) for every G• ∈ Db(Y ). Indeed, one has that

RHom•OY
(Φ(F •),G•) ' Rπ2∗RHom•OX×T Y

(π∗1F •
L
⊗K•, π!

2G•) '

' Rπ2∗RHom•OX×T Y
(π∗1F •,RHom•OX×T Y

(K•, π!
2G•)) ,

where the first isomorphism is relative Grothendieck duality and the second is [40,
Theorem A]. Since K• is of finite homological dimension over Y and X → T is locally
projective, by [20, Proposition 2.3] RHom•OX×T Y

(K•, π!
2G•) is a bounded complex. Thus

one concludes from [19, Lemma 1.2] since π∗1F • ∈ Db
c(X ×T Y ) is a perfect object.

Suppose now that X → T is projective and let us prove the converse. By [20,
Proposition 2.3], we have to prove that Rπ2∗(K•(r)) is a perfect complex for any r ∈ Z
where K•(r) = K• ⊗ π∗1OX(r). This is immediate because Rπ2∗(K•(r)) ' Rπ2∗(K• ⊗
π∗1OX(r)) = ΦK

•
X→Y (OX(r)). �

Corollary 1.9. If X → T is a projective morphism, any relative Fourier-Mukai trans-
form ΦK

• ∈ FMT (Db
c(X)) sends perfect objects to perfect objects. �
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Let pi : Xi → T and qi : Yi → T be proper flat morphisms and let Ki• ∈ Db
c(Xi×T Yi))

be two objects, i = 1, 2. The exterior tensor product

K1
• �K2

• = π∗X1Y1
K1
•

L
⊗ π∗X2Y2

K2
•,

defines a relative integral functor ΦK1
•�K2

•
: D−(X1 ×T X2) → D−(Y1 ×T Y2) denoted

also by ΦK1
• × ΦK2

•
.

Proposition 1.10. If pi : Xi → T and qi : Yi → T for i = 1, 2 are projective and
ΦKi

•
: Db

c(Xi) → Db
c(Yi) are equivalences, then the exterior tensor product defines an

equivalence ΦK1
•�K2

•
: Db

c(X1 ×T X2)→ Db
c(Y1 ×T Y2).

Proof. Since we are in the projective case, K1
• has finite homological dimension over

X1. Then π∗X1Y1
(K1

•) has finite homological dimension over X1×T X2×T Y2 and, since
all projections are flat morphisms, also over X2 ×T Y2 and X1 ×T X2. Being of finite
homological dimension over X2×T Y2 implies that K1

•�K2
• is a bounded complex. To

see that K1
• �K2

• has finite homological dimension over X1 ×T X2, we have to prove

that (K1
• �K2

•)
L
⊗ π∗X1X2

G• is bounded for any bounded complex G• ∈ Db
c(X1 ×T X2).

One has

(K1
• �K2

•)
L
⊗ π∗X1X2

G• ' π∗X1Y1
K1
•

L
⊗ π∗X1X2Y2

(h∗K2
•

L
⊗ r∗G•) ,

where h : X1 ×T X2 ×T Y2 → X2 ×T Y2 and r : X1 ×T X2 ×T Y2 → X1 ×T X2 are the
projections. Since π∗X1Y1

(K1
•) is of finite homological dimension over X1 ×T X2 ×T Y2,

it is enough to check that π∗X1X2Y2
(h∗K2

•
L
⊗ r∗G•) is a bounded complex. This follows

from the fact that K2
• has finite homological dimension over X2 and then h∗K2

• has
finite homological dimension over X1×T X2. A similar argument proves that K1

•�K2
•

has finite homological dimension over Y1 ×T Y2.
Hence, to prove that ΦK1

•�K2
•

is an equivalence, by Proposition 1.3 it suffices to prove
that for every t ∈ T , the induced functor Φ(K1

•�K2
•)t between the derived categories of

the fibres is an equivalence. By the base change formula we have that Φ(K1
•�K2

•)t =
ΦK1

•
t�K2

•
t and then we are reduced to the absolute case. For smooth fibres this is

Assertion 1.7 in [34]. Moreover, the proof by Orlov is still valid for arbitrary fibres
as long as the integral functor has a right adjoint functor which is again an integral
functor. This is true because the kernels have finite homological dimension over both
factors, see [20, Proposition 2.9]. �

To finish this section let us state the following key results that will be used all along
the paper.

Proposition 1.11. Let K• be an object in Db
c(X ×T Y ). Suppose X is connected and

that for every closed point t ∈ T , the restriction Lj∗tK• ' Kt[nt] where Kt is a sheaf on
Xt × Yt flat over Xt and nt ∈ Z. Then, K• ' K[n] for some sheaf K on X ×T Y flat
over X and some n ∈ Z.

Proof. Let Φ = ΦK
•

X→Y be the relative integral functor of kernel K•. If x ∈ X is a
closed point lying over t ∈ T we have, following the above notations, that Φ(Ox) '
ix∗Lj

∗
xK• ' ix∗(Lj

∗
x,tLj

∗
tK•) where jx,t : {x} × Yt ↪→ Xt × Yt is the inclusion of the

fibre of Xt × Yt → Xt on x ∈ Xt . Since Kt is a sheaf on Xt × Yt flat over Xt,
Φ(Ox) ' ix∗(j

∗
x,tKt[nt]). In other words, the skyscraper sheaf Ox is WIT−nt-Φ, with

p(x) = t. Since X is connected, Corollary 1.7 implies that the integer numbers nt are
the same for all t ∈ T , say n. Therefore the restriction Lj∗xK•[−n] is a concentrated
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complex Kx for every point x ∈ X. By [10, Lemma 4.3] K•[−n] is concentrated as well
and is a sheaf K on X ×T Y flat over X. �

In the following sections we apply this result to study relative Fourier-Mukai trans-
forms of integral elliptic fibrations, abelian schemes and Fano and anti-Fano fibrations.
In the case of integral elliptic fibrations, we prove the flatness condition on the sheaves
Kt by showing that they are shifted universal sheaves, in the second case we prove it
by using certain results on semihomogeneous sheaves and it is immediate for Fano and
anti-Fano fibrations.

We finish this section with the following result which characterizes trivial autoe-
quivalences and whose proof is similar to the absolute case one, see for instance [6,
Corollary 1.12].

Proposition 1.12. Let K• be an object in Db
c(X×T Y ) of finite homological dimension

over X and let ΦK
•

X→Y be the corresponding integral functor. Assume that for every
closed point x ∈ X one has ΦK

•
X→Y (Ox) ' Oy for some closed point y ∈ Y . Then,

there exists a relative morphism f : X → Y and a line bundle L on X such that
ΦK

•
X→Y (E•) ' Rf∗(L ⊗ E•) for any object E• in Db

c(X).

1.1. Fourier-Mukai transforms acting on the Grothendieck group.

Let X be a proper scheme over k,. Let K(Db
c(X)) be the Grothendieck group of the

triangulated category Db
c(X), that is, the quotient of the free Abelian group generated

by the objects of Db
c(X) modulo expressions coming from distinguished triangles.

It is known ([16]) that K(Db
c(X)) ' K(Coh(X)), and this group is usually denoted

by K•(X).
Given two object s E•,F • of Db

c(X) such that either E• or F • is perfect, the Euler
characteristic is defined as the integer number given by

χ(E•,F •) =
∑
i

(−1)i dim HomDb
c(X)(E•,F •[i]) .

To pass from Db
c(X) to K•(X) one considers the map [ ] : Db

c(X) → K•(X) given
by F • 7→ [F •] =

∑
(−1)i[Hi(F •)]. Assume now that K•(X) is generated by perfect

objects. Then one has the Euler form

eX : K•(X)×K•(X)→ Z ,

defined by eX([E•], [F •]) = χ(E•,F •) if either E• or F • is perfect and extended by
linearity. If, in addition, X is Gorenstein with trivial dualizing sheaf, then by Serre
duality eX is a skew symmetric or symmetric form. Let us denote by rad eX the radical

of eX . Then eX induces a non-degenerate form on K̃•(X) = K•(X)/rad eX which we
denote by ẽX .

Any integral functor Φ = ΦK
•

X→X : Db
c(X) → Db

c(X) induces a group morphism
φ : K•(X) → K•(X) that commutes with the projections [ ] : Db

c(X) → K•(X), that
is, such that the following diagram commutes

Db
c(X)

Φ //

[ ]

��

Db
c(X)

[ ]

��
K•(X)

φ // K•(X).
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This morphism is given by φ(α) = π2!

(
π∗1α⊗ [K•]

)
. Note that φ is well defined because

we are assuming that K•(X) is generated by perfect objects. Moreover if Φ is an
equivalence then φ is an isomorphism.

Hence the group of Fourier-Mukai transforms FM(Db
c(X)) acts on K•(X) by auto-

morphisms. When X is projective, since any Fourier-Mukai transform maps perfect
objects to perfect objects (Lemma 1.8) and for any Fourier-Mukai transform Φ one
has χ(E•,F •) = χ(Φ(E•),Φ(F •)), this action preserves the Euler form eX and rad eX .

Therefore any Fourier-Mukai transform Φ: Db
c(X)

∼→ Db
c(X) defines an isomorphism

on K̃•(X) which preserves the non-degenerate form ẽX .

2. Relative Fourier-Mukai transforms for Weiertraß fibrations

In this section we study the group of relative Fourier-Mukai transforms of the derived
category of any relatively integral elliptic fibration over a connected base scheme. For
the convenience of the reader, we start by briefly recalling the structure of the group
of derived equivalences of the fibres of these fibrations.

2.1. Derived equivalences for integral curves of genus one.

Let C be a connected integral projective curve of arithmetic genus one. Then C is
either a smooth elliptic curve, or a singular rational curve with a simple node or cusp.

Let K•(C) be the Grothendieck group of C. We distinguish two cases:

(1) If C is smooth, then
(

rk, det
)

: K•(C)
∼→ Z ⊕ Pic(C) (see for instance [17,

Chapter II Ex 6.11]).

(2) If C is singular, then
(

rk, deg
)

: K•(C)
∼→ Z⊕Z with generators [Ox] and [OC ],

being x ∈ X a smooth point, which are both perfect objects ([12, Lemma 3.1]).

In both cases, the Euler form eC : K•(C) ×K•(C) → Z is well defined and one has

(rk, deg) : K̃•(C)
∼→ Z⊕Z with generators [OC ] and [Ox] for any smooth point x ∈ C.

By Subsection 1.1 any Fourier-Mukai transform Φ = ΦK
•

C→C : Db
c(C)→ Db

c(C) induces

an isomorphism on K̃•(C) ' Z⊕Z which preserves the symplectic form ẽC on K̃•(C).

So there exists a group morphism AutDb
c(C)

ch−→ SL2(Z) such that if F • is an object in
Db
c(C), then (

rk(Φ(F •))
deg(Φ(F •))

)
= ch(Φ)

(
rk(F •)

deg(F •)

)
.

Note that in order to determine the matrix ch(Φ) it is sufficient to compute the rank
and degree of Φ(OC) and Φ(Ox), with x a non-singular point of C.

Example 2.1. (1) Let f : C → C be an automorphism of C, L a line bundle on C
and n an integer number. Denote by Φ0 the integral functor of kernel Γf ∗L[n],
being Γf : C ↪→ C × C the graph of f . Then Φ0 is an equivalence isomorphic

to f∗(−⊗ L)[n] and ch(Φ0) = (−1)n
(

1 0
degL 1

)
.

(2) Let δ : C ↪→ C × C be the diagonal immersion of C and I∆ its ideal sheaf.
Denote by Φ1 the integral functor of kernel I∆. Then Φ1 is a Fourier-Mukai

transform and ch(Φ1) =

(
−1 1
0 −1

)
(see for instance [18, Propositions 1.3 and

1.9]).
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(3) Let x0 be a non-singular point of C and Φ2 = − ⊗OC
OC(x0). Then Φ2 is a

Fourier-Mukai transform and ch(Φ2) =

(
1 0
1 1

)
.

The existence of the Fourier-Mukai transforms Φ1 and Φ2 in Example 2.1 allows

one to prove that the morphism AutDb
c(C)

ch−→ SL2(Z) is surjective because they are
mapped to a pair of generators for SL2(Z).

The following well known result gives a description of the group of Fourier-Mukai
transforms of Db

c(C). If C is a smooth elliptic curve, a proof can be found in [22]. For
a rational curve with a node or a cusp this was proved in [12].

Theorem 2.2. Let C be a connected integral projective curve with arithmetic genus
one. The following exact sequence holds

(2.1) 1 −→ Aut0Db
c(C) −→ AutDb

c(C)
ch−→ SL2(Z) −→ 1 ,

where Aut0Db
c(C) = Aut(C) o (2Z× Pic0(C)) is the subgroup of AutDb

c(C) consisting
of autoequivalences of the form f∗(− ⊗OC

L)[n], with L ∈ Pic0(C), f ∈ Aut(C) and
n ∈ 2Z.

�

Remark 2.3. Since AutDb
c(C)

ch−→ SL2(Z) is surjective one has that the group of
Fourier-Mukai transforms AutDb

c(C), modulo Aut0Db
c(C), is generated by Φ1 and Φ2,

in the notation of Example 2.1. By [18, Proposition 1.13 and Theorem 1.20] any
semistable sheaf on C is WIT with respect to both transforms and both transforms
preserve the semistability condition. On the other hand it is clear that any element
of Aut0Db

c(C) maps sheaves into sheaves and preserves semistability. Therefore any
semistable sheaf is WIT-Φ, with respect to any Φ ∈ AutDb

c(C) .

The following result is possibly known, but we include a proof for completeness since
we have not been able to provide a reference for it.

Proposition 2.4. Let C be a connected integral projective curve of arithmetic genus
one. If ΦK

• ∈ AutDb
c(C), then K• is isomorphic, up to shift, to a sheaf K on C × C,

flat over both factors.

Proof. Let ch(ΦK
•
) =

(
c a
d b

)
∈ SL2(Z) , then a and b are coprime numbers. We

can assume a ≥ 0, otherwise we take the Fourier-Mukai transform given by K•[1]
instead of K•. We consider the moduli spaceMC(a, b) of semistable sheaves on C with
rank a and degree b. Since a and b are coprime numbers MC(a, b) is a fine moduli
space parametrizing stable sheaves with such topological invariants, so that there is a
universal sheaf P onMC(a, b)×C. On the other hand from [6] one has isomorphisms

MC(a, b) 'MC(1, 0) 'MC(0, 1) ' C.

By the isomorphisms MC(a, b) × C ∼→MC(1, 0) × C ∼→C × C and up to twisting by
pullbacks of line bundles on MC(1, 0), we get that P ' I∆ ⊗ π2

∗OC(x0), where x0 is
a non-singular point on C. This implies that ΦP is a Fourier-Mukai transform and

ch(ΦP) =

(
c+ at a
d+ bt b

)
,
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for some t ∈ Z. Changing P by its twist with the pull-back of a line bundle on C of
degree −t, we get that ch(ΦP) = ch(ΦK

•
). Then, the two transforms ΦP and ΦK

•
are

isomorphic up to an object of Aut0Db
c(C), so that there exists a sheaf K on C ×C flat

over both factors and an integer number n such that K• ' K[n]. �

Example 2.5. The following example shows that Proposition 2.4 is no longer true for
reducible curves of arithmetic genus one. Consider p : S → T a smooth elliptic surface
with some reducible not multiple fibre. That is, the generic fibre of p is isomorphic
to a smooth elliptic curve and for some point 0 ∈ T of the discriminant, the fibre
S0 := p−1(0) is one of the reducible not multiple Kodaira fibres (see the list in [25] for
the possible types). Assume that p is projective.

For any t ∈ T , let us denote by jt : St ↪→ S the immersion of the fibre. Let C be
any irreducible component of S0 and i : C ↪→ S the natural inclusion. Since C is a
(−2)-curve in S, then E := i∗OC is a spherical object of the derived category Db

c(S) of
the surface. Seidel and Thomas proved in [39] that the corresponding twist functor TE
is an autoequivalence of Db

c(S). It is a general fact that this twist functor is equal to
the Fourier-Mukai transform Φ := ΦI(E)• where the kernel I(E)• ∈ Db

c(S × S) is given
by

(2.2) I(E)• = cone(E∨ � E → O∆) .

Since Φ is an equivalence of categories, it follows from [20, Proposition 2.10] that
I(E)• has finite homological dimension over both factors. Moreover, I(E)• belongs to
Db
c(S×T S), that is, Φ is a relative Fourier-Mukai transform. Hence, using Proposition

1.3, one has that for any t ∈ T , the restriction Φt is an autoequivalence of the derived
category Db

c(St) of the fibre. For t 6= 0, this is just the identity functor, but for the
singular fibre S0, it is a non-trivial autoequivalence Φ0. Let us show that the kernel
Lj∗0I(E)• of Φ0 is a genuine complex with at least two non-zero cohomology sheaves.

Using the exact sequence

0→ OS(−C)→ OS → E → 0 ,

one gets that Lj∗0E is isomorphic to a genuine complex E•

(2.3) E• := {OS(−C)|S0

f−→ OS0} ,

with two non-zero cohomology sheaves, H−1(E•) = T or1
OS

(OC ,OS0) and H0(E•) =
j0
∗(E).
The base change formula shows that the kernel Lj∗0I(E)• is isomorphic to

(2.4) cone(E•∨ � E• → O∆0) ,

where ∆0 is the diagonal of S0.
Consider the spectral sequence

Ep,q
2 = Extp(H−q(E•),OS0) = Hp(H−q(E•)∨) =⇒ Hp+q(E•∨) .

Since H−1(E•) and H0(E•) are both of pure dimension 1 and for any pure dimension 1
sheaf Exti(F ,OS0) = 0 for all i 6= 0, one has that the complex E•∨ is given by

E•∨ = {OS0

f∗−→ (OS(−C)|S0)
∗} ,

and it has non-trivial cohomology in degree 0 and 1.
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The complex E• is concentrated in [−1, 0] withH0(E•) 6= 0 and E•∨ is concentrated in
[0, 1] and H1(E•∨) 6= 0, then using the spectral sequence that computes the cohomology
sheaves of the tensor product of two complexes

T or−p(Hq(F •),G•) =⇒ T or−(p+q)(F •,G•) ,
one obtains that H1(E•∨ � E•) 6= 0.

On the other hand, if d denotes the differential of the complex E•∨ � E•, we have

d−1 = d0
π∗1E•

∨ ⊗ 1 + 1⊗ d−1
π∗2E•

= π∗1f
∗ ⊗ 1 + 1⊗ π∗2f .

Since ker f and ker f ∗ are both non-zero, one has H−1(E•∨ � E•) = ker d−1 6= 0.
Looking at the long exact sequence of cohomology corresponding to the triangle

defined by (2.4), one obtains that H−i(Lj∗0I(E)•) 6= 0 for i = 0, 2 which proves our
claim.

2.2. Relative Fourier-Mukai transforms and Weiertraß fibrations.

Let p : X → T be a relatively integral elliptic fibration, that is, a proper flat mor-
phism of schemes whose fibres are integral Gorenstein curves of arithmetic genus one.
Generic fibres of p are smooth elliptic curves, and the degenerated fibres are rational
curves with one node or one cusp. We will assume that the base scheme T is connected
and that there exists a regular section σ : T ↪→ X of p, that is, the image of σ does not
contain any singular point of the fibres.

Relatively integral elliptic fibrations have a Weierstraß form [29, Lemma II.4.3]: If
we denote by H = σ(T ) the image of the section and ω = R1p∗OX ' (p∗ωX/T )−1, the
line bundle OX(3H) is relatively very ample and if E = p∗OX(3H) ' OT ⊕ ω⊗2 ⊕ ω⊗3

and p̄ : P(E∗) = Proj(S•(E))→ T is the associated projective bundle, there is a closed
immersion j : X ↪→ P(E∗) of T -schemes such that j∗OP(E∗)(1) = OX(3H). In particular,
p is a projective morphism.

Proposition 2.6. Let p : X → T be a relatively integral elliptic fibration and let Φ =
ΦK

•
: Db

c(X)
∼→ Db

c(X) be a relative Fourier-Mukai transform. Then K• has only one
non-trivial cohomology sheaf, that is, K• ' K[n] for some coherent sheaf K on X×T X
and some n ∈ Z. Moreover, the sheaf K is flat over both factors.

Proof. By Proposition 1.3, all the absolute integral functors Φt : D
b
c(Xt) → Db

c(Xt)
induced on the fibres are equivalences due to the projectivity of the morphism p. Thus,
Proposition 2.4 proves that for every t ∈ T one has Lj∗tK• ' Kt[nt] where Kt is a sheaf
on Xt ×Xt flat over both factors. Hence, one concludes by Proposition 1.11. �

For every point t ∈ T there exists a morphism ρt : FMT (Db
c(X))→ AutDb

c(Xt) where
ρt(Φ

K•) is the Fourier-Mukai transform Φt defined by Ljt
∗K•.

Proposition 2.7. There is a surjective morphism FMT (Db
c(X))

ech−→ SL2(Z) such that
for any point t ∈ T the diagram

FMT (Db
c(X))

ech //

ρt

��

SL2(Z)

AutDb
c(Xt)

chXt

77ppppppppppp

is commutative.
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Proof. Let Φ ∈ FMT (Db
c(X)) be a relative Fourier-Mukai transform. Let us define

c̃h(Φ) := chXt(Φt) ,

for any t ∈ T , where chXt is the group morphism for the curve Xt given by Equation
(2.1).

Let us prove that c̃h is well defined. As we have already remarked, to obtain the
matrix chXt(Φt) it is enough to compute the rank and degree of Φt(OXt) and Φt(Ox)
with x a non-singular point of Xt.

Let us consider the relative Fourier-Mukai transform ΦX : Db
c(X ×T X)→ Db

c(X ×T
X) given by Equation (1.4) and take, on the one hand, the structure sheaf OX×TX . For
every x ∈ X such that p(x) = t, its restriction OXt to the fibre Xt = p−1(t) = π−1

1 (x) is,
by Remark 2.3, WITi-Φt for some i. Since OX×TX is a sheaf flat over both factors we

get, by Proposition 1.6, that OX×TX is WITi-ΦX , its Fourier-Mukai transform ÔX×TX

is flat over both factors of X ×T X and is compatible with base change. That is,

for every x ∈ Xt, we have (ÔX×TX)x[−i] ' Φt(OXt) . Thus, the rank and degree of
Φt(OXt) do not depend on t.

Consider on the other hand the structure sheaf O∆ of the relative diagonal immersion
δ : X ↪→ X ×T X. Then ΦX(O∆) ' K• where K• is the kernel of the original relative
Fourier-Mukai transform Φ. As we have seen before, K• ' K[n] for some sheaf K on
X ×S X flat over X and some n ∈ Z. Again, base change compatibility gives that
Kx[n] ' Φt(Ox) for every x ∈ X with p(x) = t. Thus the rank and the degree of

Φt(Ox) don’t depend on t either. Therefore, the morphism c̃h is well defined.

To conclude that FMT (Db
c(X))

ech−→ SL2(Z) is a surjective morphism, one has just
to consider the relative Fourier-Mukai transforms given by I∆ and δ∗OX(σ(T )), where
I∆ is the ideal sheaf of the relative diagonal immersion of X. By Example 2.1 the

matrices corresponding to these equivalences are

(
−1 1
0 −1

)
and

(
1 0
1 1

)
respectively.

Since these matrices are a pair of generators for the group SL2(Z) the result follows. �

Theorem 2.8. There exists an exact sequence

1 −→ Aut0
TD

b
c(X) −→ FMT (Db

c(X))
ech−→ SL2(Z) −→ 1 ,

with Aut0
TD

b
c(X) = Aut(X/T ) o (2Z× Pic0(X)), where

Pic0(X) = {L ∈ Pic(X); deg(Lt) = 0, for any t ∈ T}.

Proof. It only remains to compute the kernel of c̃h. Let Φ = ΦK
• ∈ FMT (Db

c(X)) be
a relative Fourier-Mukai transform. We know that K• ' K[n] where K is a sheaf on
X ×T X flat over X and n ∈ Z. For any x ∈ X, we have Φ(Ox) ' ix∗Kx[n] and, if

p(x) = t, then Kx[n] ' Φt(Ox). Suppose that Φ is in the kernel of c̃h. This means
that deg(Φt(Ox)) = 1 and rk(Φt(Ox)) = 0 for any t ∈ T and any x ∈ Xt. Since Kx is
a sheaf, this implies that ix∗Kx is a skyscraper sheaf Oy and n ∈ 2Z. Moreover as Φ
is a relative Fourier-Mukai transform, x and y belong to the same fibre. Then Φ[−n]
sends skyscraper sheaves to skyscraper sheaves. By Proposition 1.12 one gets that
ΦK

• ' Rf∗(−⊗L)[n], with L a line bundle on X and f : X → X a relative morphism.
The fact that Φ is a relative equivalence implies that f ∈ Aut(X/T ). Thus, Rf∗ = f∗.

Finally, since Φ lies in the kernel of c̃h, we deduce that L ∈ Pic0(X). �
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Remark 2.9. Notice that since p : X → T has a regular section σ : T → X, the exact
sequence

0→ Pic(T )
p∗−→ Pic(X)→ PicX/T (T )→ 0 ,

splits via the retraction defined by σ ∈ X(T ). In particular, the exact sequence

0→ Pic(T )
p∗−→ Pic0(X)→ Pic0

X/T (T )→ 0 ,

splits, that is, Pic0(X) ' Pic0
X/T (T )× Pic(T ). 4

3. Relative Fourier-Mukai transforms for abelian schemes

3.1. Derived equivalences for abelian varieties.

A complete study that includes a geometric interpretation of any exact equivalence
between the derived categories of coherent sheaves Db

c(A) and Db
c(B) of two abelian

varieties A and B was carried out by Polishchuk [35] and Orlov [34]. The latter also
gave a description of all exact autoequivalences of the derived category of coherent
sheaves of an abelian variety over an algebraically closed field.

Let A be an abelian variety over k. Denote Â the dual abelian variety and P the
Poincaré line bundle on A× Â.

Following Mukai [30], for a coherent sheaf F on A we consider the subgroup

Υ(F) = {(a, α) ∈ A× Â such that T ∗aF ' F ⊗ Pα} ⊂ A× Â ,
where Ta : A → A denotes the translation by a ∈ A. The sheaf F is said to be
semihomogeneous if dim Υ(F) = dimA.

The following result is due to Orlov [34, Proposition 3.2].

Proposition 3.1. Let A,B be abelian varieties, and let K• be an object of Db
c(A×B)

such that the integral functor ΦK
•
: Db

c(A)
∼→ Db

c(B) is a Fourier-Mukai transform.
Then K• has only one non-trivial cohomology sheaf, that is, K• ' K[n] where K is a
sheaf on A×B and n ∈ Z.

We can make more precise the nature of the kernel of an equivalence between abelian
varieties.

Proposition 3.2. The sheaf K associated to an equivalence ΦK
•
: Db

c(A)
∼→ Db

c(B) is
a semihomogeneous sheaf and it is flat over both factors.

Proof. Since ΦK
•

is an equivalence, by [34, Theorem 2.10 and Corollary 2.13] there is
an isomorphism

fK• : A× Â→ B × B̂ ,

and fK•(a, α) = (b, β) if and only if

(3.1) T ∗(a,b)K ⊗ π∗1Pα ' K ⊗ π∗2Pβ ,
where πi for i = 1, 2 are the natural projections of A×B onto its factors. This means
that (a, α, b, β) ∈ ΓfK• if and only if (a, b, α−1, β) ∈ Υ(K). Since the dimension of the
graph ΓfK• is equal to 2g, one has that dim Υ(K) = 2g and thusK is a semihomogeneous
sheaf on A×B.

Let us see that K is flat for π1 : A × B → A. By generic flatness [15, Theorem
6.9.1], there exists an open subset U ⊂ A such that K|U×B is flat over U . Since U is a
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non-empty open subset of an abelian variety, for any a /∈ U , one has that a = x1 + x2

with x1, x2 ∈ U . Then, translating U and using again Equation (3.1) we obtain that
K is flat everywhere.

The proof for π2 : A×B → B is the same. �

Any isomorphism f : A × Â
∼→ B × B̂ can be written as a matrix

(
α β
γ δ

)
where

α : A → B, β : Â → B, γ : A → B̂ and δ : Â → B̂ are morphisms of abelian varieties.
One defines the isomorphism

f † : B × B̂ ∼→ A× Â ,

given by the matrix

(
δ̂ −β̂
−γ̂ α̂

)
. We denote by U(A × Â, B × B̂) the subgroup of

isomorphisms f : A × Â
∼→ B × B̂ that are isometric, that is, such that f † = f−1.

When A = B, it is denoted by U(A× Â).
The following result [34, Theorem 4.14] gives a complete description of the group

of autoequivalences of the derived category Db
c(A) of an abelian variety A over an

algebraically closed field k.

Theorem 3.3. Let A be an abelian variety over k. Then one has the following exact
sequence of groups

0→ Z⊕ (A× Â)→ AutDb
c(A)→ U(A× Â)→ 1 ,

where the autoequivalence defined by (n, a, L) ∈ Z⊕ (A× Â) is

Φ(n,a,L)(E•) = Ta∗(E•)⊗ L[n] .

3.2. Relative Fourier-Mukai transforms and abelian schemes.

In this section we are interested in studying the group of relative Fourier-Mukai
transforms of an abelian scheme. Let p : X → T be an abelian scheme over a scheme
T , that is, a smooth proper morphism with connected fibres such that there exist
morphisms of T -schemes

mX : X ×T X → X, i : X → X, e : T → X,

corresponding respectively to the group law, inversion and unit section and satisfying
the usual group relations. Consider p̂ : X̂ = Pic0

X/T → T the dual abelian scheme,
whose closed points correspond to line bundles whose scheme-theoretic support is con-
tained in some fibre of p and belong to the connected component of the identity of the
Picard group of that fibre. There is a Poincaré line bundle P over X ×T X̂ that we
normalize by imposing that its restriction to e(T )×T X̂ is trivial.

By [31, Theorem 1.1], the relative integral functor defined by the Poincaré bundle

ΦP : Db
c(X̂)→ Db

c(X) ,

is a Fourier-Mukai transform whose right adjoint ΦPR is the integral functor with kernel

P∗⊗π∗1ωX̂/T [g], where π1 : X̂ ×T X → X̂ is the natural projection and g is the relative
dimension of p : X → T .

A coherent sheaf F on X is said to be relatively semihomogeneous if it is flat over T
and for any t ∈ T its restriction Ft to the fibre Xt is a semihomogeneous sheaf.

From now on we assume that the base scheme T is connected.
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Proposition 3.4. Let p : X → T and q : Y → T be two projective abelian schemes,
and let Φ = ΦK

•
: Db

c(X)
∼→ Db

c(Y ) be a relative Fourier-Mukai transform. Then K•
has only one non-trivial cohomology sheaf, that is, K• ' K[n] for some coherent sheaf
K on X ×T Y and some n ∈ Z. Moreover, the sheaf K is flat over X and relatively
semihomogenous over T .

Proof. By Proposition 1.3, all the absolute integral functors Φt : D
b
c(Xt) → Db

c(Yt)
induced on the fibres are equivalences because of the projectivity of the morphisms.
Thus, Propositions 3.1 and 3.2 prove that for every t ∈ T one has Lj∗tK• ' Kt[nt],
where Kt is a sheaf on Xt × Yt flat over both factors and semihomogeneous. Since we
are assuming that T is connected, it follows that X is connected as well and we finish
by Proposition 1.11. �

Let p : X → T and q : Y → T be two projective abelian schemes. Proposition 1.10
allows us to generalise Definition 9.34 in [23] to the case of abelian schemes.

Definition 3.5. To any relative Fourier-Mukai transform ΦK
•
: Db

c(X) → Db
c(Y ) we

associate the relative Fourier-Mukai transform

ΨK
•
: Db

c(X ×T X̂)→ Db
c(Y ×T Ŷ ) ,

defined as the composition

Db
c(X ×T X̂)

ΨK
•

//

id×ΦPX

��

Db
c(Y ×T Ŷ )

Db
c(X ×T X)

µX∗
��

Db
c(Y ×T Y )

(id×ΦPY )−1

OO

Db
c(X ×T X)

ΦK
•×ΦK

•
R // Db

c(Y ×T Y ) ,

µY ∗

OO

where PX and PY are the Poincaré bundles for X and Y respectively, µX is the relative
automorphism

µX = mX × Id : X ×T X → X ×T X
(x1, x2) 7→ (x1 + x2, x2) ,

and ΦK
•
R is the right adjoint to ΦK

•
considered as a functor from Db

c(X) to Db
c(Y ).

Lemma 3.6. The construction ΦK
• → ΨK

•
is compatible with composition, that is,

given X, Y, and Z projective abelian schemes over T and two relative Fourier-Mukai
transforms,

ΦK
•
: Db

c(X)
∼→ Db

c(Y ), ΦR
•
: Db

c(Y )
∼→ Db

c(Z),

then one has that ΨR
•∗TK• ' ΨR

• ◦ΨK
•
.

Proof. Since Ψ is defined as composition of relative Fourier-Mukai transforms, the
statement is obtained directly from

(ΦR1
• × ΦR2

•
) ◦ (ΦK1

• × ΦK2
•
) ' ΦR1

•∗TK1
• × ΦR2

•∗TK2
•
,

which follows from Equation (1.1) describing the kernel of the composition of two
relative integral functors. �

Since ΦK
•

= Id implies ΨK
•

= Id, from the above Lemma we get the following result.
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Corollary 3.7. The map

Ψ: FMT (Db
c(X))→ FMT (Db

c(X ×T X̂))

ΦK
• 7→ ΨK

•
,

is a group morphism. �

Proposition 3.8. Let ΦK
•
: Db

c(X) → Db
c(Y ) be a relative Fourier-Mukai transform

between the derived categories of two projective abelian schemes X and Y over T . Then,
the relative Fourier-Mukai transform

ΨK
•
: Db

c(X ×T X̂)→ Db
c(Y ×T Ŷ ),

is given by
ΨK

• ' (LK• ⊗ (−)) ◦ fK•∗ ,
where LK• ∈ Pic(Y ×T Ŷ ) and fK• : X ×T X̂

∼→ Y ×T Ŷ is an isomorphism of abelian
schemes over T .

Proof. Let t ∈ T be a closed point and let

ΨK
•

t : Db
c(Xt × X̂t)

∼→ Db
c(Yt × Ŷt) ,

be the equivalence associated to ΦK
•

t : Db
c(Xt) → Db

c(Yt) as in Definition 3.5 (see also
Definition 9.34 in [23]). By the very definition of Ψ one finds that (ΨK

•
)t ' ΨK

•
t .

By [34, Theorem 2.10], we have that (ΨK
•
)t sends skyscraper sheaves to skyscraper

sheaves. Since ΨK
•

is a relative Fourier-Mukai transform, from its compatibility with
direct images given in Equation (1.3), we deduce that ΨK

•
also sends skyscraper sheaves

to skyscraper sheaves. Then using Proposition 1.12, one obtains that

ΨK
• ' (LK• ⊗ (−)) ◦ fK•∗ .

Since ΨK
•

is an equivalence, we conclude that fK• is an isomorphism. Moreover, since

(ΨK
•
)t ' (LK•|Yt×Ŷt

⊗ (−)) ◦ fK•∗|Xt×X̂t
,

and by [34, Theorem 2.10] we know that fK•|Xt×X̂t
: Xt×X̂t → Yt× Ŷt is a morphism of

abelian varieties for any closed point t ∈ T , one concludes that fK• : X×T X̂
∼→ Y ×T Ŷ

is an isomorphism of abelian schemes over T . �

Corollary 3.9. If X → T is a projective abelian scheme, the map

γX : FMT (Db
c(X))→ AutT (X ×T X̂)

ΦK
• 7→ fK• ,

is a group morphism. �

We can associate to any relative morphism f : X ×T X̂ → Y ×T Ŷ a matrix

(
α β
γ δ

)
where α : X → Y , β : X̂ → Y , γ : X → Ŷ and δ : X̂ → Ŷ are morphisms over T . If
moreover f is an isomorphism, it determines another isomorphism

f † : Y ×T Ŷ
∼→ X ×T X̂ ,

whose matrix is

(
δ̂ −β̂
−γ̂ α̂

)
. Following Mukai [30], Polishchuk [35] and Orlov [34] we

consider the following:
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Definition 3.10. An isomorphism of abelian schemes f : X ×T X̂
∼→ Y ×T Ŷ over T

is said to be isometric if f † = f−1. We denote by U(X ×T X̂, Y ×T Ŷ ) the subgroup

of isometric isomorphisms f : X ×T X̂
∼→ Y ×T Ŷ . When X = Y , it is denoted by

U(X ×T X̂).

The following result is a consequence of the Rigidity Lemma [32, Corollary 6.2], see
Proposition 3.5.1 in [7].

Lemma 3.11. Let X → T , Y → T be abelian schemes over a connected base T . The
restriction map HomT (X, Y )→ Hom(Xt, Yt) is injective for any t ∈ T .

Proposition 3.12. If the base scheme T is connected, the isomorphism

fK• : X ×T X̂
∼→ Y ×T Ŷ

corresponding to any relative Fourier-Mukai transform ΦK
•
: Db

c(X) → Db
c(Y ) is iso-

metric.

Proof. For any closed point t ∈ T , we know that

(fK•)t ' fK•t : Xt × X̂t
∼→ Yt × Ŷt ,

is the isomorphism associated to the equivalence ΦK
•

t : Db
c(Xt)

∼→ Db
c(Yt). By [34,

Proposition 2.18], (fK•)t is isometric, thus

(fK•)
†
t(fK•)t = IdXt×X̂t

= (IdX×T X̂
)t and (fK•)t(fK•)

†
t = IdYt×Ŷt

= (IdY×T Ŷ
)t ,

and we conclude by Lemma 3.11 . �

Corollary 3.13. For any projective abelian scheme X → T over a connected base T ,
one has a group morphism γX : FMT (Db

c(X))→ U(X ×T X̂). �

Definition 3.14. We say that two abelian schemes p : X → T , q : Y → T are rel-
ative Fourier-Mukai partners if the bounded derived categories of coherent sheaves
Db
c(X) and Db

c(Y ) are relative Fourier-Mukai equivalent, that is if there exists a rela-

tive Fourier-Mukai transform Φ: Db
c(X)

∼−→ Db
c(Y ).

As a consequence of the above we obtain the following result:

Theorem 3.15. Let X → T , Y → T be projective abelian schemes over a connected
base T . If X and Y are relative Fourier-Mukai partners, then there exists an isometric
isomorphism between X ×T X̂ and Y ×T Ŷ over T . �

Proposition 3.16. Let p : X → T be a projective abelian scheme with T connected.
The kernel of the morphism

γX : FMT (Db
c(X))→ U(X ×T X̂) ,

is isomorphic to the group Z ⊕ (X(T ) × X̂(T ) × Pic(T )) where X(T ) and X̂(T ) de-

note the groups of sections of X and X̂, respectively. The autoequivalence defined by
(n, x, L,M) ∈ Z⊕ (X(T )× X̂(T )× Pic(T )) is

Φ(n,x,L,M)(E•) = Tx∗(E•)⊗ L⊗ p∗M [n] .

Proof. Let Φ = ΦK
• ∈ FMT (Db

c(X)) be a relative Fourier-Mukai transform. For every
closed point t ∈ T , the restriction Φt is a Fourier-Mukai transform, and then, using
Proposition 3.4, we know that K• ' K[n] where K is a sheaf on X ×T X flat over both
factors and n ∈ Z. Suppose that Φ is in the kernel of γX . Thus, fK•t = IdXt×X̂t

for any
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t ∈ T . By [34, Proposition 3.3] that describes the kernel of the analogous morphism in
the absolute case, the equivalences ΦK

•
t transform skyscraper sheaves into skyscraper

sheaves up to shift. One sees that ΦK
•

has the same property by using Equation (1.3)
and the same argument as in the proof of Proposition 3.8. Hence, Proposition 1.12
proves that ΦK

• ' f∗(−) ⊗ L[n] where f : X → X is a relative automorphism and
L ∈ Pic(X). Thus for any t ∈ T

ΦK
•

t ' f |Xt∗(−)⊗ L|Xt [n] .

Using again [34, Proposition 3.3] we get that f |Xt ' Txt is a translation by some
xt ∈ Xt and L|Xt ∈ Pic0(Xt), that is, L ∈ Pic0(X). Then, there is a section x ∈ X(T )
so that f ' Tx.

By using the unit section e : T ↪→ X and proceeding as in Remark 2.9, we have
Pic0(X) ' X̂(T ) × Pic(T ). Therefore, for any L ∈ Pic0(X) there exist L ∈ X̂(T )
and M ∈ Pic(T ) satisfying L ' L ⊗ p∗M . To finish the proof it is enough to check

that the group law in Z ⊕ (X(T ) × X̂(T ) × Pic(T )) is the direct product law. This
follows from the commutativity of shifts with translations and tensor products by line
bundles and to the fact that for every x ∈ X(T ), L ∈ X̂(T ) and M ∈ Pic(T ) one has
T ∗x (L⊗ p∗M) ' L⊗ p∗M . �

Corollary 3.17. For any projective abelian scheme X → T where T is connected, one
has a group exact sequence

0→ Z⊕ (X(T )× X̂(T )× Pic(T ))→ FMT (Db
c(X))→ U(X ×T X̂) .

Remark 3.18. Notice that a projective abelian scheme X → T of relative dimension 1
can be considered as a Weierstraß fibrations without singular fibres. Hence, Theorem
2.8 applies in this situation and thus there exists an exact sequence

1 −→ Aut0
TD

b
c(X) −→ FMT (Db

c(X))
ech−→ SL2(Z) −→ 1 ,

with

Aut0
TD

b
c(X) = Aut(X/T )o(2Z×Pic0(X)) = Autabel(X/T )o(2Z×X(T )×X̂(T )×Pic(T )),

where Autabel(X/T ) denotes the abelian scheme automorphisms. 4

Theorem 3.19. Let X → T be an abelian scheme over a connected base such that there
exists a line bundle L ∈ Pic(X) inducing a principal polarization and EndT (X) = Z.
Then U(X ×T X) ' SL2(Z) and there is an exact sequence

0→ Z⊕ (X(T )× X̂(T )× Pic(T ))→ FMT (Db
c(X))→ SL2(Z)→ 1.

Proof. If EndT (X) = Z then EndT (X̂) = Z, HomT (X, X̂) ' Z, and Hom(X̂,X) ' Z.

Therefore, if λ : X
∼−→ X̂ is the principal polarization, every element f ∈ U(X ×T

X̂) is of the form f =

(
aX b · λ−1

c · λ dX̂

)
, where a, b, c, d ∈ Z. Definition 3.10 implies

that

(
a b
c d

)
∈ SL2(Z), proving the first claim. Let us consider the relative Fourier-

Mukai transforms (λ−1)∗ ◦ ΦP : Db
c(X) → Db

c(X) and L ⊗ (−) : Db
c(X) → Db

c(X),
where P is the Poincaré line bundle. A straightforward computation shows that their

associated symmetric isomorphisms are respectively

(
0 −λ−1

λ 0

)
,

(
1X 0
λ 1X̂

)
. These



RELATIVE FOURIER-MUKAI TRANSFORMS ON FIBRATIONS 21

correspond via the identification U(X×TX) ' SL2(Z) to a pair of generators, therefore

γX : FMT (Db
c(X))→ U(X ×T X̂) is surjective and we are done. �

This is our general theory for abelian schemes over an arbitrary base. In order to
obtain further results we need to restrict the type of the base scheme and in particular
we endeavour now to study the case where it is normal.

From now on we suppose that T is normal and connected, and thus integral. We
denote by η ∈ T the generic point. We start by recalling Lemma 4.1 in [36].

Lemma 3.20. Let Z and W be abelian schemes over T . The restriction map to the
generic fibre

HomT (Z,W )→ Hom(Zη,Wη)

f 7→ fη ,

is an isomorphism. Moreover f is an isogeny if and only fη is an isogeny.

Given two abelian schemes over T , we denote by U0(X ×T X̂, Y ×T Ŷ ) the subset of

U(X ×T X̂, Y ×T Ŷ ) formed by those f =

(
α β
γ δ

)
such that β : X̂ → Y is an isogeny.

As an immediate consequence of Lemma 3.20 we get.

Proposition 3.21. Let X and Y be abelian schemes over a normal base T . The
restriction map gives an isomorphism U(X×T X̂, Y ×T Ŷ )

∼−→ U(Xη× X̂η, Yη× Ŷη) and

f ∈ U0(X ×T X̂, Y ×T Ŷ ) if and only if fη ∈ U0(Xη × X̂η, Yη × Ŷη).

We also have the following finiteness result.

Theorem 3.22. For every abelian scheme W over a normal base T there are only
finitely many, up to isomorphism, abelian schemes that can be embedded in W as
abelian sub-schemes.

Proof. By passing to the generic fibre, every abelian subscheme Z ⊂ W yields an
abelian subvariety Zη ⊂ Wη. The result follows now from the finiteness theorem for
abelian subvarieties in [27] and Lemma 3.20. �

Now we can prove a finiteness result for relative Fourier-Mukai partners.

Theorem 3.23. Any abelian scheme p : X → T over a connected normal base has
finitely many non-isomorphic relative Fourier-Mukai partners.

Proof. If q : Y → T is a relative Fourier-Mukai partner of p : X → T then by Theorem
3.15 there is an isometric isomorphism f : X ×T X̂

∼−→ Y ×T Ŷ . Therefore Y is an
abelian subscheme of X ×T X̂ and we conclude by Theorem 3.22. �

For a projective abelian scheme p : X → T , let us denote by Vecsh(X/T ) (resp.
Vecssh(X/T )) the set of relatively semihomogeneous (resp. relatively semihomogeneous
and relatively simple) vector bundles on X and let NS(X/T ) = Pic(X/T )/Pic0(X/T )
be the relative Néron-Severi group. Consider the slope map

µ : Vecsh(X/T )→ NS(X/T )⊗Z Q ,

F 7→ [det(F)]

rkF
.
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Proposition 3.24. Let p : X → T and q : Y → T be two abelian schemes over a normal
connected base such that the slope map µ : Vecsh(X×T Y/T )→ NS(X×T Y/T )⊗Z Q is

surjective. Then, for any f ∈ U(X×T X̂, Y ×T Ŷ ) there exists a relative Fourier-Mukai
transform ΦK

•
such that fK• = f .

Proof. One defines a map

ξ : U0(X ×T X̂, Y ×T Ŷ )→ Homsim
T (X ×T Y, X̂ ×T Ŷ )⊗Z Q ,

that associates to f =

(
α β
γ δ

)
the symmetric homomorphism ξ(f) =

(
β−1α −β−1

−β̂−1 δβ−1

)
.

On the other hand, it is well known, see for instance [14, Proposition 1.2] and [37,

Lemme XI 1.6], that the Mumford map ϕ : Pic(X×T Y/T )→ HomT (X×T Y, X̂×T Ŷ )
induces an isomorphism

φ : NS(X ×T Y/T )⊗Z Q ' Homsim
T (X ×T Y, X̂ ×T Ŷ )⊗Z Q ,

given by φ( [L]
r

) = ϕL
r

. Therefore, since the slope map is surjective, it follows that for any

f ∈ U0(X×T X̂, Y×T Ŷ ) there exists a relatively semihomogeneous and relatively simple
vector bundle E over X ×T Y such that ξ(f) = φ(µ(E)). Let us consider the integral
functor ΦE : Db(X) → Db(Y ). For any t ∈ T we have ξ(ft) = µ(Et), (ΦE)t = ΦEt and
Et is a simple semihomogeneous vector bundle, thus [34, Proposition 4.11] implies that
(ΦE)t is an equivalence. Since T is normal, it follows from [37, Théorème XI 1.4] that
any abelian scheme over T is projective, therefore we can apply Proposition 1.3 to
conclude that ΦE is an equivalence. Moreover since (fE)t = fEt and by [34, Proposition
4.12] we have fEt = ft, we get (fE)t = ft. Therefore, by Lemma 3.11 we have fE = f .

Let us now prove the general case. If f /∈ U0(X ×T X̂, Y ×T Ŷ ) then proceeding
as in [34] page 591, we can write fη as the composition of two maps fη = gη ◦ hη
where gη ∈ U0(Xη × X̂η, Yη × Ŷη) and hη ∈ U0(Xη × X̂η). Therefore, by Proposition

3.21 f is factorized also as the composition of two maps g ∈ U0(X ×T X̂, Y ×T Ŷ ),

h ∈ U0(X ×T X̂). Hence we can apply to g and h the previous argument to get the
corresponding Fourier-Mukai transforms ΦE , ΦF such that fE = g, fF = h. Now, if K•
is the convolution of E and F then the Fourier-Mukai transform ΦK

•
verifies fK• = f

and the proof is complete. �

This result and the ones previously proved lead to the following theorems.

Theorem 3.25. Let p : X → T and q : Y → T be two abelian schemes over a normal
connected base such that the slope map µ : Vecsh(X ×T Y/T ) → NS(X ×T Y/T ) ⊗Z Q
is surjective. Then X and Y are relative Fourier-Mukai partners if and only if there is
an isometric isomorphism f : X ×T X̂

∼−→ Y ×T Ŷ .

Theorem 3.26. Let p : X → T be an abelian scheme over a connected normal base
such that the slope map µ : Vecsh(X ×T X/T ) → NS(X ×T X/T ) ⊗Z Q is surjective.
Then there is a short exact sequence of groups:

0→ Z⊕ (X(T )× X̂(T )× Pic(T ))→ FMT (Db
c(X))→ U(X ×T X̂)→ 1 .

4. Relative Fourier-Mukai transforms for Fano and anti-Fano
fibrations

4.1. Fourier-Mukai transform for Fano and anti-Fano varieties.
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Let X be a smooth irreducible projective variety whose anticanonical (Fano case) or
canonical (anti-Fano case) sheaf is ample. Under these assumptions Bondal and Orlov
proved that X is uniquely determined by its derived category Db

c(X) and the group
of autoequivalences for Db

c(X) reduces to trivial transforms. These results have been
extended recently to Gorenstein schemes.

Theorem 4.1. Let X be a connected equidimensional Gorenstein projective scheme
with ample canonical or anticanonical sheaf, then

(1) If there is an equivalence Db
c(X) ' Db

c(Y ), then X is isomorphic to Y .
(2) The group of autoequivalences of Db

c(X) is generated by the shift functor on
Db
c(X), together with pull-backs of automorphisms of X and twists by line bun-

dles, that is

AutDb
c(X) ' Aut(X) n (Pic(X)⊕ Z) .

Proof. See [9, Theorem 2.5 and Theorem 3.1] for the original arguments in the case of
smooth projective varieties. For the singular case see [5, Corollary 6.3 and Proposition
6.18], see also [38, Theorem 1.15 and Corollary 1.17]. �

Using Proposition 1.11 and the second part of Theorem 4.1 one can describe the
group of relative Fourier-Mukai transforms for Fano or anti-Fano fibrations.

4.2. Relative Fourier-Mukai transforms and Fano or anti-Fano fibrations. Let
p : X → T be a Fano or anti-Fano fibration, that is, a Gorenstein projective morphism,
with T connected, whose fibres have either ample (Fano case) or antiample (anti-Fano
case) canonical sheaf.

Theorem 4.2. The group FMT (Db
c(X)) of relative Fourier-Mukai transforms is gen-

erated by relative automorphisms of X, twists by line bundles and shifts. That is

FMT (Db
c(X)) ' Aut(X/T ) n (Pic(X)⊕ Z) .

Proof. Let Φ = ΦK
• ∈ FMTD

b
c(X) be a relative Fourier-Mukai transform. For any

t ∈ T one has, by (2) of Theorem 4.1, that Φt ' ft∗(Lt ⊗ −)[nt] with ft ∈ Aut(Xt),
Lt ∈ Pic(Xt) and nt ∈ Z. Hence, the kernel of Φt is isomorphic to Kt[nt], and Kt is
a sheaf on Xt × Xt flat over Xt. Since T is connected we obtain by Proposition 1.11
that K• ' K[n], with K a sheaf on X ×T X flat over X and n ∈ Z. Thus Φ[−n] sends
skyscraper sheaves to skyscraper sheaves and we conclude by Proposition 1.12. �

Remark 4.3. Notice that under the conditions of Corollary 2.12 in [38], this theorem
proves that the subgroup FMT (Db

c(X)) coincides with the group AutTD
b
c(X) of all

exact T -linear auto-equivalences of Db
c(X). 4

Remark 4.4. In particular, the group of relative Fourier-Mukai transforms of any pro-
jective bundle P(E)→ T coincides with the trivial transforms, that is

FMT (Db
c(P(E))) ' Aut(P(E)/T ) n (Pic(P(E))⊕ Z) .

4
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[1] B. Andreas and D. Hernández Ruipérez, Comments on N = 1 heterotic string vacua, Adv.
Theor. Math. Phys., 7 (2003), pp. 751–786.
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[3] B. Andreas, S.-T. Yau, G. Curio, and D. H. Ruipérez, Fibrewise T -duality for D-branes
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[20] D. Hernández Ruipérez, A. C. López Mart́ın, and F. Sancho de Salas, Relative integral
functors for singular fibrations and singular partners, J. Eur. Math. Soc. (JEMS), 11 (2009),
pp. 597–625.
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